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Prologue

This lecture note is closely following two books:

e Stewart’s Calculus, 8th Ed. [3]
¢ Thomas’ Calculus, 15th Ed. [4]

In organizing the part of Vector Calculus, I am indebted by Cedar Crest College Calculus
IV Lecture Notes, Dr. James Hammer [2].

Projects. Several projects are included for students to experience computer algebra.
Computer algebra (also called symbolic computation) is a scientific area that refers to
the study and development of algorithms and software for manipulating mathematical
expressions and other mathematical objects; it emphasizes exact computation with ex-
pressions containing variables that have no given value and are manipulated as symbols.
In practice, you can use a computer algebra system (CAS) to effectively handle complex
math equations and problems that would be simply too complicated/time-consuming to do
by hand. The projects are organized using Matlab or Maple.

Programming Scripts. Also added are some of programming scripts in Matlab/Maple.
The end of each section includes exercise problems. For problems indicated by the CAS
sign , you are recommended to use a CAS to solve the problem.

Currently the lecture note is not fully grown up; other useful techniques and interesting

examples would be soon incorporated. Any questions, suggestions, comments will be deeply
appreciated.

Seongjai Kim

April 30, 2024

i1l


http://www2.cedarcrest.edu/academic/math/jmhammer/Teaching/Calculus4LectureNotes.pdf
http://www2.cedarcrest.edu/academic/math/jmhammer/Teaching/Calculus4LectureNotes.pdf

v



Contents

Title

Prologue

Table of Contents

I Differentiation

1 Functions

2

1.1.

1.2
1.3.

1.4.
1.5.
1.6.

Functions and Their Graphs . . . . . . . . . . . . . . . ... ... . . . . ...
1.1.1. Functions; Domainand Range . .. ... ... .. ... .. ... .........
1.1.2. GraphsofFunctions . .. ... ... ... .. ... ... ... . ...
1.1.3. The Vertical Line Test fora Function. . . . . . . ... ... ............
1.1.4. Various Function Types . . . . . . . . . . . . . . i i it i e
1.1.5. Common Functions . . . . . ... ... ... ... . . .. ...
Combining Functions; Shifting and Scaling Graphs . . ... ... ... ... ......
Trigonometric Functions . . . . . . ... ... ... ... ... e
1.3.1. Anglesand Sectors . . . . . . . . . . .. e
1.3.2. The Six Basic Trigonometric Functions . . ... ... ... ... .........
1.3.3. Trigonometric Formulas . . .. ... ... ... ... ... ... ... .......
Graphing with Software . . . ... .. ... ... .. ... ...
Exponential Functions . . . . . .. ... .. ... ... ... e
Inverse Functions and Logarithms . . . . ... ... ... ... ... ...........
1.6.1. Inverse Functions . . . . . . . . . . . . . . . .. .. ..
1.6.2. Logarithmic Functions . . . . .. .. .. . . ... .. .. . . . . ...,
1.6.3. Inverse Trigonometric Functions . . . . ... ... ... ... .. .........

Limits and Continuity

2.1.
2.2.
2.3.
24.
2.5.

Rates of Change and Tangent Linesto Curves . .. ... ... ..............
Limit of a Function and Limit Laws . . . . . ... ... ... ... ............
The Precise Definition ofa Limit . . . . . .. ... ... ... ... ............
One-Sided Limits . . . . . . . . . . . . . e e
Continuity . . . . . . . . . e e e e
2.5.1. Definition of Continuity . ... ... ... ... ... .. ... ...........

ii

iii

xi



vi Contents
2.5.2. More Properties of Continuous Functions . . . .. ... ... ........... 87

2.6. Limits Involving Infinity; Asymptotes . . . . .. . ... ... ... ... ......... 92
2.6.1. Horizontal Asymptotes . . . . . . . . . . . .. . .. e 93
2.6.2. Oblique Asymptotes. . . . . . . . . . . . . . e 98
2.6.3. Infinite Limits . . . . . . . . . . . ... .. e 98
2.6.4. Vertical Asymptotes. . . . . . . . . . . ... 100

3 Derivatives 103
3.1. Tangent Lines and the Derivativeata Point . . .. ... ... ... ... ........ 104
3.2. The Derivativeasa Function . ... ... ... ... .. ... ... ... .. .. ..... 111
3.2.1. Differentiability . . . . . . . . . . . ... e 114

3.3. Differentiation Rules . . . . . . . . . . . . . . .. .. ... 119
3.3.1. Powers, Multiples, Sums, and Differences . . . . . ... ... ... ........ 119
3.3.2. Derivative of Exponential Functions . . . . . .. .. ... ... ... ....... 121
3.3.3. Products and Quotients . . .. . . .. .. ... .. ... 122
3.3.4. Second- and Higher-order Derivatives . . . . .. .. ... ... ... ....... 124

3.4. The Derivative asa Rateof Change . . .. ... ... ... ... ... .......... 128
3.5. Derivatives of Trigonometric Functions . . . .. .. .. ... ... ... ......... 134
3.6. TheChainRule . . . . ... . . . .. . . .. . . e 139
3.7. Implicit Differentiation . . . . . . . . . . . .. ... e 144
3.8. Derivatives of Inverse Functions and Logarithms . . . ... ... ... ......... 148
3.8.1. Derivatives of inverses of differentiable functions . ... ... ... ....... 148
3.8.2. Derivatives of Logarithmic Functions . . ... ... ... ... .......... 150
3.8.3. Logarithmic Differentiation . . . . ... ... ... ... . ............. 152

3.9. Inverse Trigonometric Functions . . . . ... .. .. .. .. .. ... .. ... ...... 156
3.10.Related Rates . . . . . . . . . . . . . e e 160
3.11.Linearization and Differentials . . . . .. ... ... ... .. ... ... .. ....... 165
3.11.1.Linearization . . . . . . . . . . . . . . e e e e e e 165
3.11.2.Differentials . . . . . . . . . ... e 167

4 Applications of Derivatives 171
4.1. Extreme Values of Functions on Closed Intervals . . . . . ... ... ........... 172
4.2, The Mean Value Theorem . . . . . . . . . . . .. ... .. ... .. 177
4.3. Monotonic Functions and the First Derivative Test . . ... ... ... ......... 182
4.4. Concavity and Curve Sketching . . . . . . . . ... ... . ... .. ... ... . .. ... 186
4.5. Indeterminate Forms and L'Hopital’'sRule . . . . . . ... ... ... ... ........ 192
4.5.1. LUHépital'sRule . . . . . .. ... . . . . e 192
4.5.2. Other Indeterminate Forms . . . ... .. ... ... .. ... ........... 195

4.6. Applied Optimization . . . . . . . . . . . . . . e e e 198
4.7. Newton’s Method . . . . . . . . . . . . . . . .. . . e 202
4.8. Antiderivatives . . . . . . . ... e e e e 208

4.8.1. Finding Antiderivatives . . ... .. ... ... ... ... .. e 208



Contents vii

4.8.2. Initial Value Problems and Differential Equations . . . . ... ... ... .... 210

4.8.3. Indefinite Integrals . . . . . . . . . .. ... e 211

II Integration 213
5 Integrals 215
5.1. Area and Estimating with Finite Sums . ... ... ... ... ... ........... 216
5.1.1. TheAreaProblem . . . . . . . . . . . . .. .. . ... e 216

5.1.2. The Distance Problem . . ... ... ... ... ... ... ... .. ... ..... 221

5.1.3. Average Value of a Nonnegative Continuous Function . . . . . .. ... ... .. 223

5.2. Sigma Notation and Limits of Finite Sums . . . . ... ... ... ... ......... 225
5.3. The Definite Integral . . . . . . . . . . . . . ... . . .. 231
5.3.1. The Limit of Riemann Sums . . . . . . . . .. ... ... .. .. .......... 231

5.3.2. Properties of Definite Integrals . . . . . . .. ... ... ... ... ........ 235

5.4. The Fundamental Theorem of Calculus . . . ... ... ... ... .. .......... 240
5.4.1. Fundamental Theorem of Calculus,Part1 . ... .. ... ... ......... 240

5.4.2. Fundamental Theorem of Calculus,Part2 . .. ... ... ... ......... 241

5.4.3. The Total Area, between the Graph andthe z-axis . . . .. ... ... ...... 244

5.5. Indefinite Integrals and the Substitution Method . . . . ... ... ... ........ 248
5.6. Definite Integral Substitutions and the Area between Curves . . ... ... ... ... 254
5.6.1. Substitution in Definite Integrals . . . . . . . .. .. .. ... ... ... ..... 254

5.6.2. Areasbetweencurves. . . . . . . . . . ... ... 257

6 Applications of Definite Integrals 261
6.1. Volume Using Cross-Sections . . . . . . . . . . . . . i i i ittt ittt 262
6.1.1. Slicing by Parallel Planes . . .. .. ... .. ... ... .. ... ... ...... 263

6.1.2. Solids of Revolution: the Disk Method . . . . . ... ... ... .......... 266

6.2. Volumes Using Cylindrical Shells . . . . . . . .. .. .. ... .. .. . . .. .. ..... 270
6.3. ArcLength . . . . . . . . e e e 276
6.4. Areas of Surfaces of Revolution . . . ... ... ... .. ... ... ............ 281
6.5. Work Done by a Variable Force . ... .. ... ... .. ... ... .. ... ....... 288

7 Integrals and Transcendental Functions 293
7.1. The Logarithm Defined as an Integral . . . ... ... ... ... ............. 294
7.2. Exponential Change and Separable Differential Equations . . . . ... ... ... ... 299
7.3. Hyperbolic Functions . . . . . . . . . . . . . . . . . e 305
7.3.1. Derivatives of Hyperbolic Functions . . . .. .. ... ... ... ......... 307

7.3.2. Integrals of Hyperbolic Functions . . . . . .. .. ... ... ... ......... 310

7.4. Relative Rates of Growth and Convergence: Big-oh and Littlecoh . .. ... ... ... 313
7.4.1. Relative Ratesof Growth . . . . . . .. ... ... .. ... ... ... ..... 313

7.4.2. Big-oh and Little-oh. . . ... ... ... ... . ... ... ... . ... ..., 315

7.4.3. Relative Rates of Convergence . . ... ... ... .. ... ... ......... 316



viii

8 Techniques of Integration

8.1. Using Basic Integration Formulas . . ... ... ... ............
8.2. Integrationby Parts. . . . . ... .. .. ... ... ... ..
8.2.1. Integration by Parts: Indefinite Integrals . . .. ... ... ... ..
8.2.2. Integration by Parts: Definite Integrals . . . .. ... ... ... ..
8.2.3. Integration by Parts: Special Functions . . . .. ... ... ... ..
8.3. Trigonometric Integrals . . . ... ... .. ... ... . ... ... .....
8.4. Trigonometric Substitutions . . . . .. ... ... ... ... .........
8.5. Integration of Rational Functions by Partial Fractions ... ... ... ..
8.6. Integral Tables and Computer Algebra Systems . . . ... ... ......
8.7. Numerical Integration . . . ... ... .. ... .. .. .. .. ... . ....
8.7.1. TrapezoidRule . ... ... ... ... .. ... ... .. .. .....
8.7.2. The Simpson’sRule . . . . ... ... ... ... .. ..........
8.7.3. Gaussquadrature . . . . . . .. ... ...
8.8. Improper Integrals . . .. ... ... ... .. ... ... ...
8.8.1. Type I: Infinite Intervals . . . . ... ... ... ... ... .......
8.8.2. Type II: Discontinuous Integrands . . . . ... ... ... ......
8.8.3. Tests for Convergence and Divergence . . . . ... ... .......
8.9. Probability . . . . .. . . . ...
8.9.1. Probability Density Functions . . . . . .. ... ... .........
8.9.2. Variance and Standard Deviation . . . . ... ... ... .......

9 First-Order Differential Equations

9.1. Solutions, Slope Fields, and Euler’s Method . . . . . ... ... .......

IIT Sequences, Series, and Vector-Valued Functions

10 Infinite Sequences and Series

10.1.8eqUences . . . . . . . i e e e e e e e e e e e e e e

11 Parametric Equations and Polar Coordinates

11.1.Parametrizations of Plane Curves . . . . . . . . . . . . .. . . ... . ....

12 Vectors and the Geometry of Space

12.1.Three-Dimensional Coordinate Systems . . . . .. ... ... ... .....

13 Vector-Valued Functions and Motion in Space

13.1.Curves in Space and Their Tangents . . . . . ... ... ... ... .....

IV Vector Calculus

Appendix A Vectors and the Geometry of Space: Preliminaries

Contents

319

381

....... 382

383

....... 384

385

....... 386

393



Contents

A.1. Vector Operations . . . . . . . . . . . . i i it i e e e e e e e e
A.1.1. 3D coordinate systems . . . .. . ... ... ...
A.1.2. Vectors and vector operations . . . . . ... .. .. ... .. .. .. .. ...,

A.2. Equationsinthe3D Space . . . . . . . . . . . .. ... ...

A.3. Cylinders and Quadric Surfaces . . . . . . . . . . . . . . .. e

14 Partial Derivatives
14.1.Functions of Several Variables . .. .. ... ... .. ... ... ... . ... ......
14.1.1.Domain and range . . . . . . . . . .. e e e e e e e e
14.1.2.Graphs . . . . . . . e e e e e e e
14.1.3. Level curves . . . . . . . . . . e e e
14.1.4. Functions of three or more variables . . . . .. ... ... ... ..........
14.2.Limits and Continuity . . . . . . . . . . . . . . . .. e
14.3.Partial Derivatives . . . . . . . . . . . . e e e e
14.3.1. First-order partial derivatives . . . . . . . . . .. ... ... ... . ... .....
14.3.2. Higher-order partial derivatives . . .. ... ... ... . ... .. .. ......
14.4.Tangent Planes & Linear Approximations . . . . . . ... ... ... ... ........
14.5.The Chain Rule and Implicit Differentiation . . ... ... ... ... ... .......
14.5.1.Chainrule . . . . . . . . . ..
14.5.2. Implicit differentiation . . . . . . ... ... ... ... ... ...
14.6.Directional Derivatives and the Gradient Vector . . . . . .. .. ... ... .......
14.6.1. Directional Derivatives . . . . . . . . . . . . . . . e
14.6.2. Maximizing the Directional Derivative. . . . . . . ... ... ... ... .....
14.7.Maximum and Minimum Values . ... ... ... ... ... ... ... . ........
14.7.1.Local extrema . . . . . . . . . . . . ..
14.7.2. Absolute extrema . . . . . . . . ...
14.8.Method of Lagrange Multipliers . . . . . . . . . ... ... ... .. ... ... ... ...

15 Multiple Integrals
15.1.Double Integrals over Rectangles . . . . . . . .. ... ... ... ... .. ... .....
15.1.1. Volumes as Double Integrals . . .. .. ... ... ... ... . .. .. ......
15.1.2. Tterated Integrals . . . . . . . . . . . . .. ...
15.2.Double Integrals over General Regions . . . . . . . . . .. .. ... .. .. .. .. ...,
15.2.1.Iterated Integrals over General Regions . . . . . ... ... ... .........
15.2.2. Properties of Double Integrals . . . . . .. ... ... ... ... ... .......
15.3.Double Integrals in Polar Coordinates . . . .. .. ... ... ... ... .........
15.3.1. Polar Rectangles and Iterated Integrals . . . . .. ... ... ... ........
15.3.2.General Polar Regions . . . . . . . . .. . .. ... ... ... .
15.4.Applications of Double Integrals . . . . ... ... ... ... ... ... . ... .....
15.5.Surface Area . . . . . . . . e e
15.6.Triple Integrals . . . . . . . . . . . e
15.7.Triple Integrals in Cylindrical Coordinates . . . . ... ... ... ... ... ......

ix

394
394
396
402
406

409
410
410
411
412
415
417
424
424
429
432
437
437
440
443
443
447
451
451
455
457



15.8.Triple Integrals in Spherical Coordinates
15.9.Change of Variables in Multiple Integrals
15.9.1. The Key Idea
15.9.2. Multiple Integrals by Change of Variables

16 Integrals and Vector Fields
16.1.Vector Fields
16.1.1. Definitions
16.1.2. Conservative Vector Fields and Potential Functions
16.2.Line Integrals
16.2.1. Line Integrals for Scalar Functions in the Plane
16.2.2. Line Integrals with Respect to Coordinate Variables
16.2.3. Line Integrals of Vector Fields
16.3.The Fundamental Theorem for Line Integrals
16.3.1. Conservative Vector Fields
16.3.2. Clairaut’s Theorem for Conservative Vector Fields
16.4.Green’s Theorem
16.4.1. Application to Area Computation
16.4.2. Generalization of Green’s Theorem
16.5.Curl and Divergence
16.5.1.Curl
16.5.2. Divergence
16.6.Parametric Surfaces and Their Areas
16.6.1. Parametric Surfaces
16.6.2. Tangent Planes and Surface Area
16.7.Surface Integrals
16.7.1. Surface Integrals of Scalar Functions
16.7.2. Surface Integrals of Vector Fields
16.8.Stokes’s Theorem
16.9.The Divergence Theorem
F.1. Formulas for Chapter 16

Appendices

Chapter Reviews
Functions
Limits and Continuity
Derivatives
Applications of Derivatives

Applications of Definite Integrals

Contents



Contents

C.7. Integrals and Transcendental Functions . . .
C.8. Techniques of Integration . ... ... .. ..
C.14 Partial Derivatives . . ... ... ... .. ..
C.15.Multiple Integrals . . . . ... ... ... ...
C.16.Integrals and Vector Fields . ... ... ...

P Projects

P.1. Newton’s Method for Finding Zeros and Extrema . . . . . .. ... ... ... ......

P.2. Numerical Integration . ... ... ......
P.2.1. Lagrange interpolating polynomials .
P2.2. TrapezoidRule . ............
P2.3. Simpson’sRule . ............

P.3. The Euler’s Numbere. . ... ... ... ...

P.4. Area Estimation of A Region: An Application of Green’s Theorem . .. ... ... ...

P5. Linear and Quadratic Approximations . . . .
P5.1. Newton’s method ... .........
P.5.2. Estimation of critical points . . . . . .
P.5.3. Quadratic approximations . . . . . . .

P.6. The Volume of the Unit Ball in n-Dimensions

Bibliography

Index

x1

651
656
669
675
681

695
696
699
700
702
703
707
710
716
719
720
721
722

727

729



xii Contents



CALCULUS I

Differentiation






CHAPTER 1

Functions
In This Chapter:
Topics Applications/Properties
Functions Graphs
Vertical Line Test Numerical Representation of Functions

Combining Functions
Composite Functions
Shifting and Scaling

Trigonometric Functions | Angle and Sector

Trigonometric Formulas

Graphing with Software

Viewing Window Maple, Mathematica, Matlab

Exponential Functions
The Number ¢

Inverse Functions

One-to-One Horizontal Line Test
Logarithms Inverse Functions of Trig. Functions

Contents of Chapter 1

1.1.
1.2.
1.3.
1.4.
1.5.
1.6.

Functions and Their Graphs . . . . . . . . . . . . .. . . e 4
Combining Functions; Shifting and Scaling Graphs . . . ... ... ... ........ 17
Trigonometric Functions . . . . . . . . . . . . . . . . e 25
Graphing with Software . . . . . . . . . . .. . . . .. e 35
Exponential Functions . . . . . . . . . . . .. e 39
Inverse Functions and Logarithms . . . . ... ... ... ... .............. 45



4 Chapter 1. Functions

1.1. Functions and Their Graphs

,,,,,,,,,,,,,,,, ~
!
.

7777777777777777 . Functions are a tool for describing the real world in
mathematical terms. A function can be represented by an equation,
a graph, a numerical table, or a verbal description; we will use all
four representations throughout the lecture note. This section reviews
these ideas.

1.1.1. Functions; Domain and Range

Definition} 1.1. A function f from a set D to a set Y is a rule that
assigns a unique value f(z) € Y to each x € D. That is,

f: D=Y

1.1
x+— f(x), where f(x)is a unique value for x (LD

* A function produces the same output for the same input.
* Let y be the output value of f at z. Then,

y = f(z),

where z is the independent variable, representing the input value
to f, and y is the dependent variable or output value of f at x.

Definition}, 1.2. The set D of all possible input values is called the
domain of the function. The set of all output values f(z), as x varies
throughout D, is called the range of the function. The range might not
include every element in the set Y.

* For a function y = f(z), if the domain is not stated explicitly or
restricted by context, the domain is assumed to be the largest set
of real z-values for which the function gives real y-values. This is
called the natural domain of f.
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tions. The domain in each case is the values of x for which the formula
makes sense.

(a) y = a? (b) y=1/z (c) y =1 —2a?

Solution.

1.1.2. Graphs of Functions

Definition}, 1.4. If f is a function with domain D, its graph consists of
the points in the Cartesian plane whose coordinates are the input-output
pairs for f. In set notation, the graph is

G(f) = A{(z, f(z)) | x € D} (1.2)

(a) y = 2% over [—2, 2] (b) y =1/z over [—-2,2] (¢) y = V1 — 22

Solution.



6

Chapter 1. Functions

of values.

Note: We have seen how a function may be represented algebraically
by a formula and visually by a graph.

* Another way to represent a function is numerically, through a table

* From an appropriate table of values, a graph of the function can be
obtained, possibly with the aid of a computer. The graph consisting of
only the points in the table is called a scatterplot.

[Examplejl 1.6.

A Matlab code

a=0; b=pi;
n=8; h=(b-a)/n; angle = (a:h:b)';

hy = sqrt(1-x72)
X = cos(angle); Y = sin(angle);
Data = [X Y]

plot(X,Y,'r.', 'MarkerSize',30);
hold on; axis equal; grid on
plot(X,Y,'b-','LineWidth',2);
hold off

© e = (=2} o - w [ =

= = =
[ = (=1

jun
w

print -dpng 'plot-Data.png';

A Matlab code generated a data set
in a table form. The data can be vi-
sualized using a computer program.

Data set
1 X y
3 1.0000 0
4 0.9239 0.3827
5 0.7071 0.7071
6 0.3827 0.9239
7 0.0000 1.0000
8 -0.3827 0.9239
9 -0.7071 0.7071
10 -0.9239 0.3827
1 -1.0000 0.0000

1 0.5 0 0.5 1
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1.1.3. The Vertical Line Test for a Function

* Not every curve in the coordinate plane can be the graph of a function.

* A function f can have only one value f(x) for each x in its domain, so
no vertical line can intersect the graph of a function more than once.

* If a is in the domain of the function f, then the vertical line x = a will
intersect the graph of f at the single point (a, f(a)).

‘Example! 1.8. Are they functions?

(a) Circle 22 +¢?> =1 (b) Upper semicircle (c) Lower semicircle

Solution.

Ans: (a) no. (b) yes. (c) yes.

radius 7.
Solution.
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1.1.4. Various Function Types

'Piecewise-Defined Functions

!
|
e -

(a) f(z) = {

Solution.

'Example 1.11.

r, >0
—x, <0

(b) g(x) =

_x’

2,

L,

Chapter 1. Functions

<0
0<xr<l1
x>0

* The function whose value at any number x is the greatest integer less

than or equal to x is called the greatest integer function or the inte-
ger floor function. e.g,, [2.3] =2, |1.0] =1, [—-1.5] = —2.

* The function whose value at any number x is the smallest integer greater
than or equal to x is called the least integer function or the integer
ceiling function. e.g., [2.3] =3, [1.0] =1, [—1.5] = —1.

Figure 1.1: The greatest integer function (left) and the least integer function (right).



1.1. Functions and Their Graphs 9

************************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Definition} 1.12. Let f be a function defined on an interval / and let ;
and x5 be two distinct points in /.

1. If f(z1) < f(x2) whenever z; < x5, then f is said to be increasing
on /.

2. If f(z1) > f(x2) whenever z; < 9, then f is said to be decreasing
on /.

Note: It is important to realize that the definitions of increasing and
decreasing functions must be satisfied for every pair of points z; and 5 in
I with 11 < z9. Because we use the inequality < to compare the function
values, instead of <, it is sometimes said that f is strictly increasing
or strictly decreasing on /.

either increasing or decreasing.
(a) y = a? (b) y =2*

Solution.

Ans: (a) (—o0,0]: decreasing; [0, 00): increasing
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************************************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

even function of x if f(—z) = f(x)

odd function ofx if f(—z)= —f(x) (1.3)

for every x in the function’s domain.

Note: The names ‘even’ and ‘odd’ come from powers of x.

Fe—————————
!
!

(a) y =22% -2 (b) y =23 — 4z )y=2>+x

Solution.

‘Remark 1.16. Symmetry

,,,,,,,,,, o

* The graph of an even function is symmetric about the y-axis.
A reflection across the y-axis leaves the graph unchanged.

* The graph of an odd function is symmetric about the origin.
A rotation of 180° about the origin leaves the graph unchanged.
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1.1.5. Common Functions

,,,,,,,,,,,,,,,,,,,,, —
|

'Linear Functions

* A function of the form f(z) = maz + b is called a linear function. The
function f(x) = x, where m = 1 and b = 0, is called the identity

function.

E

m=-—73 m=72

Figure 1.2: (a) Lines through the origin with slope m. (b) A constant function with slope
m = 0.

* Two variables y and z are proportional (to one another), if one is
always a constant multiple of the other — that is, if y = kx for some
nonzero constant k.

— If the variable y is proportional to the reciprocal 1/x, then some-
times it is said that y is inversely proportional to x.
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-
|
L

,,,,,,,,,,,,,,,,,,,,, -
|

Power Functions

,,,,,,,,,,,,,,,,,,,,, ]

A function f(z) = 2%, where a is a constant, is called a power function.
There are several important cases to consider.

(a) f(z) = 2® with a = n, a positive integer.

" o } 5 } ,
] y=x Yooy=a2 3 4 y=x

T T

T

Figure 1.3: Graphs of f(z) = 2", n=1,2,3,4,5.

Each curve passes through the origin and the point (1, 1).
Are they symmetric? Where are they increasing? What happens
when r approaches —oo or oo?

(b) f(z) =a*witha=—1ora=-2.

Domain: x#0

Range: y#10 0

Domain: x#0
Range: y=0

(a) (b)

Figure 1.4: Graphs of the power functions f(z) = 2% (a) a = —1. (b) a = —2.

(¢) a=1/2,1/3,3/2, and 2/3.

* f(z)=2"? =/x and g(x) = 2!/ = ¥z are the square root and
cube root functions, respectively.
* Note that 2%/ = (2'/?)% and 2?3 = (2'/3)2.
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0 1 : o1 : o] 1 ’ 0l 1
Domain: 0= x < oo Domain: — o< x <00 Domain: 0 =x<oc Domain: — 0o < 1 < 0o

Range: 0=y <oo Range: —oo<y<oo Range: 0=y<oo  Range: 0=y<oo

Figure 1.5: Graphs of the power functions f(z) = 2* for a = 1/2, 1/3, 3/2, and 2/3.
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A function p is a polynomial if

1

p(z) = apz”™ + ap_12" " + - -+ ax + ay, (1.4)

where n is a nonnegative integer, ag, a1, -- ,a, € R, and a,, # 0.

* n is called the degree of the polynomial
® ap,ai,--- ,a, are called the coefficients of the polynomial

* pis called a quadratic polynomial when n = 2, while it is a cubic
polynomial if n = 3.

e All polynomials have domain (oo, 00).

(a) y = 2* — 32% 4 2z M) y=(z+ 1)(z —1)*(z —2)?
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Rational Functions

. A
| |
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A rational function is a quotient or ratio

flx) = @, (1.5)

where p and ¢ are polynomials. The domain of a rational function is the
set of all real x for which ¢(x) # 0.

i
2
_ 223 L1
Tx+ 4 \ 1
1 I % x 1 X
—4 - | 2 4 -5 1]
_{ A
-1 —4
- NOTTO SCALE
—hL —6

Figure 1.6: Graphs of three rational functions. The straight red lines approached by
the graphs are called asymptotes and are not part of the graphs.

e x? — 2x

‘Self-study ' 1.18. Sketch the graph of f (x) =

e - x_l

Note: Other common functions are trigonometric functions, exponential

functions, and logarithmic functions, which we will deal with in detail
later in this chapter.
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Exercises 1.1

1. Sketch the graph and find the domain and range of each function.

(@) f(z)=1-2Vz
3
(b) g(t) = —
(¢) h(z) =Vdx — 22
Ans: (b) D: {t # 4}. R: {y # 0}.
2. Consider the point (z,y) lying on the graph of the line 2z + y = 1. Let L be the distance
from the point (z,y) to the origin (0,0). Write L as a function of z.
Clue: Start with the distance: L = (2 4 y?)'/2, which comes from the Pythagorean

theorem.
Ans: L =+/5x2 — 4z + 1
3. Graph the following equations and explain why they are not graphs of functions of z.

(@) |y| =2z
('b) y2 — 1,2

Hint: (a) Consider cases that |y| is nonnegative or negative. (b) It can be written as
lyl = |x].

4. Find a formula for the piecewise-defined function.

5. Say whether the function is even, odd, or neither. Give reasons for your answer.

(@) f(x)=2a—bx () g(t)=1t*| + ¢
2_q
(b) f(z)= 75 (d) g(x) = i2 +1

Ans: (c) neither, " g(—t) # g(t) and g(—t) # —g(t). (d) even, *.* g(—z) = g(x).
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6. The accompanying figure shows a rectangle inscribed in an isosceles right triangle whose
hypotenuse is 2 units long.

(a) Express the y-coordinate of P in terms of .
(b) Express the area of the rectangle in terms of x.

Clue: (a) You might start by writing an equation for the line AB.

A

B

)\ Pix.

Ans: (b) A =z(1 — x).
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1.2. Combining Functions; Shifting and Scal-
ing Graphs

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

* Like numbers, functions can be added, subtracted, multiplied, and
divided to produce new functions.

e If f and ¢ are functions, we define functions f + g, f — g, fg, f/g by
the formulas

(f+9)(x f(z) +g(z)

(f=9)(x) = f(z)—g(x)

o) = fo)g) (1.6)
Flo)@) = fla)/g()

— Domain of f + g, f — g, and fg: every = that belongs to the
domains of both f and g; that is, x € D(f) N D(g).

- Domain of f/g: x € D(f) N D(g), except g(z) = 0.

f(z) =+v/z and g(x) =V1—=z
have domains D(f) = [0,00) and D(g) = (—o0,1]. The points common to
these domains are the points in
[0,00) N (=00, 1] = [0, 1].
Find the formulas and domains for the various algebraic combinations of
the two functions, where f - g = fg.
Solution. Let’s complete filling the following table.

Function ' Formula | Domain

f+g
g o
Jg U@ =f@e@) =l
fla .
g/f | (9@ - ?((2 SHY (0.1] (& = 0 excluded)
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****************************
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Definition} 1.20. If f and g are functions, the composite function f o g
(“f composed with ¢”) is defined by

(fog)(z) = f(g(x)). (1.7)

The domain of fog consists of the numbers x in the domain of ¢ for which
g(x) lies in the domain of f:

D(fog)={z € G(g) | 9(z) € D(f)}. (1.8)
/ - _H-H“> flg(x)

Figure 1.7: Arrow diagram for f o g.

FExample 1.21. Let f(z) =y/rand g(z) =2+ 1. Find fog,go f, fo f, and

gog,and their domains.

Solution.
Composition Formula iDomain
(fog)x) = flg(x) =+/g(z) =Vr+1 [-1,00)
(g N =
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—3 0 1 2

positive directions of x and y, respectively.

shift the graph - 2 — x— (x—2)
shift the graph — -3 — x— (x+3)

shift the graph 1 2
shift the graph 1 -2

Shift Formula

If the graph of y = f(«) is shifted (c,d),
then the resulting graph is formulated as

Figure 1.8: Shift from the y—d = f(z—c). (1.9)
graph of y = 2%

(@) y = —(z — 3)? (b) y — 2 = —a? ) y=—(r+1)72*+4

Solution.

Ans: (a) vertex= (3,0). (c) vertex= (—1,4).
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resulting graph is formulated with

x being replaced by x — ¢

1.10
y being replaced by y — d ( )
Why does this formula make sense algebraically?
* The equation
y = f(z) (1.11)

expresses the relation between x and y of each point (z, y) on the graph
of f.

* Let the graph be shifted (c,d). Let (x, y) be shifted to (X,Y).

* Then, we should find the relation between X and Y, to formulate
the shifted graph.

* Since (X,Y) = (z + ¢,y + d), we may get
(x,y) = (X — ¢, Y —d). (1.12)
* Using (1.11) and (1.12), we obtain
Y —d= f(X—c¢). (1.13)

So (1.10) follows.
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***************************************
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Scaling Formula

* If the graph of y = f(z) is scaled horizontally by a factor of b > 0,
then the resulting graph is formulated as

y = f(x/b). (1.14)

* If the graph of y = f(z) is scaled vertically by a factor of a > 0,
then the resulting graph is formulated as

y/a = f(z). (1.15)

e If the graph of y = f(«) is scaled by factors of (b, a),
then the resulting graph is formulated as

y/a = f(x/b) or y = af(x/b) (1.16)

Note: The reference book (Thomas’ Calculus) explains scaling in terms
of “stretch” and “compress”.

stretched by a factor of b < scaling factor = b
compressed by a factor of b < scaling factor = 1/b

Reflecting Formula

Reflection is the same as scaling by a factor of —1. That is,

reflect G(f) across the z-axis < y is replaced by —y (1.17)

reflect G(f) across the y-axis < z is replaced by —x
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and the reflection for graphs in (b) and (c) to be expressed in the form

y = pflqz).

y=16x*+32x'+10 Y y

flxy=x*—4x*+10
20 20+ =LA 05
10k ¥ 5X 2x 3
|

10+ /‘\
x ! L L v L L I 1 1 ‘
-1 0 N 3 4 -2\ -1 0 1 : -1 o] 1”72 3 :
—10} -10

—10}
20}

=20

(a) (b) (c)

Solution.

(b) ¢ = 1/2 & y-axis reflection

(¢c) d =1/2 & x-axis reflection

Ans: (b) y = f(—2z). (¢) _%2 = flr)=y= —%f(ff)~
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Exercises 1.2

1. If f(x) =2 — 1 and g(z) = 1/(x + 1), find the following.
(@) f(g(z
(b) f(
(c) g(
(

()
(1/
()
(d) g(f(1/

g
f
f
Ans: (©) g(f(z)) = 1/(f(z) +1) = 1/z. (d) 2.
2. Write a formula for f o go h.
(@) f(z)=3x+4, g(z) =2z —1, h(z) = 2?

(b) f(x) = V2 +1, g(x) = ) = -

5 +1
4z +1°

Ans: (b)

g9(z) f(z) (fog)(r)
a. x—=T NG ?
b. T+ 2 3z ?
c. ? z—5 2 -5
T T
d. ?
r—1 a:—%
e. ? 1+ - T
. T
f. - ? z
x

Ans: (c) 2%. (e) 1/(x — 1).

4. Find a function g(z) so that

(8) f(z) = —— and (f o g)(a) =z

() f(z) =22° —4and (fog)(z) =z + 2.

Ans: (a) g(z) = x2_93
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"

5. The accompanying figure shows the graph
of y = —2? shifted to four new positions.
Write an equation for each new graph.

(1.4)

4. -1/

(c) (d)

6. (Challengeji Ay me that f is an even function, ¢ is an odd function, and both f and ¢

are defined on the entire real line (—oo, 00). Which of the following (where defined) are
even? odd?

(@) fg (b) f/g (© g/f
d f2=ff e) ¢*=gg (f) fog
(8 gof (h) fof (i) gog

Ans: (a) Odd. (c) Odd. (e) Even. (i) Odd.
7. (Challenge] o, 5 function be both even and odd? Give reasons for your answer.

1(Challenge indicates the problem may be harder than usual. Challenge it!
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1.3. Trigonometric Functions

You might learn the following in your High school.

25
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Sides of a right triangle:

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

* The hypotenuse of a right trian-
gle is the side opposite the right
angle. It must be the longest side
of the right triangle.

* The adjacent side is the non-

to the given angle.

* The opposite side is the side X

oy
&
O
Q

; o $
hypotenuse side that is adjacent Q

.

across from a given angle.

Adjacent

aysodd(

*********************

,,,,,,,,,,,,,,,,,,,,,

opposite

hypotenuse

sinz = = SOH

adjacent

hypotenuse

cosxT = = CAH

opposite
adjacent

tany = ——— = TOA

r- o, - -~ -~ -~ -~ ~-~"~"~>"~~=-"-.~"~"~"~“"*"~“">"~"~"“_ ~ “~"~"~““"=°-"=°=-°77 a
| leo
| e

Cosecant, Secant, Cotangent

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

(1.18)
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1.3.1. Angles and Sectors

Definition}; 1.26. An angle is the figure formed by two rays sharing a
common endpoint, called the vertex of the angle.

The angle can be defined with the unit circle, the circle of radius 1.

“The angle is 6 (radian), when the corresponding arc length is 6.”

* The angle of the whole circle is 27 (radian).
* 21 = 360°

e T=180° = °=

»
\
\
0
1
radian
0) (radian) v

Figure 1.9: Geometric definition of the angle.

(a) 30° A
(b) —60°
(c) 420°
3 =
@ —5r ;
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***********

'Sectors

|
L e e e - -~ -

Figure 1.10: The angle and the arc length of the sector.

Definition}; 1.28. A sector (a.k.a. circular sector) is the the portion
of a disc enclosed by two radii and a circular arc.

1 1
Arc length ¢ = 76 Area A = §r€ = 57*20

* A sector is like a triangle!

[Examplejl 1.30. Find the arc length of the sectors.

5)
(a) r = 12, angle = 17

(b) r = 4, angle = 240°

Solution.

Ans: (a) 157. (b) 167/3.
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1.3.2. The Six Basic Trigonometric Functions

Definition} 1.31. The trigonometric functions of an acute angle are
given in terms of the sides of a right triangle (SOH-CAH-TOA).

* We extend this definition to ob- ¥
tuse and negative angles by 1
first placing the angle in stan-

dard position in a circle of radius
r.

* We then define the trigonometric
functions in terms of the coordi-
nates of the point P(z,y) where

the angle’s terminal ray inter-
sects the circle.

1

sine : sinf = 7 cosecant : cscl = — = r
r sin 6 Yy
. x 1 r
cosine : cosf = — secant : secl = = — (1.19)
r cos 6 x
Y 1 7
tangent : tanf = — cotangent : cotf = = —
x tan 6 Y
'Example | 1.32. Evaluate the exact values of these trigonometric ratios for
common angles.
s 1 1
(a) {sin,cos,tan}— = —, —, 1
1 3 1
(b) {silfl,cos,tan}z = -, \/—_, —
6 2" 2743
3 1
(c) {sin,cos,tan}g = g, 5 V3
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*******************************************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

A
1
I
A/
ICF
I 1%
I 1=
12 \ 1
= I
e
I I
9 I
[l
«--- - - — - > 1 >

Figure 1.11: Geometric interpretation of trigonometric functions.

Definition} 1.33. The trigonometric functions are defined with the
unit circle, the circle of radius 1.

Point A(x,y) is chosen on the unit circle as in the figure.
x A(x,y) = (cos@,sin0)

% “sin” is the vertical component of the right triangle.

inf  tanf
* tan@ = g _ slope = tanf = Mo tan
T cosf 1

*x These hold for all angles 0, i.e., all choices of A on the unit circle.

to P(—4,3). Evaluate the following.

(a) sin6 A
(b) cos6
(c) tanb

Ans: (a) 3/5. (b) —4/5. (c) —3/4.
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For all angle z,

sin &

sin? z + cos’z = 1 tanx = = slope
cos T
'Graphs of Trigonometric Functions'
y =sinx Yy = Ccosx
1 1 < -
4 \ ’
4 \ ’
// \ /
0 0 ~ —
/ \ 7
! \ ’
4 \ ’
_1 _1 / N 7/
- 0 0 27 -7 0 T 27
Yy =tanz

- 0 T 27

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ~
|
|

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, |

Definition} 1.36. A function f(z) is periodic if there is a number p > 0
such that f(z + p) = f(z) for every value of x. The smallest such value of
p is the period of f.

For example,

Period of “sin” and “cos” = 27
Period of “tan” =«
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The following holds also when sin and cos are interchanged.

* When the graph of y = sin« is moved by +=, the result becomes

Yy = —sinz.
* When the graph of y = sin(4x) is moved by ig (or, +37/2), the
result should match with either y = cosx or y = — cos x.
- |
1 —y =sinz
// N -—-y :/cos:zg
/ \ /
\ / ‘\ /
0 /I N II
/I \‘ !
N / \ 7
iy N
-7 0 i 27

Figure 1.13: Graphs of y = sinz and y = cos z, superposed.

[Ei{ﬁﬁiﬁfé] 1.38. Which one is the same as cos <377T — a:)?

A. cosz
B. —cosx
C. sinz
D. —sinz

E. None of these
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******************************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

The rules for shifting, scaling, and reflecting the graph of a function,
studied in §1.2 and summarized in the following, apply to the trigono-
metric functions:

y;d:f(xgc) or y:af(xgc>+d, (1.20)

where (b, a) are scaling factors and (¢, d) are shifting units.

Definition}, 1.39. The transformation rules applied to the sine function
give the general sine function or sinusoid formula

f(z) = Asin (%T(x ~ 0)) + D, (1.21)

where where | A| is the amplitude, |B| is the period, C' is the horizon-
tal shift, and D is the vertical shift.

y:281n<§+7r>—1

Solution.

Ans: y = 2sin (j—:(x - (—27r))> 1



1.3. Trigonometric Functions

1.3.3. Trigonometric Formulas

Trigonometric Identities
cos’f +sin’h = 1
1+ tan?f = sec® 6
1+ cot?f = csc?f
Angle-Sum Formulas

sin(A 4+ B) = sin Acos B + cos Asin B

cos(A+ B) = cos Acos B —sin Asin B
Product Formulas

sin Asin B = —[cos(A — B) — cos(A + B)]

21 (1.22)
sin Acos B = §[sin(A — B) +sin(A + B)]

1
cos Acos B =

§[COS(A — B) + cos(A + B)]

Double-Angle Formulas
sin 260 = 2sin6 cos @
cos20 = cos®H — sin* 6

Half-Angle Formulas

1 — cos 26

22 2
9 — 0 e
S1n 5 COS

1+ cos 20
2

‘The Law of Cosines

,,,,,,,,,,,,,,,,,,,,,,,, J

If a, b, and ¢ are sides of a triangle ABC, then

2 =a’>+b>—2abcosC. (1.23)
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Exercises 1.3
1. On a circle of radius 10 m, how long is an arc that subtends a central angle of

(a) 7r/5
(b) 120°

2. Graph the functions. What is the period of each function?
— cos(2 (o T
(a) —cos(27x) (b) 2sin <2x 4) +1

Ans: (b) Period: .
3. Use the Half-Angle Formulas to find the exact function values.

T
(a) cos® 3 (b) sin? 3%
Ans: (b) 1/2 4+ v/2/4.
4. Solve for the angle 0, where 0 < 0 < 2«
(a) cos?f = % (b) cos?f — gsine = 0.

. . 3 . L. .
Hint: (b). cos? = 1 —sin? §. Thus the equation reads sin® 6 + 5 sin 6 —1 = 0, which is a quadratic
equation of x = sin 6.
Ans: (b). 6 = /6, 57 /6.

5. A triangle has sides « = 2 and b = 3 and angle C' = 60°. Find the length of side c.
Ans: /7.
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1.4. Graphing with Software

* Through the course, you will learn how to

— visualize functions, solve equations, and analyze data.
* You may use

— Maple, Mathematica, Matlab, or Python

which are available on computers campus-wide.

* However, for a bit simpler work in Calculus, you may try online graph-
ing software. For example,

— GeoGebra https://www.geogebra.org/

for which you may find Tutorials https:/www.geogebra.org/a/14.
Learn about “CAS Calculator”.

Note: In modern society, becoming a good programmer would be quite
advantageous. Thus, first, try to be familiar with computational envi-
ronments for computer software. I recommend you to start with one of
Maple, Mathematica, and Matlab. The simplest one is Matlab.

‘Mathematica,
Plot [Sin[x], {x, 0, 2Pi}] f[..’l.' ] = Si"[..:'f] + xA2
LI
E ff .\'-\
esp S x'x_ 1
e N f'[x]
R T LN T ST
\ /
05 x__“ ;__.-"'
.E NS 2% + Cos[x]

Figure 1.14: Examples in Mathematica.


https://www.geogebra.org/
https://www.geogebra.org/a/14
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r---—---- bl
'‘Maple!
Lo~ 4
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Palettes [ Workbook | |*| eyt [Math] [ C 20 Math v|[lucidaBright  -|[1z -| B[IJU EI== L2 =i= »
P Favarites | - -
S |- with(plots) : with(Student| Calculus1]) | 1
o . .
P Caleulus 1 plot(sin(x), x=0.2 Pi) Plot Builder
P Common Symbals 1 Apply a Command
W Variables Assign to a Name
Divisors
| |Varia..‘ -| Value I 05 ETrnr
X b Siee ||= a
0 Integer Factors
.8 @ 7 = Plots =|
| | | | -05 4 Prime Factors
P Matrix Sum of Squares
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W Units =
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Figure 1.15: An example code in Maple.

[Exampleﬂ: 1.41. Let’s play with Maple a little more.

maple-plot-derivative.mw

1 | with(plots, implicitplot):

2 | implicitplot(x~2+2 x = -y~2+4 y-1, x=-3..1, y=0..4)

3 | implicitplot(r=1-cos(theta), r=0..2, theta=0..2 Pi, coords=polar,
4 size=[250, 250], axis=[color=red], background=green)

5 | g 1= x -> 1if x<3 then x+1 else -x"2+13 end if:

¢ | plot(g, 0..5, size=[300,200])

-2
-4
-5
-8
-10
-12

Figure 1.16: Maple plots: A circle, a cardioid, and a piecewise-defined function.
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y_sin_x.m
x = linspace(-pi, 2*pi, 100);
y = sin(x);

plot(x,y,'r',linewidth=2); grid on
xticks([-pi,0,pi,2*pil); xticklabels({'-\pi','0',"\pi','2\pi'})
yticks([-1,-0.5,0,0.5,1])
title('Matlab: $y=\sin x $','fontsize',18,'interpreter', 'latex')
axis tight
if exist('__octave_config_info__') Yoctave
print ('y=sin-x-matlab.png')
else
exportgraphics(gcf, 'y=sin-x-matlab.png', 'Resolution’',100)
end

7777777 A
|
|

,,,,,,, ]

y_sin_x.py

import numpy as np
from matplotlib import pyplot as plt

x = np.linspace(-np.pi, 2*np.pi, 100)
y = np.sin(x)

plt.plot(x,y,'r',linewidth=2)

plt.grid(color = 'green', linestyle = '--', linewidth = 0.5)
plt.xticks([-np.pi,0,np.pi,2*np.pil, ['$-\pi$',0, '$\pi$"', '$2\pi$'])
plt.yticks([-1,-0.5,0,0.5,1])

plt.title('Python: $y=\sin x $',fontsize=18)

#plt.show()

plt.savefig('y=sin-x-python.png',bbox_inches='tight"')

Matlab: y =sinz Python: y =sinx

10 /\
0.5 1 0.5

0.0

=]

—0.5
. | \\\/// \\\J//
-1.0

- 0 . 2 -n 0 n 2m

Figure 1.17: y=sin-x-matlab.png and y=sin-x-python.png
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Exercises 1.4

1. (CASkRind an appropriate graphing software viewing window for the given function and
use it to display its graph. The window should give a picture of the overall behavior of
the function. There is more than one choice, but incorrect choices can miss important
aspects of the function.

(@) f(o)=2a2"—42°>+15 (¢) y=z'3?-8)
8
) f(z) = 2V9 — 22 Dy =1

Note: Finding a Viewing Window:

If you do not specify the viewing window, 0.081
then the CAS will use a default window. 007
¢ For example, for (d), if you implement |
8 _ 0.06
plOt(m) mn Maple, then you 005,
will see the figure right.
0.044

* You should specify a viewing window,
as in Example 1.41, not to miss impor- 0.031
tant aspects of the function.

0.0
* A good strategy for the determination /

of a viewing window is to (1) start -0 = 0 < 10
with a large window and then (2) X

specify a right one to see important

features in detail.

1
2. Graph the function y = cos = + 100 sin 100z

3. Graph four periods of the function f(z) = —tan 2z.

2Problems with the sign must be done with a Computer Algebra System such as Maple, Mathe-
matica, or Matlab.
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1.5. Exponential Functions

Definition} 1.42. A function of the form

f(x) =a", where a >0 and a # 1, (1.24)

is called an exponential function (with base a).

e All exponential functions have domain (—oo, c0) and range (0, ), so
an exponential function never assumes the value 0.

* All exponential functions are either increasing (a > 1) or decreasing
(0 < a < 1) over the whole domain.

3 ¥
y=10" y=10"
I!_ |')_

10 10—

mine its domain and range.

Solution.
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F——————— ===
|
|
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the 20th century. Figure 1.19 shows the corresponding scatter plot.
* The pattern of the data points in Figure 1.19 suggests an exponen-
tial growth.

* Use an exponential regression algorithm to find a model of the

form
Pit)y=a- b, (1.25)

where ¢ = 0 corresponds to 1900.

Table 1.1
t Population P 7000
(years since 1900) |  (millions) )

0 1650 6000 °

10 1750 so00l .

20 1860 . .

30 2070 § 4000 .

40 2300 w000l .

50 2560 L

60 3040 2000 4 *

70 3710

80 4450 1009, 20 46Years Si?;oce 190086 100 120
90 5280
100 6080 Figure 1.19: Scatter plot for world population
110 6870 growth.

Solution.

population.m
Data =[0 1650; 10 1750; 20 1860; 30 2070;

40 2300; 50 2560; 60 3040; 70 3710;

80 4450; 90 5280; 100 6080; 110 6870];
m = size(Data,1);

% exponential model, through linearization
A = ones(m,2);

A(:,2) = Data(:,1);

r = log(Data(:,2));

Im = (A'*xA)\(A'*r);

a = exp(Im(1)), b = exp(Im(2)),

© e = (=2 o L w [ —

=
(=]

[
=
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12

13 lot(Data(:,1),Data(:,2),'k."', 'MarkerSize',20)
P

14 xlabel ('Years since 1900');
15 ylabel('Millions'); hold on
16 print -dpng 'population-data.png'

17 t = Data(:,1);
18 | plot(t,a*b.~t,'r-','LineWidth',2)

19 print -dpng 'population-regression.png'
20 hold off
The program results in 2000

a=1.4365 x 103, b= 1.0140. 6000}

Thus the exponential model reads I

4000

Millions

P(t) = (1.4365x 10”)-(1.0140)". (1.26)

3000 |

Figure 1.20 shows the graph of this 2000

exponential function together with 1000
the original data points. We see that

the exponential curve fits the data Figure 1.20: Exponential model for world
population growth.

20 40 60 80 100 120
Years since 1900

reasonably well. [

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ~
|
|

J

e When z = n is a positive integer,

n

a' =a-a-..-q.
—————
n times
* When = = —n for some positive integer n,

=)
a'=—=(—-).
a” a
* When = = p/q is a rational number,

aP/l — Vap = (%)p
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1. a* - a¥ = o™V 4. a*-b* = (ab)”
a® x T
2. — =a""Y @ _ (2
v =" 55 = ()

'The Number e

i |

9
|

Of all possible bases for an exponential function, there is one that is
most convenient for the purposes of calculus. The choice of a base a is
influenced by the way the graph of y = a" crosses the y-axis.

* As we will see later, that some of the formulas of calculus will be
greatly simplified, if we choose the base a so that the slope of the
tangent line to y = o* at © = 0 is exactly 1. See Exercise 5, p. 44.

* In fact, there is such a number and it is denoted by the letter e,
called the Euler’s number. It will be further studied as a project
when you learn integration; see Section P.3, p. 707.

(The notation e was chosen by the Swiss mathematician Leonhard

Euler in 1727, probably because it is the first letter of the word
exponential.)

¢ It turns out that the number ¢ lies between 2 and 3. Later, we will
see that the value of ¢, correct to six decimal places, is

e ~ 2.718282 (1.27)

Figure 1.21: The number e.
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The exponential function f(z) = ¢” is an increasing continuous function
with domain R and range (0, c0). Thus e* > 0 for all x and the z-axis is a
horizontal asymptote of f(z) = ¢”.

2

1+ — et
@ f() =t 0) () = T

Solution.

Solution.
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Exercises 1.5

1. Use the Laws of Exponents to rewrite and simplify each expression.

(a) 16216175 ) i/’d (c) (\/5)1/2.(@)1/2 (d) (36\/5)\/5/4
32/3

Ans: (a) 2. (d) 6.
2. Make a rough sketch by hand of the graph of the function.
(a) y = el _o(1)_
(b) h(z) 2<2> 3

3. The population of Starkville, Mississippi, was 2,689 in the year 1900 and 25,495 in
2020. Assume that the population in Starkville grows exponentially with the model

Pn:PO'(]_—f—?")n,

where n is the elapsed year and r denotes the growth rate per year. Then, we can find
r = 0.018921(= 1.8921%).

(a) Estimate the population in 1950 and 2000.
(b) Approximately when is the population going to reach 50,0007
Ans: (b) 2056.

4. Let f(z) = 5°. Show that

f<x+h£— flx) 5(%)

5. The number e is determined so that the slope of the graph of y = ¢* at = 0 is exactly 1.
Let h be a point near 0. Then

eh—ed -1

St =53 =4 =%

represents the average slope of the graph between the two points (0, 1) and (h, e"). Use
your calculator to evaluate S(h), for h = 0.1, 0.01, 0.001, 0.0001. What can you say about

the results?
Ans: For example, S(0.01) = 1.0050.
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1.6. Inverse Functions and Logarithms

1.6.1. Inverse Functions

*************

y=f(z)=2z+1. (1.28)
* Then, f is a rule that performs two actions: x2 and followed by +1.
* The reverse of f must be: —1 followed by +2.

— Let y € Y. Then the reverse of f can be written as
= (y—1)/2 = g(y) (1.29)

The function g is the inverse function of f.
— However, it is conventional to choose x for the independent vari-
able. Thus it can be formulated as

y=9(@) = (z-1)/2. (1.30)

¢ Let’s summarize the above:

(a) Solve y = f(x) for x: = = (
(b) Exchange x and y: y = g(x) = (z —1)/2.

Note: The first step for finding the inverse function of f is to solve y =
f(x) for x, to get x = g(y). Here the required is for g to be a function.

Definition}, 1.49. A function f is called a one-to-one function if it
never takes on the same value twice; that is,

f(z1) # f(x2) whenever x; # 5. (1.31)
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A function is one-to-one if and only if no horizontal line intersects its
graph more than once.

e f(x) = 2? is one-to-one.

* The function in Figure 1.23 is not one-to-one because f(x1) = f(x2) for
I 75 I9.

. ¥=flx)
0 x / _ .
) flag)s

Figure 1.22: f(z) = 2* is one-to-one.

* L
0] x X3 X

Figure 1.23: This function is not one-to-
one because f(z;) = f(x2) for z; # x.

1. f(z) =22 2. glx) =2%,2>0 3. h(z) = 23

Solution.
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Definition}; 1.52. Let f be a one-to-one function with domain X and

range Y. Then its inverse function f~! has domain Y and range X and
is defined by

Ty =2 = flx) =y, (1.32)
foranyy € Y.

,,,,,,,,,,,,

The definition says that if f maps x into

y, then f~! maps y back into z. From f
(1.32), we can obtain the cancellation ~ =2
equations
-
f(f(x) = forall z € X

(1.33) =t

a
f(f ' y) =y forall yeY

,,,,,,,,,,,,,

the cancellation equations read

FUf) = 1@ = (%) ==
FUF YY) = FWY3) = W'3)? =y

,,,,,,,,,,,,,

(a) If f(1) = 5, what is f~1(5)? (b) If f~1(8) = —10, what is f(—10)?

Solution.
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* Do not mistake the —1 in f~! for an exponent.

f~'(z) does not mean ﬁ (1.34)

e If f were not one-to-one, then its inverse would not be uniquely de-
fined and cannot be a function. = An inverse function does not exist.

Functlon f erte y = f(z).

Step 1: Solve this equation for = in terms of y (if possible).

Step 2: Interchange z and y; the resulting equation is y = f1(x).

‘Efzaﬁiﬁfé 1.58. Find the inverse of the function hi(z) = g f:;
U x

Solution.
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as a function of z.

Solution. Write y = 23 + 2. v,

Step 1: Solve it for x: /

P=y—2 = =71 /

y—2 | /
Step 2: Exchange z and y: | 0 .
X
Yy = 43/56 — 2. /ir-‘l
y=x | .

Therefore the inverse function is

fz) = vz — 2.

(a) Find the inverse of f. (c) Plot the graphs of f and f~! in

(b) Find its domain and range. the same coordinates.

Solution.
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1.6.2. Logarithmic Functions

Recall: If ¢« > 0 and a # 1, the exponential function f(z) = a” is either
increasing or decreasing and so it is one-to-one by the Horizontal Line
Test. It therefore has an inverse function.

Definition}; 1.62. The logarithmic function with base a, written
y = log, x, is the inverse of y = a” (a > 0, a # 1). That is,

log,r =y < a’ = x. (1.35)

Solution.
1. Solve y = 27 for x:
x =logyy

2. Exchange = and y:

y = log,

R =T A - T -
: —_—

o8]
—
=]
=
o8]
w
=
L
=]
-~
oo

Thus the graph of y = log, x must the
reflection of the graph of y = 2% about Figure 1.24: Graphs of y = 2% and y = log, z.

= X.

Note:

* Equation (1.35) represents the action of “solving for x”

* The domain of y = log, z must be the range of y = a*, which is (0, c0).
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*******************************************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Of all possible bases a for logarithms, we will see later that the most conve-
nient choice of a base is the number e.

peﬁnitionﬁ 1.64.

* The logarithm with base e is called the natural logarithm and has
a special notation:
log,.x = Inx (1.36)

* The logarithm with base 10 is called the common logarithm and
has a special notation:

log,px = logx (1.37)

* From your calculator, you can see buttons of and , which
represent In = log, and log = log,,, respectively.

e When you implement a code on computers, the functions In and
log can be called by “log” and “log10”, respectively.

***************************

Properties of Logarithms

| |
| |
L e e e e e e e e e e e e e e e — - = -

* Algebraic Properties: for (a >0, a # 1)

Product Rule: log,zy = log, =+ log,y

Quotient Rule: log,— = log,x — log,y
1.38
Power Rule: log, 2% = alog,x ( )
Reciprocal Rule: log,— = —log,z
¢ Inverse Properties
A%t =g x>0, log,a* =z, rE€R (1.39)
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Solution.

(a) logs 75 — 2logs b

Solution.

Chapter 1. Functions

22 + 3)
3r+1 /°

(b) 2logs; 100 — 41ogs 50
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(a) "% = 3.
(b) logs x + logs(x —2) =1
(¢) In(lnz) =0

Solution.
Ans: (a) x = %(5 —1In3). (b) z = 3. (Caution: x = —1 cannot be a solution.)
‘Claim ' 1.69.
(a) Every exponential function is a power of the natural exponential
function.
ot = et ne, (1.40)
(b) Every logarithmic function is a constant multiple of the natural log-
arithm. :
log, © = ﬂ, (@>0,a#1) (1.41)
Ina

which is called the Change-of-Base Formula.

In(a®)

zlna

Proof. (a). a* = ¢ =e
(b). Inz = In(a'°%*) = (log, z)(In a), from which one can get (1.41). [
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1.6.3. Inverse Trigonometric Functions

Note: Trigonometric functions are periodic.
* When we try to find the inverse trigonometric functions, we have a
difficulty: because the trigonometric functions are not one-to-one.
* The difficulty is overcome by restricting the domains of these func-
tions so that they become one-to-one.
¥ ‘ .
y ¥ s l.J.II] X
h # |
SN x :
_ E . |_ COs X |
2 | |
| TR I L 7 0 =
| L ™ m ) -
“1E 2 _ {1] _ ?\J T -
|
|
y = sinx ¥ = COsX Y= tanx
Domain: [—7 /2. w/2] Domain: [0, 7 | Domain: (—/2, 7/2)
Range: [—1.1] Range: [—1.1] Range: (—oc, o0)
¥ V 2 '
r | " T"L . | -:'k CsC x |
colt x | ' [ I
| ' [ [
[ : | [
| | |
I | : I | —
| | |
[ [ | L5y
0 ™ ™ 0 T o _T 0 T
2 ! 2 2 2
| 1k T 1k .
| | | |
| | | |
| | | |
| | | |
| 1 | |
VY =colx VY = REC X VYV = CC X
Domain: (0, ) Domain: [0, 7/2) U (/2. 7| Domain: [—7 /2, 0) U (0, 7/2 ]
Range: (—oo, og) Range: (—oc,—1] U [ 1, c0) Range: (—oc,—1] U [ 1, 00)

Figure 1.25: Domain restrictions that make the trigonometric functions one-to-one.
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Domain: -1 =x=1
T .
s L [
Eange: > =¥Y=3
.H-
A
T
L
¥ = arcsin x
I I .
> X
—1 1
o
5
(a)

Domain: x= —lorx =1

- T
Range: O0=y=mw.v# =
.1I.
o
-— T
T ¥ = Arcsec x
2
| | ' .
-2 -1 |
(d)

Domamn: —1=x=1
Range: D=v=g
.‘II.
F
—— 1 T
¥ = ArCCos x
W
. 2
' ' > X
—1 ]
i)
Domamn: x=—lorx=1
B w = (- T § =t
Fange: —3 =¥Y=3.) #= 0
.1I-
fu.
T
2 ¥ = Arccsc x
| | | [
=2 -1 | 2
o
- T 3
(el

Domain: —= << x << =

m

Range: —= =Ty <

= X

Domam: —=
Eange: 0

ot f—

= x = o

= -1|' = M

(f)

Figure 1.26: Graphs of the six basic inverse trigonometric functions.

Definition}, 1.70. (The Arcsine and Arccosine Functions)

y = aresin z is the number in [—7/2, 7/2] for which siny = «
y = arccos z is the number in [0, 7] for which cosy = x

[Example} 1.71. Evaluate (a) arcsin (?) and (b) arccos < — 5).

Solution.

1

Ans: (b). 27/3.
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Fe—————————
!
!

(9T 97 (b) cos(arccos?2) = 2
(a) arcsin (Sm 1 ) =

Solution.

Definition} 1.73. (Inverses of tan x, cot x, sec x, and csc x)

y = arctan z is the number in (—7/2, 7/2) for which tany = =
y = arccot z is the number in (0, 7) for which coty = =
y = arcsec z is the number in [0, 7]\ {7 /2} for which secy = «

0
[0
y = arcesc ¢ is the number in [—7/2, 7/2]\{0} for which cscy = =

Fe—————————
!
!

(a) cos™(—1)
(b) arctan(—1)

(¢) sin (arcsin ( — %))

Solution.
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Solution. Let y = tan™! 2. Then y € (—7/2,7/2) and tany = z. Here

What we must find : cos(y) (1.42)

What we know : tan(y) = x '
Now, sec?y = 1 + tan?y = 1 + 22
= secy = V1+ a2 (because secy > 0 for y € (—x/2,7/2))

1
= cos(y) = :
% + 1 Ans: cos(tan™'z) = .
241

Note: You can reach the final outcome from (1.42), with a geometric
manipulation.

[Self-studyjl 1.76. Simplify the expression sin(tan™! z).

,,,,,,,,,,,, |

Solution.

x
22+ 1

Ans: sin(tan™'z) =
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Exercises 1.6
1. Let f(z) =v1—2%, 0<z<1.

(a) What symmetry does the graph have?
(b) Show that f is its own inverse.

Hint: (b) Use Strategy 1.57.
Ans: (a). It is symmetric about y = x.

2. Find a formula for the inverse of the function; identify its domain and range.

(@) f(x)=2*>—-2z,2<1 (b) f(x)—x+3

=2
Ans: (b). f~H(z) = (22 +3)/(x —1); D: {o #1}; R: {y # 2}
3. Simplify to find the exact value of each expression.
(a) logs(1/125) (b) In(lne™)

(C) e—2Inb5 (d) eln(lne2)
Ans: (b) 30. (d) 2.

4. Solve each equation for z.
(a) In(z+3) =2 (b) In(Inz) =1
Ans: (b) x = e°.
5. For log, x + logy(z — 3) = 2.

(a) Solve it for z.
(b) How many solutions does it have? If there is only one solution, why?

6. Find the exact value of each expression.

(a) tan~'v/3 (b) arcsin(sin(57/4))

(¢) sec™'2 (d) Cos(sin_l(%))

Ans: (d) 12/13.
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2.1. Rates of Change and Tangent Lines to Curves

Note: In the late 16th century, Galileo discovered that a solid object
dropped from rest (initially not moving) near the surface of the earth
and allowed to fall freely will fall a distance proportional to the square
of the time it has been falling.

* This type of motion is called free fall.

* It assumes negligible air resistance to slow the object down, and that
gravity is the only force acting on the falling object.

* If y denotes the distance fallen in feet after ¢ seconds, then the
Galileo’s law of free-fall is

y = 16 ft. (2.1)

The Galileo’s law of free-fall states that, in the absence of air resistance, all
bodies fall with the same acceleration, independent of their mass.

'Average and Instantaneous Speed

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Average Speed. When f(¢) measures the distance traveled at time ¢,

distance traveled  f(t1) — f(to)
elapsed time —  t; — ¢t

Average speed over [t(,t1] = (2.2)

average speed

(a) during the first 2 sec of fall?

(b) during the 1-sec interval between second 1 and second 2?

Solution.

Ans: (a) 32 ft/sec. (b) 48 ft/sec.



2.1. Rates of Change and Tangent Lines to Curves 61

and ¢t =

Solution. We can calculate the average speed of the rock over a time inter-
val [to, to + h], having length At = (ty + h) — (ty) = h, as

Ay 16(ty+ h)* —16t5 ft

2.3
At h sec (2.3)

* We cannot use this formula to calculate the instantaneous speed at
the exact moment ¢y by simply substituting » = 0, because we cannot
divide by zero.

* But we can use it to calculate average speeds over shorter and shorter
time intervals.

* When we do so, by taking smaller and smaller values of h, we see a
pattern.

Table 2.1: Average speeds over short time intervals [tg, to + h].

Length of Average speed over Average speed over
time interval interval of length h interval of length h
h starting at £, = 1 starting atf, = 2

I 48 80

0.1 33.6 65.6

0.01 32.16 64.16

0.001 32.016 64.016

0.0001 32.0016 64.0016

* The average speed on intervals starting at ¢, = 1 seems to approach
a limiting value of 32, as the length of the interval decreases.

* This suggests that the rock is falling at a speed of 32 ft/sec at ¢, = 1.
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Let’s confirm this algebraically.

* When ¢, = 1, Equation (2.3) reads

Ay 16(1 + h)? —16(1)%2  16(1 + 2h + k%) — 16(1)?
At h h
) (2.4)
32h + 16h

— T:32—1—16}L—>32, as h — 0.

e Similarly, when we set ¢y, = 2, Equation (2.3) reads

Ay 16(2+ h)* —16(2)*  16(4 + 4h + h?) — 16(2)*
At h h (2.5)

Ah + 1612
- ¥:64+16h—>64, as h— 0.

As h gets closer and closer to 0, the average speed has the limiting
value 64 ft/sec when ¢, = 2 sec, as suggested by Table 2.1. [

(to=2) =

Definition} 2.3. The average rate of change of y = f(z) with respect
to x over [z, x|, xo = x1 + h, is

Ay f(x2) = f(z1)  flxr+h) = f(21) h 0. (2.6)

Ax Ty — T1 h ’

y=flx)

Bgmquj 2.4. Geometrically, the rate of _
change of f over [z, 25| is the slope of the Gty
line through the points P(xi, f(z;)) and
Q(xo, f(z2)) (Figure 2.1). In geometry, a
line joining two points of a curve is called
a secant line. Thus, the average rate of A=K g

change of [ over [z, z5] is identical with . L,

the slope of secant line PQ). 0 o x5

r
|
L

Secant

Figure 2.1: A secant to the graph of
y = f().
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We use an approach that analyzes the behavior of the secant lines that
pass through P and nearby points () as () moves toward P along the
curve (Figure 2.2).

7 \ Secant Lines

Tangent Line -
g
-
—~
h Tangent Lil]g_.x:

-

Secant Lines

Figure 2.2: Secant lines and the tangent line to the curve at P.

Definition}, 2.5. (Rough Definition of the Tangent Line)

The tangent line to the curve at P is the limit of the secant lines, as
(Q — P from either side. (We clarify the limit idea in the next section.)

the point (2,4) by analyzing the slopes of secant lines through (2,4). Write

an equation for the tangent line to the parabola at this point.
Solution. The slope of the secant line through (2,2?) and (2 + h, (2 + h)?):

Ans: y —4 = 4(x — 2).

Remark 2.7. Examples 2.2 and 2.6 show that if the average rate of

change of y = f(z) converges to a certain number, as h — 0, then the
number can be viewed as the instantaneous rate of change, i.e., the

slope of the tangent line.
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Exercises 2.1

1. Use the method in Example 2.6 to find (1) the slope of the curve at the given point P,
and (2) an equation of the tangent line at P.

(@) y="T7—2% P(2,3) (b) y =2 — 12z, P(1,—11)
Ans: (b) slope: —9

2. The deck of a bridge is suspended 275 feet above a river. If a pebble falls off the side of
the bridge, the height, in feet, of the pebble above the water surface after ¢ seconds is
given by y = 275 — 16t

(a) Find the average velocity of the pebble for the time period beginning when ¢t = 4
and lasting
(i) 0.1 seconds (i1) 0.05 seconds (iii) 0.01 seconds

(b) Estimate the instantaneous velocity of the pebble when ¢ = 4.
Ans: (a)(ii). —128.8 ft/sec

3. The table shows the position of a motorcyclist after accelerating from rest. Find the
average velocity for each time period:

(a) [2,4 (b) [3,4 (c) [4,6]

t(sec) [0 1 2 3 4 5 6
s(feet) | 0| 4.9 |20.6 | 46.5| 79.2 | 124.8 | 176.7

4. Let f(x) = 2 — z.
(a) Use the method in (2.4)-(2.5), p.62, to estimate the instantaneous slopes of f at four
different points: (z, f(z)) for x =0, 1,2, 3.
(b) Plot the results of (a) in the z-and-slope coordinates to find the best-fitting curve.
Ans: (b) slope(z) = 2z — 1.
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2.2. Limit of a Function and Limit Laws

_$2—1

flz) =

r—1
behave near v = 1?
Solution. The given formula defines f for all real numbers x except v = 1
(since we cannot divide by zero). When x # 1, it can be simplified as
(x+1)(z—1)
fl@)=—""
* The graph of f is the line y = x + 1 with the point (1,2) removed.

=x+1, for x #1.

* This removed point is shown as a hole in Figure 2.3.

* Even though f(1) is not defined, it is clear that we can make the value of
f(z) as close as we want to 2 by choosing = close enough to 1.

¥

N

*********************************

Intuitive Definition of a Limit

| |
L e e e e e e e e e e e e e e e e e e e e e — E

Definition} 2.9. Suppose that f(x) is defined on an open interval about
a, except possibly at a. Then we write

lim f(z) = L, (2.7)
r—a
and say “the limit f(x), as « approaches a, is L”,
if we can make the values of f(x) arbitrarily close to L (as close to L as
we like) by restricting x to be sufficiently close to a (on either side of a)
but not equal to a.
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® The limit of a function does not depend on how the function is defined
at the point being approached.

* It does not even matter whether the function is defined at the point.

¥

b2

(a) flx)=

X

x—1

N

/1

.1‘1

]
I

why they have no limit as z — 0.

(a) Ux) = {

0, <0
1, >0

(b) g(x) = {

1z, ©#0
0, x=0

A

0 1

{c) hix)=x+1

0,
© flz) = sin 1
"1/'7

<0

x>0

Solution. (a) The unit step function U(x) jumps at x = 0. (b) g grows too
large to have a limit. (b) f oscillates too much to have a limit.

v

.

0, x==0
. x=0

(a) Unit step function U/

x)

0

(b) g(x)

(c) flx)
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*************
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limits or explain why they do not exist.

(a) lim /(1) (b) lim f(t) (© lim £() (@ lim f (1)
Solution. R
5= fl(1) Lo

| a
| |

The Limit Laws

,,,,,,,,,,,,,,,,,,,,,

'Theorem | 2.13. Limit Laws
Let L, M, ¢, and k be real numbers, n a positive integer, and
lim f(x) =L and limg(z)= M. (2.8)
Tr—a Tr—a
Then,
1. Sum Rule: lim(f(z)+g(x)=L+M
r—a
2. Difference Rule: lim(f(z) —g(x))=L—-—M
Tr—a
3. Constant Multiple Rule: lim(k- f(z)) =k L
Tr—a
4. Product Rule: li_r>n(f(x) g(z))=L-M
L
5. Quotient Rule: lim M =—, M#0
r—=a g(gj) M
6. Power Rule: li_r>n[f(:c)]” =L",
7. Root Rule: lim {/ f(x) = VL =LY"
(If n is even, we assume that f(x) > 0 for x in an interval containing a.)
The Key: Apply lim,_,, to each term, if the limit exists.
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coSs 2x o2+ —2
100 ) (b) lim —3——

(a) lim (x4 +
z—0 =1 12—z

Solution.

Ans: (a) 1/100. (b) 3.

r
!
|

va? 4100 — 10 ) h—1
: (b) lim
(a) lim o h—1+/3h +1—2
Solution.

Ans: (a) 1/20. (b) 4/3.
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*******************************

'The Sandwich Theorem

|
L e e e e e e e e e e —m == E

'Theorem |2.16. Sandwich Theorem
Suppose that g(z) < f(z) < h(z) for all x in some open interval containing
a, except possibly at v = a itself. Suppose also that

lim g(x) = lim h(x) = L.

T—a Tr—a

Then lim,_,, f(z) = L.

—|0] < sinf < |6

(2) ] < sinf < |0 .
(b) 0<1—cosf < |6

Solution. Hint: Use the geometric definition of the angle in Figure 1.9, p. 26, and the

geometric interpretation of trigonometric functions in Figure 1.11, p. 29.

F———————————

(a) limsinf =0
6—0

(b) tl9im cosf =1

—0

(c) For any function f, lign |f(x)| = 0 implies lim f(z) = 0.
r—a Tr—a

Solution. Clue: (b) Use (2.9) with cos = 1 — (1 — cos )
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Basics of Computer Programming

L e e e e e e e e e e e e e e e e e e o E

The very basics of computer programming is to understand how to
deal with

* recursive iterations (loops)

e conditional statements

* calling functions

¢ data input/output

lim (1 + %)n (2.10)

n—oo

by choosing n = 10%, i =1,2,---,7.

Solution. e
estimate_e.m

1 | for i=1:7 1| n= 10; f(n)= 2.5937425
2 n = 107i; 2 | n= 100; f(n)= 2.7048138
3 f = (1+1}n)~n- s |n= 1000; f(n)= 2.7169239
% print out tﬁe uantities + |n= 10000; f(n)= 2.7181459
: f pl'rmf(v - Y6 -qf( )= %.8e\n' n.f) s | n= 100000; f(n)= 2.7182682
: end prinfiiinz A0g: fim= A-SgAn L ¢ |n= 1e+06; f(n)= 2.7182805
7 | n= 1e+07; f(n)= 2.7182817

Using Maple:

maple-estimate-e.mw
for i to 7 do

n := 1071,

f := (1 + 1/n)"n;

# print out the quantities

printf ("n= %6g; f= %.8g\n",n,f);
end do:

I S S N O N

The result must be the same as that of the Matlab program.

As you can see from the example, computer programming is not about
computational languages but about mathematical logic.

Note: The number e can be defined as the limit in (2.10).
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Exercises 2.2
1. Explain why the limits do not exist.

(a) lim — (b) lim

x—0 ‘:L" |

Hint: (a) Consider two cases: x < 0 and z > 0.

2. Find the limits.

(a) lim8&(z —5)(x — 7 . 2r 45
i 8z = 5)(@ = 7) (b) limy =

Ans: (b) 3.
3. Find the limits.

24+t —2 , 4—x
im-— (b) lim —————
@) lim—— 15— 2 1 9
Ans: (b) 5/4.

4. Evaluate the limit

lim
h—0

flx+h) - fz)
h

for the given function f and the value of x.

(@) f(z)=2% v=-2
(b) f(z)=1/z, x =2
Ans: (b) —1/4.

5. Solve the following.

(@) If lim 2% _25

r—4 r —

(b) If im L) _25

r—2 r —

© T1im 2% =0 _ 5 find lim F(x).

T=2 T — T—2

=1, find }EB; f(z).

= 1, find lin f(z).

Ans: (b) 5.

2 b
6. (Challengeje ). % = 1, find the constants « and b.

r—2 xr —
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2.3. The Precise Definition of a Limit

Fe—————————
!
!

Example2.20. Consider the function f(z) = 2z—1 near « = 4. Intuitively

e e o - - - - -

it seems clear that f(x) is close to 7 when z is close to 4, so we may write

lim f(z) = 7. (2.11)

r—4

However, how close to + = 4 does = have to be so that f(x) differs
from 7 by, say, less than 1 unit?

Solution. Asked: For what values of z is | f(z) — 7| < 1?
* To find the answer, express f(z) explicitly in terms of x:

1f(z)=7= |2z —1)=7 =22z -8 < 1.

* We solve the inequality:

—1<2xr—-8<1
=T7<2r<9
=35 <x <45

= —05<xr—-4<0.5

* Thus, keeping = within 0.5 units of x = 4 will keep f(z) within 1 unit of
y = 7. That is,

|f(z) —7] <1, whenever |z —4|<0.5. O (2.12)

e > 0, there exists a number 6 = d(¢) > 0 such that

|f(x) = 7| <e, whenever |z —4| <. (2.13)

* In the above example, if ¢ = 1, then we have found 6 = 0.5.

* Another example: if ¢ = 0.01, then we can set o = 0.005.
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The Precise Definition of a Limit

r i
| |
) -

Definition} 2.22. Let f(x) be defined on an open interval about a, except
possibly at a itself. We say that

the limit of f(x) is L as « approaches a,

and write
lim f(z) = L, (2.14)

Tr—a

if, for every number ¢ > 0, there exists a corresponding number 6 > 0
such that

|f(x) — L| < e whenever 0 < |z — a| < 0. (2.15)

Note: The value of f at ©+ = a does not influence the existence of a limit;
z = a 18 excluded. The above definition is sometimes called the -6 defi-
nition of the limit.

lim(5z — 3) = 2.

rz—1

Solution. Let f(z) = 5z — 3 and € > 0 be set arbitrarily. Then, we should
find > 0 such that

|f(z) — 2] < e whenever 0 < |z — 1| <. (2.16)
* Asin Example 2.20, start with |f(z) — 2| < e:

f(z)=2|=|(bx—3)—=2|=1|5x—5] < ¢
Sl —1] < ¢
lz—1] < ¢/5

* Thus, we can take § = ¢/5. Such a ¢ would satisfy (2.16). [

F-——————==-
|
|

value that satisfies (2.16). Any smaller positive  will do as well. The
definition does not ask for the “best” positive J, just one that will work.
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e = 1. That is, find a ¢ such that

vV —1—2| <1 whenever 0 < |z — 5| <.

Solution.

Ans: § = 3.

|f(x) — L| < ¢ whenever 0 < |z —a| <0

can be accomplished in two steps.

1. Solve the inequality | f(x) — L| < € to find an open interval (¢, d)
containing a.

2. Find a value of a 6 > 0 that places the open interval (a — §,a + 9)
inside the interval (c, d).
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Exercises 2.3

1.

4.

Each of the following gives a function f(z) and numbers L, a, and ¢ > 0. In each case,
an open interval about ¢ on which the inequality |f(z) — L| < € holds. Then give a value
for 6 > 0 such that

|f(z) — L| < e whenever 0 < |x —a| <.

(a) f(x)
(b) f(x)

1z, L=1/4, a=4, ¢ =0.05
xr—7, L=4, a=23, e=1

Ans: (a) (10/3,5), 6 = 2/3.

Each of the following gives a function f(z) and numbers ¢ and ¢ > 0. Find L =
lim,_,, f(z). Then find a number § > 0 such that

|f(z) — L| < e whenever 0 < |x —a| <.

x?—4

@ f(x) ===,
(b) f(z)=V1-=bzx, a=-3, e=0.5

a=2, €=0.05

Ans: (b) L =4,6 =0.75.
Use the -6 definition of the limit, Definition 2.22, to prove the limit statements.
(a) lin% v —5=2.
r—r

2 _
M) lim L2 .

r——3 Jj‘—|—3 o

Iz—

Hint: (b) Start with
T

Now, solve the inequality.

Challenge| {15, Definition 2.22 to prove that lim,_,, /= = \/a.

. T —a
Hint: Use |\/x — /a| = ﬁ.

9 . .
3 +6‘ < e. When = # —3, it can be written as |(x — 3) + 6| < «.
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2.4. One-Sided Limits

Definition}, 2.27. A one-sided limit is the value the function f(x) ap-

proaches, as = approaches a specified point from one side only, either
from the left or from the right.

e If  approaches a from the right, the limit L is a right-hand limit
or limit from the right; we write

lim f(z)=L". (2.17)

z—at

e If x approaches from the left, the limit L~ is a left-hand limit or
limit from the left; we write

lim f(x)=L". (2.18)

Tr—a—

'Example’ 2.28. Let f(z) = z/|z|. Then lin% f(x) does not exist; see Exer-
T—

b e e e e o - - o -

cise 1 of Section 2.2. Find one-sided limits for f(z) at = = 0.
Solution.

v

| Theorem | 2.29. Suppose that a function f is defined on an open inter-
val containing a, except perhaps at a itself. Then f(z) has a limit as «
approaches a if and only if it has left-hand and right-hand limits there
and these one-sided limits are equal:

lim f(x) =L <= lim f(zr)=L and lim f(z)=1L (2.19)

T—a T—a~ rx—at
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a lim f(z) } lim f(z) ! lm f(x)
y r—=a~ . r—at . T—a
0 | does not exist | 1 1 1
2 . /‘<m B [ [
N 3 R AR R
t | | | » X 7773 777777777777 T 777777777 4\ 7777777777
0 1 2 3 - :7777777771 7777777777
4 1 1 1

Note: Equation (2.19) is exceptionally applied at domain endpoints.

Definition} 2.31. Precise Definitions of One-Sided Limits

(a) Assume the domain of f contains an interval (a, c) to the right of a.
We say that f(z) has right-hand limit L at a, and write

lim f(x) = L, (2.20)
r—at
if for every number ¢ > 0 there exists a corresponding number § > 0
such that
|f(x) — L| < e whenever a < x <a+ 6. (2.21)

(b) Assume the domain of f contains an interval (b, a) to the left of a.
We say that f(z) has left-hand limit L at a, and write

lim f(x) =L, (2.22)

Tr—a—

if for every number ¢ > 0 there exists a corresponding number § > 0
such that

|f(x) — L| < e whenever a — < = < a. (2.23)
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Solution. Let ¢ > 0 be given. Then we should find § > 0 such that
vz — 0| < ¢ whenever 0 <z < 0+ 4, (2.24)

or
VvV < € whenever 0 < z < 4.
Squaring both sides of this last inequality gives

2

r < e° whenever 0 < x <.

Thus we may choose § = ¢2, with which (2.24) follows. 0

' Theorem | 2.33. Limits involving sin6/60

’ sin 6
912% 0

= 1. (0 in radians) (2.25)

Solution. Collect Figure 1.9 and Figure 1.11.
A

A
1
¢ :
\
\\ 0 A 1
1
. \ -+
8 (radian) | y - : :%
1 1 &. |
| B |
D
[ 1
[
0 | >
«------- >
cosf 1

It follows from the geometric interpretations that for || small,

sinf) < 0 < tané, when 6 > 0
sinf) > 0 > tan#, when 6 < 0

Dividing the inequalities by sin § reads

1< 0 < ! — 1>Sin9
sinf  cos® v

Since éln’lo cosf = 1, (2.25) follows from the Sandwich Theorem. [
—

> cosf.
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R . in2x 2 1
'Example 2.34. Show that (a) lim PNAY _ 2 and (b) lim ST .
L 4 r—0 bx 5% z—0 T

Solution. Hint: (b) Use the half-angle formula cosz = 1 — 2sin’(z/2).

r—-- -~~~ T °-°-°-—-=°-7 "
| |

sinc function

,,,,,,,,,,,,,,,,,,

Definition} 2.35. The sinc function, denoted by sinc(z), has two
forms, normalized and unnormalized.

(a) The unnormalized sinc function is defined by

sincz = { s, 70 (2.26)
1, x=0

which is also called the sampling function.

(b) The normalized sinc function is defined by

sine .z — { (sinmzx)/(mx), x #0 (2.27)
1, r =20

normalized sinc function

VAV

5 4 -3 -2 -1 0 1 2 3 4 5

Figure 2.4: The normalized sinc function.
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Exercises 2.4

1. Let g(z) = /xsin(1/x), as graphed in the figure.

2.

Y=V

Chapter 2. Limits and Continuity

(a) Does lim g(x) exist? If so, what is it? If not, why not?

z—0t

(b) Does hI(I)l g(z) exist? If so, what is it? If not, why not?
z—0~

(c) Does hH(l) g(x) exist? If so, what is it? If not, why not?
T—

~1F y=—x

Vi—z22, 0<z<1
Let f(z)=4¢ 1,

2, =2

(a) What are the domain and range of f?
(b) At what points q, if any, does lim f(z) exist?
(c) At what points does the left-hand limit exist but not the right-hand limit?
(d) At what points does the right-hand limit exist but not the left-hand limit?
Ans: (b) [0,1) U (1,2]. (c) z = 2.

Find the limits.
(@) lim Va(r—1)

z—1t |ZE — 1|

| sin x|

(¢) lim
z—07t xT

Use (2.25) to find limits.

(a) lim h

h—0+ sin 3h

tan(1l — t
© lim an(1l — cost)
t=0 1 —cost

(b)

(d)

(b)

(d)

i YEE—1)
r—1— |£L‘ — 1|
lim | sin z|
r—0~ xXr
. tan2zx
lim
z—0 €T
lim sin 6§ cot 26

6—0

D

Ans: (¢) Yes. 0.

1 <z <2 Graph the function and answer these questions.

Ans: (b) —1.

Ans: (c) 1. (d) 1/2.



2.4. One-Sided Limits 81
r?sin(1/z), x <0

VT, x>0

(a) Find 11I(I)17 f(z).

(b) Find ;phj(% f(z).

5. Let f(z) = {

(c) Based on your conclusions in parts (a) and (b), can you say anything about lin% f(x)?
T—>
Give reasons for your answer.
Ans: (c) The limit exists and is 0. Why?
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2.5. Continuity

2.5.1. Definition of Continuity

Note: When the graph of f has no breaks at a, we would say that
f is continuous at a.

Definition}, 2.36. A function f is continuous at a if

lim f(z) = f(a). (2.28)

Tr—a

A function f(z) is continuous at a point x = « if and only if it meets the
following three conditions.

1. f(a)is defined ( < a lies in the domain of f)
2. lim f(x) exists  (f has alimit as 2z — a) (2.29)

Tr—a

3. liLn f(z) = f(a) (the limit equals the function value)

'Example | 2.38. If any of three conditions in (2.29) fail, then f is discon-
tinuous at a. There are four different types of discontinuities:

¥4 [RY

v
’ Vv =sin 1
. - 1

Fo M/
SN i

==

=]

Figure 2.5: Removable discontinuity, infinite discontinuity, jump discontinuity,
and oscillating discontinuity.
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22— -2 1 )
i — f 0
o ) ga) =4 = 177

I, ifz=0

(@) f(z) =

Solution.

Definition}, 2.40. One-Sided Continuity

* A function f is right-continuous at a (or continuous from the
right) if
lim f(z) = f(a). (2.30)

r—at

* A function f is left-continuous at a (or continuous from the left)

if
lim f(z) = f(a). (2.31)
Example 2.41. State the numbers )

at which f is discontinuous. For each
number, state whether f is continu-

>'

ous from the right, from the left, or !

neither. \ .
L | | |
Solution. 0 1 2 3 4

Figure 2.6: The figure used in Example 2.30.
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' Theorem | 2.42. Properties of Continuous Functions
If f and g are continuous at a and k is a constant, then the following
functions are also continuous at a:

(@ f+yg (d) fg
(b) f—g (e) f/g,ifg(a) #0
(c) kf () f", n a positive integer

Note: The following types of functions are continuous at every number
in their natural domains:

* Polynomials

Rational functions

Root functions

Trigonometric functions

Exponential functions

Logarithmic functions

Inverse functions: When a continuous function defined on an in-
terval has an inverse, the inverse function is itself a continuous
function over its own domain.

i - : : 1 tan ! :
'Example  2.43. Where is the function f(x) = nazt ari ? continuous?
U . :L‘ p—

Solution.

Ans: x > 0, x # 1; which is its natural domain.
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to show that the following function is continuous at the given number a.

_ 1?45t

— 9
2%+1 ¢

g(t)

Solution.

f(x){1x2’ if © <1

Inz, if v >1

Solution.
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continuous from one side?
2r2 — by — 2 )
o) = e if v #3
6, if © =3

Solution.

ous everywhere?
cx? + 2z, if z <2
-1

) 23— cx if ©>2

Solution.
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2.5.2. More Properties of Continuous Functions

\Theorem\ 2.48. If f is continuous at a and g is continuous at f(a), then
the composition g o f is continuous at a.

natural domams

(a)y—‘x_Q‘

b y= (20)"

Solution.

\Theorem\ 2.50. Iflim f(x) = b and g is continuous at b, then

lim g(/(@)) = g (lim £(2)) = 9(b) (2.32)

Note: Continuity and limit are commutative, when the limit exists.

‘Example 2.51. Find lim_cos (zx+81n(3; ).

77777777777 x—7/2
Solution.

Ans: —1
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' Theorem | 2.52. Intermediate Value Theorem (IVT)

Suppose that f is continuous on a closed interval [a, b] and let N be
any number between f(a) and f(b), where f(a) # f(b). Then there exists
a number c € (a,b) such that f(c) = N.

W -* =
fler ¥ = Fix] {a

¥ :: [ l':l . L : . . .|:| L

* Connectedness of the Graph: The IVT implies that the graph of
a continuous function cannot have any breaks over the interval. It
will be connected — a single, unbroken curve.

* Root Finding: We call a solution of the equation f(x) = 0 a root of
the equation or a zero of the function f. The IVT tells us that if
f is continuous, then any interval on which f changes sign contains
a zero of the function.
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is a root of the given equation in the specified interval.
(a) e* =3 — 2z, [0,1] (b) f(z) =23+ 2% —4x — 4, [1,3]

Solution.

******************************************

Continuous Extension to a Point

| |
L e e e e e e e e e e e e e e e e e e e — - = E

,,,,,,,,,,, ) 2 _
‘Example  2.55. Define f (4) in a way that extends f(z) = xQszcm—Ax to be

continuous at © = 4.

Solution.
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Exercises 2.5

Exercises 1-4 refer to the function f graphed.
1. (a) Does f(—1) exist? y
(b) Does lim f(x) exist?
z——17+
(¢) Does lim f(x)= f(—1)?

z——17t

(d) Is f continuous at x = —1?
Ans: All: yes

2. (a) Does f(1) exist?
(b) Does li_% f(z) exist?
(c) Does liﬁn% flx) = f(1)?

(d) Is f continuous at x = 1? v
Ans: (c) no. )

3. (a) Is f defined at x = 2?

(b) Is f continuous at = = 2?
Ans: no.

4. What value should be assigned to f(2) to make the extended function continuous at
x=2?

5. At what points are the functions continuous?

r+3 38
@v= 531 S oAl oA 2
(b) f(x) = 3, r =2
4 r=—2

Ans: (b) x # —2

6. Find the limits. Are the functions continuous at the point being approached?

.. T . sinx
(a) E}% sin (5 cos(tan t)) (b) glgli% tan <1 - )
Ans: (b) 0, no.
7. For what value of b is ,

‘T _—

<0
ge)=3S br1 U7
22 +b, >0

continuous at every z?
Ans: b=10,-2
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8. Use the Intermediate Value Theorem to show that the equation z® — 152 + 1 = 0 has
three solutions in the interval [—4, 4].

9. (a) Show that the absolute value function f(z) = |z| is continuous everywhere.
(b) Prove that if f is a continuous function on an interval, then so is | f|.

(c) Is the converse of the statement in part (b) also true?
In other words, if | f| is continuous, does it follow that f is continuous?
If so, prove it. If not, find a counterexample.
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2.6. Limits Involving Infinity; Asymptotes

Let’s begin by investigating the behavior of the function f graphed

You can see

Definition} 2.56. Intuitive Definition of a Limit at Infinity
Let f be a function defined on some interval (a, c0). Then

lim f(z)=1L (2.33)

T—00

means that the values of f(z) can be made arbitrarily close to L by re-
quiring x to be sufficiently large.

y v v
N N
v = flx] y=L
K /] ,\ TN
y=flx) /

.'\
ty = flx)

f(x) has the limit L as =z approaches infinity and write

lim f(x) = L, (2.34)

T—00

if, for every number ¢ > 0, there exists a corresponding number M such
that for all x in the domain of f,

|f(x) — L| < e whenever = > M. (2.35)
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Definition} 2.58. Let f be a function defined on some interval (—oo, a).
Then

lim f(x)=1L (2.36)

T——00
means that the values of f(z) can be made arbitrarily close to L by re-
quiring x to be sufficiently large negative.

2.6.1. Horizontal Asymptotes

Definition} 2.59. The line y = L is called a horizontal asymptote of
the curve y = f(z) if either

lim f(x) =L or lim f(x)=L. (2.37)

T—00 T——00

1
lim —.
rT—>—00 U
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622 + 8r — 3
T—00 3x2 + 2
Solution. Hint: Divide the numerator and the denominator by the highest

power of x in the denominator.

R 2 4 g — 2\1/3
(a) lim rotr (b) lim (%)
8x2 —3

r—o0 x72 4 73 T——00

Solution.
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(a) lim (Va2 +1—1x)

T—00

Solution.

(a) le sin(1/x)

1
(b) lim arctan (—2> (¢) lim arctan
T

x—27F x—2~

(b) Erf xsin(1/x)

1
Clue: (b) Let t = 1/x. Then it can be written as lim - sint.

Solution.

t—0+

(

1
Tr— 2

95

)



96 Chapter 2. Limits and Continuity

426 4+ 1
M) ==

Solution. Clue: When z < 0, V425 + 1 = |2%|\/4 + 1 /25 = —23\/4 + 1/ab.

Ans: y = 2.
:Lsfélff-fsftfﬁ&)frj: 2.66. Find the horizontal asymptotes of the graph of
******** s
[ =pprr
Solution.

Ans: y = +1.
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-
!
!
L

(a) lim e'/* (b) lim e'/*
z—0— z—0t
Solution.

r, A ]_
' Example 2.68. Find lim =z {—J , where |- | denotes the greatest integer func-
L | x

T z—0t
tion
Solution. Clue: Let t = 1/z. For ¢t > 0, ¥
1 1 ] y=1F ’
t—1<|t|<t.=1-—=<-|t|] <1 - 7
_LJ_ t_tLJ_ I ,l—r, -
<
2+ LAY
F
s y=t—1
|| - —
r
F
| | ! | | >t
-2 =1 , I 2 3
i
A
+
ra
—0 2
F
&

Ans: 1.
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2.6.2. Oblique Asymptotes

of the graph of

23
fle) = 5—.

Then sketch the graph. (Note that the numerator has one order higher than

the denominator.)

Solution. Hint: Try to divide 2z — 4 into 2 — 3, to find a linear part and a remainder
for f.

Ans:y=x/2+ 1.

2.6.3. Infinite Limits

1
T) = as x—)li, —00, 00.
fla) =

Solution.
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Definition} 2.71. Infinite Limits

1. We say that f(r) approaches infinity as = approaches a, and
write
lim f(x) = oo, (2.38)

T—a

if for every positive real number K there exists a corresponding § > 0
such that
f(x) > K whenever 0 < |x —a| <. (2.39)

2. We say that f(z) approaches negative infinity as x approaches
a, and write
lim f(x) = —o0, (2.40)

T—a

if for every negative real number K there exists a corresponding
0 > 0 such that

f(z) < K whenever 0 < |x —a|] <. (2.41)

r, A ]_
' Example; 2.72. Prove that lim — = cc.

——————————— - 20 12
L3 1 . .
Solution. Clue: Start with f(z) = — > K for an arbitrary K > 0. What to do is to find
x

a corresponding § > 0.
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2.6.4. Vertical Asymptotes

Definition} 2.73. A line z = a is a vertical asymptote of the graph of
a function y = f(x) if either

lim f(z) =400 or lim f(x)= to0. (2.42)

r—at T—a~

*************

each curve.

2 %+ 2x
() g(z) = r+1

(2) flz) = r2 — 3x

Solution.
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Exercises 2.6

1. For the function f whose graph is given, determine the following limits.

(a) lim f(z) (g) lim f(z)
(b) lim f(z) (b) lim f(x)

(c) lim f(x)

rz—0~

(e) lim f

z—0t

(f) glcll)% f(z)

(d) lim f(x)
(

2. Find the limits.

i 224+ 1
lim

z——o00 I + 1

(a)

3. Find the limits.

. 2
(a) IILI(I)L 3 l’l/?’

4. Find the limits.

(a) li_)m (\/x2 +25 — Va2 — 1)

) G) tim_f(x)

Hint: Try multiplying or dividing by the conjugate.

101
_‘l‘
3 :
5 b
TN
{—73—2 } I 2/3 4 5 6 *
r—3
b) lim ——
O Ve
Ans: (a) —1
. 2
(b) xlir(gl— 3{131/3
Ans: (b) —c0.
(b) lim (2z 4 V4a?+ 3z — 2)
r—r—00
Ans: (b) —3/4.

5. For each, determine the domain and then use various limits to find the asymptotes and

the range.

R

2 +1

(a) y =4+

2z
x2—1

Ans: (b) D: z # +1. R: (—00, 00).

(b) y =

Specify yourself two vertical asymptotes and a horizontal asymptote.

6. Graph the rational equations, including the graphs and equations of asymptotes.

2

r—1

(a) y=

x?—1

(b) y =

Ans: (a) Asymptotes: y=x+1landx =1
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3.1. Tangent Lines and the Derivative at a Point

Recall: In Definition 2.5, p. 63, the tangent line to the curve at P is
roughly defined as the limit of the secant lines, as () — P from either
side.

~ e e
Tangent Line \ Secant Lines
-
_~
Jli,---“"':"""'_._“-.-

T
(}-‘\\ Tangent Line
-

-

Secant Lines

Figure 3.1: Secant lines and the tangent line to the curve at P.

Definition} 3.1.
The slope of the curve y = f(z) at the point P(z, f(z()) is the number

o F@o+ h) = (o)
h—0 h

(provided the limit exists). (3.1)

The tangent line to the curve at P is the line through P with this slope.

y = flx)

Qlxg + h, flxg + h))

flxg + h) — flxg)

P(xg, flxg))

i Xy Xp + h

Figure 3.2: The slope at P, as the limit of the average rates of change.
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and state an equation of the tangent line to the curve at P.
Solution.

Ans:slope =2;y —1=2(z —1)

of a rock falling freely from rest near the surface of the earth. The rock fell
y = 16t (feet)

during the first ¢ sec, and we used a sequence of average rates over increas-
ingly short intervals to estimate the rock’s speed at the instant t = 1. What
was the rock’s exact speed at this time?

Solution. Let y = f(t) = 16¢t>. Then
f/(l)zlimf(1+h)_f(1) _

h—0 h
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Definition} 3.4. The derivative of a function f(x) at a point z,, denoted

Fmoh s a0+ h) = fan)
/ T Zo + ) — J(Zo
provided that the limit exists.
Remark 3.5. If we write © = xq + h, then (3.2) can be written as
F'(20) = lim f(@) = f(@o) (3.3)

T—X0 T — ,I‘O

,,,,,,,,,,,,,

point (0,2), find f'(4).
Solution.
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[gﬁhﬂﬁiéf&] 3.8. The following are all interpretations for the limit of
the difference quotient
h—0 h
1. The slope of the graph of y = f(x) at x = z
2. The slope of the tangent line to the curve y = f(x) at = = z
3. The rate of change of f(x) with respect to x at © = z;
4. The derivative f'(z)
************* f(x+h)— f(x)

7777777777777 h
for the functions, and then apply ]llm}) .
—

(@) f(z) =a” (b) f(z) =2’

Solution.
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Exercises 3.1

1. Find an equation for the tangent line to the curve at the given point. Then sketch the
curve and tangent line together.
(@) y=2° (2,8) (b) y=(z—-1?-1, (1,-1)
Ans: (b)y = —1
2. Find the slope of the curve at the point indicated.
(@) y =z, v=14 b y— ——, z-3
z—1
Ans: (b) f'(3) = —1/4
3. At what points does the graph of the function have a horizontal tangent line?
f(z) =2 -3z

Hint: Find f'(a) = lim

, and solve f'(a) = 0 for a.
h—0

Ans: (1,-2) and (—1,2)

fla+h)—f(a)
h

4. Find an equation of the straight line having slope 1/4 that is tangent to the curve y =

V.
5. Let f(z) :{ a?sin(1/x), x#0

0, z=0

(a) Is f continuous at z = 0?
(b) Does f’(0) exist?
(c) Does f have a tangent line at the origin? If yes, what is it?
Ans: (¢c)y = 0.

(Continued on the next page)



3.1. Tangent Lines and the Derivative at a Point
6. (a f(zx)=2*+2z, a=1 (b) g(z) =cosz +4sin(2z), a=m

Use a CAS to perform the following steps for the functions.

(i) Plot y = f(x) over the interval [a — 1,a + 4].
(i1) Define the difference quotient

I (EES (O}

which is a function of the step size h, when holding a fixed.
(iii) Find the limit of ) as h — 0; define the tangent line

y=T(w) = (Im QM) - (v — @) + f(a)

(iv) Define the secant lines
y=3S8(x,h):=Q(h) - (x—a)+ f(a)
for h = 3,2, 1.

109

(3.5)

(3.6)

(3.7

(v) Graph the secant lines together with f and the tangent line over the interval in

part (i).

Matlab implementation.

¢ Line 6: In Matlab, to put graphs together, you should say “hold on”
= You can command “hold off” after adding all graphs.

Line 11: The line is added earlier than Step (v), for your convenience.
After Line 11: You should add S(x,h) defined as in (3.7).

In order to graph e.g. S(x,3), you may add a line
fplot(S(x,3),Interval, ’b--’,’LineWidth’,1.5)

You result for (a) must look like Figure 3.3 below.

Note: You may use Maple, Mathematica, or Matlab. The following shows a part of

A part of tangent_secant.m
syms f(x) Q(h) halso, views x and h as symbols

f(x) = x~3+2*xx; a=1;

Interval = [a-1,a+4];

fplot(f(x),Interval, 'k-','LineWidth',3) %Step 1
hold on

QCh) = (f(a+h)-f(a))/h; % Step 2
slope = 1limit(Q(h),h,0); % Step 3
T(x) = slopex(x-a)+f(a);
fplot(T(x),Interval, 'r-','LineWidth',2)

© o N e o A W N R

=
(=3

-
=
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120 [

100 -
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.
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Figure 3.3: The result for Exerci

se 6 (a).

Note: When you decide to use Maple, you may start with the following. Lines 7, 10,
and 13-16 are Maple’s outputs respectively for Lines 6, 9, and 12.

10

11

12

13

14

15

16

f :
a :
Q :

slope

T :
T(x)

X -> xX73 + 2%x:
1:
h -> (f(a + h) - f(a))/h:
:= 1limit(QCh), h = 0);
slope := b5
x -> slopex(x - 1) + f(a):

S(x, h)

5x -2
S := (x, h) > Q) *(x - a) + f(a):
/ 3 \

\(1 +h) -1+2h/ (x-1)

maple-tangent-secant.mw
with(plots): with(Student[Calculusl]):
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3.2. The Derivative as a Function

Note: Since derivatives can also be thought of as the slope of the tan-
gent line and also as the rate of change, we may sketch the graph of
f'(z) using the graph of f(x).

the graph of the derivative f'(z).
y

s

\_J_/.

N AN

Solution.

[Strategyjl 3.11. Graphing the Derivative

1. See where the rate of change of f is positive, negative, or zero.

2. Estimate the rough size of the growth rate at any x and its size in
relation to the size of f(z).

3. See where the rate of change itself is increasing or decreasing.
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the graph of the derivative f(x).
.“

1

A/
VARV,

Solution.

Note: In the previous section, we have focused on finding the derivative
of a function f at a particular point (z, f(z¢)), which is equal to the slope
of the tangent line at that point.

* In this section, we investigate the derivative as a function derived
from f by considering the limit at each point = in the domain of f.

Definition} 3.13. The derivative of the function f(x) with respect to
the variable z is the function f’ whose value at z is

o) — i LT = )

h—0 h

(3.8)

provided the limit exists.

than the domain of f.
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*************

,,,,,,,,,,,,,

Solution.

,,,,,,,,,,,,,

(a) Use the definition of derivative to find f’.
(b) State the domain of /.
(c) Find the tangent line to the curve y = f(z) at z = 4.

Solution.

Ans: (a) f'(z) = 1/(2\/7)
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cate that the 1ndependent variable is x and the dependent variable is v,
then some common alternative notations for the derivative are:

df _dy

/ — d = — = — — D . .
flo)=y =L =L = L j@) = D)) = Duf (@) (39)
The symbols D and d are called differentiation operators, because

i
they indicate the operation of differentiation which is the process of
calculating a derivative.

3.2.1. Differentiability

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

peﬁnitionﬁ 3.18. Differentiability

1. A function y = f(z) is differentiable on an open interval (finite
or infinite) if it has a derivative at each point of the interval.

2. It is differentiable on a closed interval [a, ] if it is differentiable
on the interior (a,b) and if the limits

lim flat h) f(a) Right-hand derivative at «

n f(b+ h) f(b) (3.10)
hlir(1)1 Left-hand derivative at b
o

exist at the endpoints.

d 1
—Vr=—=.
dx 2\/x
Apply the definition to examine if the derivative exists at x = 0.

Solution.
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and on (0, c0) but has no derivative at + = 0.

Solution.

‘When Does a Function Not Have a Derivative at a Point?

A function fails to have a derivative at a point for many reasons, including

the examples below:

~
|

1. acorner, where the one-sided 2. a cusp. where 3. avertical tangent line,
derivatives differ the slope of PQ where the slope of PO
approaches 2 from approaches 2 from both
one side and —o= sides or approaches —z=
from the other from both sides
(here, —o=2)

5. wild oscillation

4. a discontinuity (two examples shown)
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'Theorem | 3.21. Differentiability Implies Continuity:
If f has a derivative at x = ¢, then f is continuous at x = c.

Proof. Given that f/(c) exists, we must show that }Lm%) fle+h) = f(c). For
_>
h # 0,

fleth) = F0) + fleth) — f(e) = fle) + L2,

Taking limits as » — 0 reads

et =10 )
h
Het N2 1) ),

h—0

lim f(c+h) = lim |f(c) +

= /() +lim

which completes the proof. [

Note: The converse of Theorem 3.21 is false in general.

*************

tiable?

(a) f(x) = ||
(b) g(z) = 21/3

Solution.
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Exercises 3.2
1. Find the indicated derivatives.

1

@ Wity — 27 4 42 (b) v/(8), if v(t) = £+ +

dx t
Ans: (b) v'(t) =1 — 1/t

2. Differentiate the functions. Then find an equation of the tangent line at the indicated
point on the graph of the function.

@ y=f@) =5, (o) = (0,1, by w=glz)=1+vd=z (5u)=(2).
x
Ans: (D) w —2= —%(z -3)
3. (a) The graph in the accompanying figure p
is made of line segments joined end to (0.2) (6, 2)
end in the interval [—4,6]. At which N ¥ = flx)
points of the interval is ' not defined? \

Give reasons for your answer.

(—4.0) of \1 6
(b) Graph the derivative of f. (The graph A\ /

should show a step function.)

4. The given graph shows the outside temperature 7" in °F, between 6:00 AM and 6:00 PM.

(a) Estimate the rate of temperature r
change at the times 9:00 AM and 2:00 80
PM.

70
(b) At what time does the temperature in-

crease most rapidly? Decrease most
rapidly? What is the rate for each of
those times?

(c) Use the graphical technique of Strat- 0 3 p 9 2
egy 3.11 to graph the derivative of O AM QOaM  12NOON 3 PM £ PM.
temperature T versus time t. Time (hr)

Gl

S0

Temperature “F)

40

Ans: (a) 2.5°F/hr, 0°F/hr

5. Determine if the piecewise-defined function is differentiable at the origin. If it is differ-
entiable, what is f(0)?

(a)f(:l:)—{QQH—l x <0 x—1 x <0
2?4+2r—1 >0 (b) f(x) = %x—i—\/l—l——x—Q >0

Ans: (a) Not continuous = not differentiable. (b) f/(0) = 1.
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6. Graph y = 322 in a window that has —2 < 2 < 2, 0 < y < 4. Then, on the same
screen, graph
(x4 h)pP—a?
=
for h = —1, —0.2, 0.2, 1. Explain what is going on.
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3.3. Differentiation Rules

3.3.1. Powers, Multiples, Sums, and Differences

Derivative of a Constant Function
If f has the constant value f(x) = ¢, then
df d

Power Rule: If n is any real number, then

di = na" L, (3.12)
dx

for all x where the powers z" and 2"~ ! are defined.

Constant Multiple Rule
If f is a differentiable function of x, and c is a constant, then

d d
%[cf(a:)] = c%f(x) (3.13)

Sum and Difference Rules: If f and ¢ are both differentiable, then

2 [f(x) & (@) =+ f(a) £ ~g(a). (3.14)

,,,,,,,,,,,,,

(@) f(x) =20° (b) g(t) = 5t + 4t*
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*************

,,,,,,,,,,,,,

(@) f(z) = %2 + o~ (b) r(t) = t% + ;4

+

@ =" (@ g(z) =

Bl
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3.3.2. Derivative of Exponential Functions
Let f(z) =a",a>0,a # 1.
* We first evaluate f'(0):
h_ 0 h
vy e at—a o at—1
f(0) = }ILILI(I) = }ng(l) . (3.15)
* When we apply the definition of the derivative to f(z), we get
d . . aerh —a®
&) =
_ a® - ah —a*
=0 h
., a'—1 (3.16)
= lima"-
h—0 h
_ a" —1
R R
= a”- f'(0)

slope of the tangent line to y = ¢” at x = 0 is exactly 1. That is,

d 7 ; el — el . el —1
¢ Derivative of the Natural Exponential Function:
d
Gel=e (3.18)

Solution.
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3.3.3. Products and Quotients

Note: A common misconception is that the derivative of a product is
analogous to the sum and difference rules we saw previously:

f and g are differentiable = (fg)' = f'¢

However, this is not true.

Let both f and ¢ be differentiable. Then

d%[f(x)g(x)] ~ lim fl@+h)g(x +hh) — f(z)g(x)
_ g Je At g(@+h) —f(2)g(z + h) +F(z)g(z + h) — fz)9(x)
h—0 h
- i [f(w + h})L — flx) o(z+h)+ f(x) g(x + h}z —g(z)
= f'(x)g(z) + f(x)d (x).
(3.19)
* Product Rule
If both f and ¢ are differentiable, then so is their product fg¢, and
d / /
- f(2)g(z)] = f(2)9(z) + f(z)g'(2) (3.20)
Alternative notation:
P , d _du dv
(fg9)=fg+[fg or ﬁ[uv] = g

,,,,,,,,,,,,,

(a) y = (42 + 3)(22 + 5) (b) y = de* (xg N l)
X

Solution.
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Similarly to Product Rule, we can prove the following.
* Quotient Rule
If both f and g are differentiable, then so is their product f/g, and
dz Lg(z) 9(2)]
Alternative notation:
du dv

()

. / d
(f/g)’zjfz—fg or %[u/v]:dw—zdx

*************

6xt—5 6e”
— b —
(a) G(z) p] (b) y 5o
Solution.
************ x2€x

‘Self-study : 3.29. Find the derivative of F'(z) = — =
Tttt 4 3 x e’

Solution.
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3.3.4. Second- and Higher-order Derivatives

Definition} 3.30. If y = f(z) is a differentiable function, then

* its derivative f'(z) is also a function,

* so f/ may have a derivative of its own, denoted (f') = f”.

This new function is called the second derivative of f, because it is the
derivative of the first derivative.

&f &y d (@) "

Cd2? da? dr\dw

Higher-Order Derivatives: If ¢ is differentiable, its derivative

d d*y . . L. :
y" = d—y” = d_% s the third derivative of y with respect to x.
T e

The names continue as you imagine, with

Other notations: ()

d d"
dz GgE

denoting the n-th derivative of y w.r.t. x for positive integers n.
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given point.

(@) y =22% — 22 +2, (1,3) _ Ge”
(b)y_1+ew’ (0,3)

Solution.

horizontal, for y = 2% — 3z — 2.
Solution.
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Exercises 3.3

1. Find the first and second derivatives.

43 3 2
(8) y= — —w+2¢ ©y="+5+e”
(b) y = V%0 — z¢ (@) w=re +e

. . . 1 .
Hint: (b) It can be rewritten as y = 32 —2°¢. (c) Note that e % = —. Now you may apply Quotient
€

Rule to get [e=*]' = —e~*. Later you will learn how to get derivative of e~* more conveniently.
Ans:(w' =1 —-r)e ", 0" =—(2—-r)e".

2. Find the derivatives of all orders.

4
@y=" 22 (b) y = (42% + 3)(2 — 2)
2 2
Ans: (b)y =8x(2 —z) — (422 +3), 9" =8[(2 —z) — 2] — 8z = 16 — 24z, 3" = —24,and y™) = 0,n > 4

3. Find the second derivatives of the functions.

3 1_|_
@ y=""" 0 w= ()02

Ans: (b) w" = 2/23
4. Suppose u and v are functions of = that are differentiable at x = 0 and that
w(0) =5, ¥/ (0)=-3, v(0)=-1, v'(0) =2.

Find the values of the following derivatives at = = 0.

d d d
(a) %(uv) (b) %(u/v) (c) %(v/u)

5. Let f(z) = 2® — 4o + 1.
(a) Normal line to a curve. Find an equation for the line perpendicular to the tan-

gent line to the curve y = f(x) at the point (2, 1).

(b) Smallest slope. What is the smallest slope on the curve? At what point on the
curve does the curve have this slope?

(c) Tangent lines having specified slope. Find equations for the tangent lines to
the curve at the points where the slope of the curve is 8.

6. Find the values of ¢ and b that make the following function differentiable

for all z-values.
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ar, if £ <0 ar+b, ifzx>-1
(a) f(x):{xQ—?):L‘ if >0 (b)g(x):{bxz—él if © < -1

Hint: The limits of values and derivatives, measured from both sides, must be the same. For
example, for (b), the limits of values are —a + b and b — 4. Thus you can conclude a = 4.

7. Newton’s serpentine is defined as

4x

fe)= a5

(a) Plot the graph y = f(z) over the interval [—4, 4].
(b) On the same screen, plot the tangent line to the curve at (1, 2)
(c) Again, on the same screen, plot the curve y = f'(x).

You may start with
newt ons_serpent ine.m

1 | syms f(x)

2

3 | £(x) = 4%x/(x.72+1);

4+ | X = linspace(-4,4,101);

5 | plot(X,f(X),'r-','linewidth',2); hold on
6 | grid on, axis tight

7

s | diff (f(x))
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3.4. The Derivative as a Rate of Change

S

Definition}, 3.34. Let s = f(¢) be the position of a particle moving along
a coordinate line. Then,

A
* Its average rate of change Kj is the average velocity over a time

interval At.

* Its derivative d_j = v(t) represents the instantaneous velocity.

* Speed is the absolute value of velocity: |v(t)| = ‘% :

* The instantaneous rate of change of velocity with respect to time is
acceleration: a(t) = v/(t) = s"(t).

s, the velocity v = s/, and the acceleration a = s” of a moving body along a
coordinate line as functions of time ¢. Which graph is which? Give reasons

for your answers.
%

Pt
A o
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launch velocity of 160 ft/sec (about 109 mph). It reaches a height of s(t) =
160t — 16t ft after t seconds.

(a) How high does the rock go?

(b) What are the velocity and speed of the rock when it is 256 ft above the
ground on the way up? On the way down?

(c) What is the acceleration of the rock at any time ¢ during its flight (after
the blast)?

(d) When does the rock hit the ground again?

Solution.
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s =13 — 6t2+ 9t m.

(a) Find the body’s acceleration each time the velocity is zero.
(b) Find the body’s speed each time the acceleration is zero.

(c) Find the total distance traveled by the body from ¢t = 0 to ¢t = 2.

Solution.
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*************************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

of cost with respect to the level of production, so it is d—c Suppose that the
dollar cost of producing = washing machines is

c(x) = 2000 + 100z — 0.12>.
(a) Find the average cost per machine of producing the first 100 washing
machines.

(b) Find the marginal cost when 100 washing machines are produced.

(c) The marginal cost also represents the approximate cost of the next item
to be produced. Show that the marginal cost when 100 washing ma-
chines are produced is approximately equal to the cost of producing
one more washing machine after the first 100 have been made by cal-
culating this cost directly.

Solution.
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bacteria were growing, the bacterium population continued to grow for a
while, but then stopped growing and began to decline. The size of the popu-
lation at time ¢ hours was

b=10% + 10% — 1032

Find the growth rates at a) t = 0 hours, b) ¢ = 5 hours, and ¢) ¢t = 10 hours.
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Exercises 3.4

1. Lunar projectile motion. A rock thrown vertically upward from the surface of the
moon at a velocity of 24 m /s reaches a height of s = 24t — 0.8t m in ¢ sec.

(a) Find the rock’s velocity and acceleration at time ¢. (The acceleration in this case is
the acceleration of gravity on the moon.)

(b) How long does it take the rock to reach its highest point?
(c) How high does the rock go?
(d) How long does it take the rock to reach half its maximum height?
(e) How long is the rock aloft?
Ans: (c) 180m

2. Vehicular stopping distance. Based on data from the U.S. Bureau of Public Roads, a
model for the total stopping distance of a moving car in terms of its speed is

s = 1.1v + 0.05402,

where s is measured in ft and v in mph. The linear term 1.1v models the distance the
car travels during the time the driver perceives a need to stop until the brakes are
applied, and the quadratic term 0.054v> models the additional braking distance once
they are applied. Find ds/dv at v = 35 and v = 70 mph, and interpret the meaning of the
derivative.

3. Golf Ball Carry. Using a club of a loft angle 0, a golf player hits a ball with the
horizontal head speed vy. Then, the initial velocity of the ball becomes

(Vg,v;) = vg cos B(cos B, sin @) = (vy cos? O, vy cos O sin 6),

where v, and v, are the horizontal and vertical velocities, respectively. For simplicity, we
assume that the golf field is complete flat. Then, incorporating the gravity acceleration
a = (0,—g), where g = 9.8 m/s?, the ball location after ¢ seconds can be expressed as
t2
L(t) = (x(t), 2(t)) = (0, —g>§ + (v, v2)t = {(vg cos® O)t, —th + (vocosfsin)t).  (3.23)
(a) Find the time for the ball to hit the ground, ¢,.
Hint: The ball will hit the ground when z(¢) = 0.
(b) Show that the ball carry, as a function of 4, becomes
2 2 in(2
(o) = Vg oS Zsm( 6’)' (3.24)
(c) The average club-head speed for male amateur golfers is between 80-90 mph. Let
the golfer hit the ball with the head speed 90 mph, which is the same as 40m/s.
Plot C'(0) over the interval [0, 7/2].
(d) At what angle 6 does the club make the longest ball carry?

Although we have ignored the ball spin and air resistance, the analysis in this
problem is mostly realistic. Can you see why beginners hit the longest with the
6-Iron or 7-Iron among Irons?
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3.5. Derivatives of Trigonometric Functions

* Consider the angle sum identity for the sine function:
sin(x 4+ h) = sin x cos h 4 cos x sin h. (3.25)
If f(z) = sinz, then
fl@+h)— f(=)

sin(z + h) —sinx

, _ _
f'(@) hlg(l) h hlgtl)
. sinxcosh +cosxrsinh —sinx
= lim
h—0 h
. . cosh —1 n sin h}
= lim |sinz-—— +cosx -
h—0 h h (3.26)
) . cosh—1 . sinh
= sinz - lim —— +cosz - lim
h—0 h =0 h
(. - 7 N—  —
=0; Example 2.34 =1; Theorem 2.33
= cosx
. d ) i . .
¢ Similarly, we can find o CoST = —sinz, using the angle sum identity
x
for the cosine function:
cos(x + h) = cosx cos h — sin x sin h. (3.27)
e Note that tanz = sma:. For tanx J': y = cos x
COS T
and other trigonometric functions, L/ N/ .

Quotient Rule can be used to get ‘S,A AL !\_\:_/

their derivatives.

Figure 3.4: Visualization of 4 cosz, by

x
graphing the slopes of the tangent lines.
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Derivatives of Trigonometric Functions
d . d
—sinz = cosx —(CsCT = —cscxrcotx
dx dx
d _ d
—cosx = —sinx —secxr = secxtanx (3.28)
dx dx
—tanx = sec’z —cotx = —cscix
T dx

(a) g(x) = 3¢* + 2% cos (b) f(0) = 1?—2(;989
tsint
(¢c) y=xsecxrtanz (d) A(t) =
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Fe—————————
!
!

e e o - - - - -

2z sinz at the point (7/2, 7).

Solution.

e . . , sec x

' Example’ 3.42. Differentiate f(zr) = ——— and find the values of =
R i 3 3+ secx

where the graph of f have a horizontal tangent line.
Solution.
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pattern, find the following.
2022

W(COS ZE’)

Solution.

F———————————

'Example ' 3.44. Assume that a particle’s position on the z-axis is given by
x = 3cost+4sint, where x is measured in feet and ¢ is measured in seconds.
Find the particle’s velocity when a) t =0 and b) t = g

Solution.
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Exercises 3.5

1. Differentiate the following:

(a) y=a"cosx (b) f(x) =cosztanz
- -+ __tanz
() s=1t"—sect+5e (d) g(z) = T tona

Ans: (d) sympy result: 1/((tan(x) + 1)**2*cos(x)**2)
sympy_diff.py

import sympy as sym

x = sym.symbols('x"')
y = sym.tan(x)/(1+sym.tan(x))
print( sym.simplify( y.diff(x) ) )

ot L w [ -

2. Sketch the curves over the given intervals, together with their tangent lines at the given
values of x. Label each curve and tangent line with its equation.

(a) y=sinz, -3r/2<zx<2m, x=0,37/2
(b) y=1+cosz, —-3n/2<zx<2m, x=-7/3,371/2

3. Is there a value of b that will make

r+b x<0
g(z) =

cosx, >0

continuous at = = 0? Differentiable at x = 0? Give reasons for your answers.
Ans: No value of b for g to be differentiable.

4. Find values of ¢ and b that will make

f(x):{ax—l—b, x <0

1—tanx, >0

differentiable at x = 0?
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3.6. The Chain Rule

Let’s differentiate the function
f(z) = (322 + 1) (3.29)
* The expanded formula for f reads
f(x) =9z +2-(32°) + 1 = 9z* + 62% + 1.
Thus
df _ d

= %(9& +62° + 1) = 362° + 12z. (3.30)

* Now, we will try a different way. Let
u(z) = 3z + 1
Then the function f can be formulated in terms of wu:

f(z) = (32 +1)* = v

* The derivative — is a rate of change of f with respect to .
T
Thus it can be written as
df df du
=20 In (3.31)
so that

d
d—f =2u -6z = 12u -z = 12(32% + 1)z = 362° + 12z,
i

which is the same as in (3.30).
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' Theorem | 3.45. The Chain Rule: If f(u) is differentiable at the point
u = g(z) and g(x) is differentiable at =, then the composite function
(fog)(x) = f(g(x)) is differentiable at =, and

(fog)(z)=f(g(x) ¢(z) = dg(gg(g) ). diz(;)' (3.32)

Letting y = f(u) and u = g(x), a simpler form of Leibniz’s notation
reads ; P
Y Yy au
— == — .33
der  du dx’ (3.33)
where dy/du is evaluated at u = g(x).

Proof. For y = f(u) = f(g9(z)), define Au = g(x + h) — g(z). Then h — 0
implies Au — 0 and

dy _ . flgle+h) = flg(x) _ . flo(@) + Au) — f(g(x))
dz  h0 h h—0 h
oy J0@) + Aw) — [g(x)) Au
h—0 Au h
_ iy J0@) +AY) — f(g(x) | Au
h—0 Au ho0
o Slel@) + A — flg(x) L gla+h) — g(a)
Au—0 Au h—0 h

= f(9(x)) - d'(2),
which completes the proof. [

*************

,,,,,,,,,,,,,

Solution.
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f(u).
@y = («* — 1) (b) y = sin(22?)
(¢) g(z) = tan®z (d) y = e@Vrta?)

Note: We sometimes have to use the Chain Rule two or more times
to find the derivative and combine with other rules we’ve previously
learned.

(a) y = veos® +1 (b) y = (22 — 5)?(2? — 5x)"

Solution.
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(a) y = esin’(mt=1) (b) y = cos?(sec 3t) ( 2 \3
PRES
13 —4

to find an equation of the tangent line to the curve at the given point.

flw)=v’+1, u=g(z)=Vr, =1

Solution.
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Exercises 3.6
1. Given y = f(u) and u = g(z), find dy/dx = f'(g(x))d (x).

(@) y=sinu, u=3x+1 (b) y = —secu, u:l—|—7x
T

Ans: (b) dy/dx = —sec(1/z + Tx) tan(1/z + Tz)(—1/2% + 7)

2. Find the derivatives of the functions.

x? 14 .
(a)y—<§+x—g> (b) y=cos "z
() y=ze*+e* (d) f(x) = 2?sec(l/x)
Ans: (b) —4cos ™ z(—sinz) = 4cos S zsinz. (¢) (1 — z)e ® 4 3z2e*
3. Find y".
(a) y= e + (22 +1)4 (b) y = sin(e”)
Ans: (b) ( — e”sin(e”) + cos(e”))e”
4. Suppose that functions f and ¢ and their x w f(x) g(x) f'(x) g ()
derivatives with respect to « have the val- 2. 8 2 1/3 -3
ues in the table at + =2 and z = 3. 3, 3 —4 o 5

Find the derivatives with respect to x of the following combinations at the given value
of x.

(@ f(z)-g(z), v=3 (b) flg(z)), z=2
© Vflz), =2 (d) 1/¢*(x), =3

Ans: () f(g(e))d @),y = £/(2)g'(2) = ~1. ) vV2/24. @ (1/g?) = ~29'/g°,_, = 5/32
5. Let f(x) = tan(mzx/4).

(a) Find an eauation of the tangent line to the curve y = f(z) att = 1.

(b) Slopes on a tangent curve. What is the smallest value the slope of the curve can
ever have on the interval —2 < = < 2? Give reasons for your answer.

Ans: (b) f'(x) = sec*(rz/4) - 5. Since 72néin<2 sec?(rx/4) = 1, the minimum of f'(z) = 7 /4.

6. (Challenge |y iry oach of the following statements.

(a) If f is even, then f’ is odd.
(b) If f is odd, then [’ is even.
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3.7. Implicit Differentiation

Implicitly Defined Functions

* The functions we have dealt with so far have been defined explicitly
— for example, y = /23 + 1 and y = 2%sinz.

* Some functions are defined implicitly by a relation between = and
y such as
>+ —-25=0 and 2*+9°— 92y =0.

e Implicitly Defined Functions are in the form of F(z,y) = 0, in
which y is a function of x.

Implicit Differentiation: An application of Chain Rule.
e Differentiate the equation (both sides) with respect to z, treating y
as a differentiable function of .

* Collect the terms with dy/dz on one side of the equation and solve
for it.

Solution.



3.7. Implicit Differentiation

(@) 2zy +y> =z +y

Solution.

Solution.

(b) €** = sin(x + 3y)

3_2x—y

v x4+ 3y

145
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gent line and the normal line to the curve at the given point.

4oy -yt =1, (2,3)

Solution. Start with figuring out v = — (22 + v)/(x — 2y).

gent line to the curve at the given point.

2ey + msiny = 117, (2,5m/2)

Solution. Start with figuring out ¢ = —2y/(2x + 7 cosy).
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Exercises 3.7
1. Use implicit differentiation to find dy/dz.
(@ 2zy+y’=x+y (b) e* = sin(x + 3y)
(c) x=secy (d) 34 siny =y —2?
Ans: (a) (1 —2y)/(2x + 2y — 1). (b) 2¢2* /(3 cos(z + 3y)) — 1/3.

2. Use implicit differentiation to find dy/dx and then d?y/dz?. Write the solutions in terms
of x and y only.

(a) 22 +9y* =1 (b) zy +1y? =1

Ans: (b) 3" = 2y(z + ) /(23 + 622y + 1229% + 8y3)

3. Verify that the given point is on the curve and find the lines that are (1) tangent and (2)
normal to the curve at the given point.

(@) 22 +y*> =25, (3,—4) (b) xsin2y =ycos2z, (mw/4,7/2)

Hint: (b) y = —(2ysin(2x) + sin(2y)) /(22 cos(2y) — cos(2x))

4. Verify that the following pairs of curves meet orthogonally.

5. (Challenge| No.mals to a parabola.

(a) Show that if'it is possible to draw three normals from the point (a, 0) to the parabola
x = y? shown in the accompanying diagram, then ¢ must be greater than 1/2.

(b) One of the normals is the z-axis. For what value of a are the other two normals
perpendicular?

y Hint: v = 1/(2y). Thus the normal line at
¥ =y (z0,90) Treads y — yo = —2yo(v — 20). (a) Now,
the value a is decided when y = 0. (b) The two
- normal lines will be perpendicular when each
of them makes an angle of 45° with the coordi-

x nate axes, i.e., their slope is either 1 or —1.
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3.8. Derivatives of Inverse Functions and Log-
arithms

3.8.1. Derivatives of inverses of differentiable functions

Let f be differentiable and have inverse .
* Then
fHf (@) = a.
* Applying Chain Rule results in
/ / 1 1
(@) fl2) =1 = [fT](f(2) = ) (3.34)
which can be interpreted geometrically as in Figure 3.5.
Figure 3.5: The derivative of the inverse function.
 Similarly, starting from f(f~!(z)) = z, we obtain
F (@) = 5 (3.35)
[ w) '

We will see exactly what (3.35) means, solving examples.
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r— -~~~ -~ A d _1
'Example: 3.56. Let f(2) = 2° — 2, 2 > 0. Find CJ; (6).
L e - - - - . :L'

Solution.

(a) Explicit construction of f~': (b) Using Formula (3.35):
The inverse of f can be found ex- Note that f~! is defined in the
plicitly as range of f, f(X). The point 6
, must be one of them, that is,
f @) = Vo T e

6= f(z)
for some x. Thus

r=f16)=2.

Ans: 1/12

r— -~~~ - -~0° A d _1
'Example 3.57. Let f(2) = 2 — 322 — 1, 2 > 2. Find CJ; (—1).
L e - - - - . a;'

Solution.
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Solution.

3.8.2. Derivatives of Logarithmic Functions

Let f(z) = log, .
¢ It follows from the definition of log that

y=log,z <= z=a’=e"" =eVne (3.36)

* Apply implicit differentiation to the right side of (3.36) to get

1 1
l=e"1% . ¢/lIng = ¢ = = : (3.37)
eyma.lng  zlna

Note: If z > 0, then z = e*

the followmg formulas

d | 1 d 1 1
- — — In e
%8a® zlna dz T
7a = a"lna o€ = e (3.38)
d () d 1
4 _ 2 lnjg| = =
dx n f(z) f(x) dx nlel 7

See Example 3.64 below for the formula: %aw =a"lna.
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Solution. Note that 2% = ¢?*" = ¢rlnz,

Ans: f'(x) = 2"(Inz + 1)

[Examplej: 3.61. Find the derivative of the following:
(a) y = In(32?) (b) g(z) = VInz
(¢) y = In(cosH) (d) y = In(3te™)

Solution.
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R : o (1 )V
Solution.

Note: From the previous example, we see that using the properties of
logarithms prior to differentiation may simplify our derivatives overall.

3.8.3. Logarithmic Differentiation

Let’s try to use the natural logarithm to manipulate products and powers
effectively for a convenient calculation of the derivative.

Algorithm | 3.63. Logarithmic Differentiation

1. Take natural logarithms of both sides of an equation y = f(z) and
use the Laws of Logarithms to conveniently reform the right side.

2. Differentiate implicitly with respect to x.
3. Solve the resulting equation for y’.
4. Replace y with f(x).
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o z, .

Yy =a
Solution.

[Examplejl 3.65. Use logarithmic differentiation to find the derivative of
(a) y = (x+ 1)". (b) y = (sinx)"e.

Solution.
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'Theorem | 3.66. The Euler’s number e as a Limit: It can be calcu-
lated as the limit

e =lim(1 + z)"*. (3.39)

x—0

Proof. If f(x) = Inz, then f(z) = 1/x and f’(1) = 1. By the definition of
derivative,

S +h) - ) f+z)— /(1)

/ T Y
f) = Jim h = z
1
= lim—In(142) = limIn(1 + )" (3.40)
x—0 1 x—0

= In[lim(1+2)""] =1,

from which (3.39) follows. [

,,,,,,,,,,,,

A popular form of the Euler’s number ¢ reads
1\7
e = lim (1 + —) , (3.41)
n—00 n

where the right-side is an increasing sequence, approaching e, as n
grows.
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Exercises 3.8

1. Suppose that the differentiable function y = f(x) has an inverse and that the graph of
f passes through the point (1,5) and has a slope of 1/2 there. Can you find each of the
following? If yes, find it.

df! df! df!
(a) I (1/2). (b) o (1). () o (5).
. df!
2. Let f(z) = 2> — 42 — 5, x > 2. Find - (0).

Hint: 0 = f(5)

3. Suppose that the function f ans its derivative have the following valuesat + = 0,1, 2, 3, 4.

z 10 1 2 3 4
f(x) : —4 3 -1 2 1
f'(x) 3 2 5/4 2/3 1/5
Assuming the inverse function f~! is differentiable, find the slope of f~!(z) at
(a) z=1 (b) z=2 (¢c) =3
Ans: (¢) 1/2
4. Logarithmic Differentiation. Use logarithmic differentiation to find the derivative
of y.
(@ y=z(x+1)(z+2) (b) y=+z(x+1)
6 sin 6
() y= (d) y=(tanf)v20 + 1
y=— y = (tan )
5. Use logarithmic differentiation or the method used in Example 3.60 to find dy/dx.
(@ y=av" (b) y = (sinz)”
() y"=a% d) z=y"

) 1—zylny
Ans: (d) 22(1 4 Iny)
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3.9. Inverse Trigonometric Functions

Recall from Section 1.6.3

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, d

-
|

-
|
L

Domain: —1=x=1 Domain: —1 = xr= 1 Domain: —= << x << =
2 s _E = = E i o = 4 = ATTog: —E = Y E
Range: 5 =V=3 Range: l=y=w Range: y =V< 3
¥ ¥ ¥
A b b
T
o -4 _______ . __
) T
¥V = Arcsin x V= ArCcos x 2
: y = arctan x
I I . o I I | | ;
> X = > X
—1 I 2 -2 -1 1 2
T
T )
- b —_— | ! =r e -
= :
£ —1 ]
[a) (bl icl
Domain: x=—lorx =1 Domain: x=—]lorx=1 Doimain: —oe <2 x =< oo
i _ , T T _ T . P = A e
Range: O=y=m,v# = Range: — = =y = ‘? v¥F 0 Range: < y=n
.T .T 'll.
L b A
- S Ll I
T 2 ¥ = Arcosc x
T ¥ = arcsec x ¥ = arccol x
=5 T
_______ 0 ] | ] | - T L=
=2 -1 [ 2 .
T
| | 1 | . X = | | | | > T
-7 —1 1 3 2 | | 2
id) (e) (f)

Figure 1.26 (p.55): Graphs of the six basic inverse trigonometric functions.

The trigonometric functions are not one-to-one. If we restrict their domains,
we can make them one-to-one and they will have inverses. For example,

Definition 1.70 (p.55). (The Arcsine and Arccosine Functions)

y = arcsin z is the number in [—7/2, 7 /2] for which siny = «
y = arccos z is the number in [0, 7] for which cosy =«
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(a) cos™1(1/2) (b) arctan(1) V3

(c) arcsin ( — 7)

Solution.

r--.- -~ -~ -~-~~"-~.-~"~-~"~“"~*"™"“F/\~~*""-""-~" ~"T" -~ "=~ " =" ~" 7" T¥" 7¥™ “~" =" " “"~" “~"~" ~" " °~"~"°~"*~" *~ T ~" =~ ~" ‘"~~~ " """ -“-=°=°7°7 al
| |
| |

Derivatives of the Inverse Trigonometric Functions

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

The derivatives can be found by using the definition of inverses.
* y = arcsin x: Then, x = siny. Implicit differentiation gives
1 1

1
cosy \/1—sin2y_ v1—a?

e y = arctan «: Then, = = tany. Implicit differentiation gives

1= (cosy)y = 4 =

1 ( 2 ) ! ! 1 1 1
o g sec2y 1+tan?y 14 22

* The derivatives can be found similarly for other inverse trigonometric
functions.
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metrlc functlons

dx(arcsm ) = : 1_ = (lz| < 1) di(arccos ) — _\/11—7:152 (Jz] < 1)
—(arctanx) = ! i(arceot z) = — !
x 1422 dx I 27
B 1 d B 1 ,
o —(arcsecx) = W (lz| > 1) %(arccsc:c) — _W (|z| > 1)

(3.42)

Note: We can also combine these derivatives with ALL the rules we’ve
previously covered.

(a) y = arcsin(\/?t) (b) y = sec™1(5s)

(¢) y = In(arccot(92?)) (d) y = rarcsinz + V1 — 22
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Exercises 3.9

1. Find exact angles:
(a) arcsin(—1/2)
(c) tan™'V/3

2. Find the values.

(a) sin (cos_1 (%))

3. Find the derivative of y.
(a) y = arccos(1/x)
() y=tan '(Inx)

159

(b) arccos(1/2)

(d) csc V2
Ans: (d) 7/4

(b) tan (arcsin < — %))

Ans: (b) —1/V/3

(b) y = In(tan"'2)

(d) y = cos(z — arccos z)

Ans: (a) 1/(z%/1 — 1/22). (d) —(1 + 1/v/1 — 22) sin(z — arccos z).
4. Use implicit differentiation to find dy/dx and then an equation of the tangent line to the

curve at P(0,1/2).

arcsin(x + y) + arccos(z — y) = —

Ans:y=1/2

5. Find the angle « (in degrees). Hint: o + 3 = 65°.
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3.10. Related Rates

Note: In this section, we look at questions that arise when two or more
related quantities are changing (w.r.t. a common variable, e.g., time). The
problem of determining how the rate of change of one of them affects the
rate of change of the others is called a related rates problem.

* Both the volume and radius of the balloon are increasing over time.

e If VV is the volume and r is the radius of the balloon at an instant of time,
then A
V= §7T7"3. (3.43)

¢ Using the Chain Rule, we differentiate both sides with respect to ¢ to find
an equation relating the rates of change of V and r,

av.dV dr o dr
* The rates dV /dt and dr/dt are related by (3.44). If we know one, then the
other can be computed by the relation.

1. Let ¢ denote time, and name the variables and constants.

e We will assume that all variables are differentiable functions of ¢.
* For most cases, to draw a picture would be helpful.

2. Write an equation that relates the variables.

* You may have to combine two or more equations to get a single equation that
relates the variable whose rate you want to the variables whose rates you
know.

3. Differentiate with respect to ¢ to obtain a related rates equation.

4. Use known values (data) to find the unknown rate.
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1007 ft3>/min. How fast is the balloon’s radius increasing at the instant the
radius is 5 ft?

Solution.

Ans: 1ft/min

and its width is increasing at a rate of 2 cm/sec. When the length is 12 cm
and the width is 5 cm, how fast is the area of the rectangle changing?

Solution.
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the top of a comcal pile. The height of the pile is always three-eights of the
base diameter. How fast is the height of the pile increasing when the pile is

4 m high?
. } 1
Solution. Begin with V = §7rr2h and h = g . 2r.

‘E{KE{I}RIE 3.76. A lighthouse sits 1 km offshore, and its beam of light
rotates counterclockwise at the constant rate of 3 full circles per minute. At
what rate is the image of the beam moving down the shoreline when the

image is 1 km from the spot on the shoreline nearest the lighthouse?

Solution. Begin with x = tan 6.

1 km Lighthouse

Shoreline

Ans: 12 km/min
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house when its base starts to slide away. By the time the base is 12 ft from
the house, the base is moving at the rate of 5 ft/sec.
(a) How fast is the top of the ladder sliding down the wall then?

(b) At what rate is the area of the triangle formed by the ladder, wall, and
ground changing then?

(c) At what rate is the angle 6 between the ladder and the ground changing

then?

Solution. Begin with y
'

(a) h? + b2 = 132 = 169,

1
(b) A= §hb, and i) o
(C) tan f = E H“““'n:“x 1 3-1t laddes
e
I N
| )

Ans: (b) —59.5 ft*/sec. (c) —1 rad/sec.
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Exercises 3.10
1. If 2? + y* = 25 and dx/dt = —2, then what is dy/dt when = = 3 and y = —4?

2. (a) Assume that y = 5z and dz/dt = 2. Find dy/dt.
(b) Assume that 2z + 3y = 12 and dy/dt = —2. Find dx/dt.
Ans: (b) 3.

3. Let z and y be differentiable functions of ¢ and let s = /22 + y? be the distance between
the points (z,0) and (0, y) in the xy-plane.

(a) How is ds/dt related to dz/dt if y is constant?
(b) How is ds/dt related to dx/dt and dy/dt if neither x nor y is constant?
(c) How is dx/dt related to dy/dt if s is constant?

Ans: (b) @ -t dﬁ 4 Y @
’ dt_w/x2+y2dt ,/x2+y2dt.
ds dx dy
Note: Let s = zy, for example. Then, we know o= Y + T Such Product Rule

ds dsdx dsdy dx dy

can be rephrased as the following: T + d_ya =Yg + e

4. Hauling in a dinghy. A dinghy is pulled toward a dock by a rope from the bow through
a ring on the dock 6 ft above the bow. See the figure below. The rope is hauled in at the
rate of 2 ft/sec.

(a) At what rate is the angle 6 changing when 10 ft of rope are out?
(b) How fast is the boat approaching the dock at this instant?

Ring at edge
of dock

o —— — — — = ]

L Hine: Begin with (a) r cos§ = 6 and (b) tan 6 = z/6.
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3.11. Linearization and Differentials

3.11.1. Linearization

In general, the tangent line to y = ) ¥ = flx)
f(z) at a point x = a, where f is
differentiable, passes through the
point (a, f(a)), so its point-slope
equation is

y = f(a) + f(a)(x —a).

0 él

Slope = f"(a)

(e, fla))

Definition}, 3.78. If f is differentiable at z = a, then the approximating
function

L(z) := f(a) + f'(a)(z — a) (3.45)
is the linearization of f at a. The approximation
f(z) = L(x) (3.46)

of f by L is the linear approximation (or, tangent line approxima-
tion) of f at a. The point = = a is the center of the approximation.

Note: As long as this line remains close the graph of f, as we move off
the point of tangency, L(z) gives a good approximation to f(z).

Solution.



Solutlon

Solutlon

(1.0002)50.
Solution.

Chapter 3. Derivatives

= Yz ata=-8.
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3.11.2. Differentials

We often use the Leibniz notation dy/dx to represent the derivative of
y with respect to z. Contrary to its appearance, it is not a ratio. We
now introduce two new variables dx and dy, of which their ratio
(when exists) is equal to the derivative.

Definition}; 3.83. Let y = f(z) be a differentiable function. The differ-
ential dz is an independent variable. The differential dy is a dependent
variable, defined as

dy = f'(z)dx. (3.47)

Often the variable dx is chosen to be Az, the change in z. Then the
differential dy is the change in the linearization of f at x = a, AL.

‘Example’ 3.85. Let f(x) = 2° + 37z. —_rcy
(a + dx, fla + dx))

(a) Find dy. T
(b) Find the value of dy when x = 1
{a. fla))

and dz = 0.2. / dx = Ax

Tangent |
line :
L

AL = ["(a)dx |

|

: When dx is a small change in x,
| the corresponding change in

: the linearization is precisely dyv.
I

- x
0 a a + dx

Figure 3.6: Geometrically, the differential
dy = AL, when z = a and dx = Ax.

Note: Differentials
You may consider differentials as changes, small changes. The equation
dy = f'(z) dx gives a relation between the change in x (dz) and the change

in y (dy).
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(a) y = 4e*’ _ z+1
by y=n (m)

Solution.

of z and dx.

(@) f(x) =22+ 4x — 3, (b) y=2"1, =0.5,dr=0.1
xr=-—2,dr=0.1

Solution.
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Exercises 3.11

1. Common linear approximations at x+ = 0. Find the linearizations of the following
functions at x = 0.

(a) sinx (c) tanz
(b) cosz (d) e

Ans: (b) L(z) = 1. (¢) L(z) = =.

2. (1) Find f(a). (ii) Find a linearization at a suitably chosen integer near a at which the
given function and its derivative are easy to evaluate. (iii) Use the linearization to
estimate f at a.

(@) f(z) =242z, a=0.1 (b) f(z) =22 +32z -3, a=-0.9

Ans: (b) (i) —4.08. (ii) L(z) = —x — 5. (iii) —4.1.

3. Each function f(z) changes value when « changes from z to zo + dz.
Find Af = f(xo + dz) — f(x) and df = f'(x¢)dzx.

(@) f(x)=222+4"-3, xo=-1, dv =01 (b) f(z)=2°—2, xzo=1, dr=0.05

4. Estimating volume. Estimate the volume of material in a cylindrical shell with length
30 in., radius 6 in., and shell thickness 0.5 in.

0.5 in Hint: The whole volume V = 72 - 30 = 307r2.
6 j,-,_f / ’ Thus dV = 607r - dr. Now, what are r and dr?

= 30 in. |

Definition}, 3.88. A quadratic approximation Q(z) = by + bi(z — a) + by (z — a)? to
f(z) at z = a is defined to satisfy the properties:

@) Q(a) = f(a)

(i) Q'(a) = f'(a)

(i) Q@"(a) = f"(a)

Thus, bo = f(a), b1 = f’(a), and b2 = %@

5. Let f(z) = v+ 2.

(a) Find the linear and quadratic approximations of f at x = 0.
(b) Graph f and its linear and quadratic approximations over the interval [—1, 2].
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CHAPTER 4

Applications of Derivatives

In this chapter, ...
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4.1. Extreme Values of Functions on Closed In-
tervals

Definition} 4.1. Let f be function with domain D. Then f has

* absolute maximum value on D at a point ¢
if f(c) > f(x) for all x in D

* absolute minimum value on D at a point ¢
if f(¢) < f(z) for all z in D
The number f(c) is a
* local maximum value at a point ¢
if f(¢) > f(x) when z is in an open interval containing c

* local minimum value at a point ¢
if f(¢) < f(x) when z is in an open interval containing c

= 1
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y = flx)

0 a fe b 0 i C i)

'Theorem | 4.4. The Extreme Value Theorem. If f is continuous on
a closed interval [a, ], then f attains both an absolute maximum value
M and an absolute minimum value m in [a, b], i.e.,

* there are numbers z; and z, in [a, b] with f(x1) = m, f(z9) = M, and

m < f(z) < M, foreveryzx € [a,b]. 4.1)

|
|m . o
| Maximum and minimum

at endpoints
{xy. m)

Maximum and minimum
at interior points

=
=

m

|
|
!
|
|
!
|
|
!
|
|
|
1
X

o S

|
I
] 1
a X b a x|
Maximum at interior point, Minimum at interior point,
minimum at endpoint maximum at endpoint
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How do we know where to look for a function’s extrema? The following
theorem and definition can help.

Theorem | 4.5. The First Derivative Theorem for Local Extreme
Values. If f has a local maximum or minimum value at an interior point
c of its domain, and if {’ is defined at ¢, then

f'(e) =0.

Definition}; 4.6. An interior point in the domain of a function f
where f’ is zero or undefined is a critical point of f.

Fe—————————
!
!

(a) f(z) = 622 — 23 (b) f(z) =4x —tanx () f(z)=a— 33

Solution.
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Functlon f on a Finite Closed Interval

1. Find all critical points of f on the interval.
2. Evaluate f at all critical points and endpoints.

3. Take the largest and smallest of these values.

functlon on the given interval.

(@) f(z) =32 —42% — 1222 +1, 0<ax<4

(b) f(z) = cscu,

wl A
vl

Q|
VAN
8
[\
W

(c) f(z)= i +Inz,
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Exercises 4.1

1. Sketch the graph of each function and determine whether the function has any absolute
extreme values on its domain. Explain how your answer is consistent with the Extreme
Value Theorem, p.173.

(@) f(z)=lz|, —-l<ax<?2 r, 0<z<l1

(b) gw:{;—l 1<z<2

Clue: (b) g is not continuous.

2. Find the absolute maximum and minimum values of each function on the given interval.
Then graph the function. Identify the points on the graph where the absolute extrema
occur, and include their coordinates.

(@ fx)=4—-2% -2<2<1 (b) g(x):—é, —2<r<—1

(© h(t)y=2-1t], —-1<t<3 (d) F(z) =sece, —ggxgg
Ans: (d) absolute maximum: (—7/3,2), absolute minimum: (0, 1).
3. Determine all critical points for each function.
2

@ f(r) = oz -3)° ®) gla) = -

Clue: (b) Is x = 2 is a critical point of ¢? See Definition 4.6.
Ans: (b)x =0, 4

4, You will use a CAS to help find the absolute extrema of the given function over the
specified closed interval. Perform the following steps.

(1) Plot the function over the interval to see its general behavior there.
(2) Find the interior points where f/ = 0. (You may want to plot f’ as well.)
(3) Find the interior points where f’ does not exist.

(4) Evaluate the function at all points found in parts (2) and (3) and at the endpoints
of the interval.

(5) Find the function’s absolute extreme values on the interval and identify where they
occur.

(a) f(x) =+/x+cosz, [0, 27] (b) f(z) =In(2z + zsinx), [1, 15]
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4.2. The Mean Value Theorem

To arrive at the Mean Value Theorem, we first investigate a special case.

'Theorem | 4.10. Rolle’s Theorem. Suppose that y = f(x) is contin-
uous over the closed interval [a,b], and differentiable at every point
of its interior (a,b). If f(a) = f(b), then there is at least one number
¢ € (a,b) at which

f'(e) = 0. (4.2)

files) =0
fle)=0

0 /u c b \ ’ 0

Figure 4.1: Rolle’s Theorem
Note: The Mean Value The- y Tangent parallel to secant
orem, first stated by Joseph- Slope f'(c) 5 "

[ m—

Louis Lagrange, is a slanted
version of Rolle’s Theorem. The
Mean Value Theorem guarantees
that there is a point where the /
tangent line is parallel to the se- 0 -:“f f_[f:_' c b
cant line that joins A and B. S

fib)y — fia)
h — @

Slope

Figure 4.2: The Mean Value Theorem

|Theorem |4.11. The Mean Value Theorem (MVT). Suppose y = f(z)
is continuous over a closed interval [a,b], and differentiable on the
interval’s interior (a,b). Then there is at least one point ¢ € (a,b) at which

f(b) — f(a)
b—a

fle) = (4.3)
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*************

,,,,,,,,,,,,,

MVT on the given interval. Find the value or values c that satisfy (4.3).

(@) f(z)=a*+22—1 (b) f(a:):xqtl (¢ f(x) =In(z —1)
0.1 [ 2,4
5]

Solution.

fd) - f1) <3,

Solution.



4.2. The Mean Value Theorem 179

—19°C to 100°C when it was taken from a freezer and placed in boiling water.

(a) Show that somewhere along the way, the temperature of the mercury
was rising at a rate of 8.5° C/sec.

(b) Can we find a moment when the temperature of the mercury was rising
at a rate of 9° C/sec?

Solution.

1. If f'(x) = 0 at each point z of an open interval (a,b), then f(x) = C
for all « < x < b, where C' is a constant.

2. If f'(x) = ¢/(x) at each point z in an open interval (a,b), then there
exists a constant C' such that f(x) = g(z) + C for all a < x < b. That
is, f — g is a constant function on (a, b).
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graph passes through the point (0, 2)
Solution.

Ans: f(z ): —cosx + 3.

@y =2r-1 (b) v/ = sin2t +

Solution.
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Exercises 4.2

1. Find the value or values of ¢ that satisfy the equation f'(c) = M.
(@) f(x)=2a®—2% [-1,2] (b) f(z)=+vx—1, [1,3]

2. Suppose that f(0) = 5 and that f'(z) = 2 for all xz. Must f(z) = 2z + 5 for all z? Give
reasons for your answer.

3. Suppose that f'(z) = 2z for all z. Find f(2) if

(@) f(0)=0 () f(1)=0 (© f(-2)=3
Ans: (b) f(2) = 3.
4. Find the function with the given derivative whose graph passes through the point P.

(a) f/<513'> _ iz —|—2$, P(—l, 1) (b) gl(t) =gsecttant — 1, P(0,0)
X

Ans: (b) g(t) =sect —t — 1

5. Show that for any numbers = and y, the sine inequality |sinz — siny| < |z — y| is true.
Hint: Use the MVT.

6. The arithmetic mean of two numbers ¢ and b is the number (a + b)/2. Show that the
value of ¢ in the conclusion of the Mean Value Theorem for f(x) = 22 on any interval
la,b] is ¢ = (a + b)/2.

7. (Challenge| o 0se that f” is continuous on [a,b] and that f has three zeros in the
interval. Show that f” has at least one zero in (a,b). Hint: You may assume that f has
three distinct zeros. The problem is to apply Rolle’s Theorem.
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4.3. Monotonic Functions and the First Deriva-
tive Test

Suppose that f is contmuous on [a,b] and differentiable on (a,b).

(a) If f'(x) > 0 at each point = € (a,b), then f is increasing on |a, b|.
(b) If f'(x) < 0 at each point x € (a,b), then f is decreasing on [a, b].

,,,,,,,,,,,,

* Then the Mean Value Theorem says that
f(@2) = f(z1) = f(c)(z2 — 1), (4.4)

for some ¢ € (21, x2). Corollary 4.18 follows from (4.4).

* A function that is increasing or decreasing on an interval is said to
be monotonic on the interval.

***********

the open 1ntervals on which f is increasing and on which f is decreasing.

Solution.
T —2 2
Sign of f'(x) 0 0

Behavior of f
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First Derivative Test for Local Extrema

Suppose that ¢ is a critical point of a continuous function f, and that
f is differentiable at every point in some interval containing ¢, except
possibly at c itself. Moving across this interval from left to right,

1. if f’ changes from negative to positive at c,
then f has a local minimum at c;

2. if f’ changes from positive to negative at c,
then f has a local maximum at c;

3. if f’ does not change sign at ¢,
then f has no local extremum at c.

Absolute max
" undefined
Local max

fr=0

No extremum

No extremum

|
|
|
|
|
. |
=0 = U:
|
|
| .
s I Local min | Local min
Jf =10 : -}.'r =0 :
| |
| |
] |

Absolute min

—
W

i [} Ca Cq Cq

Figure 4.3: First Derivative Test for local extrema.
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(a) Find the critical points of the function.

(b) Identify the open intervals on which f is increasing and on which f is
decreasing.

(¢) Find the function’s local and absolute extreme values.
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Exercises 4.3

1.

(i) Find the open intervals on which the function is increasing and decreasing. (ii) Iden-
tify the function’s local and absolute extreme values, if any, saying where they occur.

(@) f(x)=—23+ 322 (b) g(x) = 2* — 42° + 422

(a) Prove that f(z) = 2 — Inz is increasing for = > 1.
(b) Using part (a), show that Inz < z if z > 1.

Hint: (a) f'(z) = 1 — 1/z, which is clearly positive for z > 1.
Determine the values of constants ¢ and b so that f(z) = ax® + bz has an absolute

maximum at the point (1,2). Hint: f(1) = 2 and f'(1) = 0.

(i) Identify the function’s local extreme values in the given domain, and say where
they occur. (ii) Which of the extreme values, if any, are absolute? (iii) Support your
findings with a CAS.

(@) f(r) =2 — 322, —co<u<3 M) g<x):§2__21, 0<z<1
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4.4. Concavity and Curve Sketching

Definition} 4.22. The graph of a differentiable function y = f(z) is

(a) concave up (convex) on an open interval [ if f’ is increasing on /;

(b) concave down on an open interval [ if f’ is decreasing on /.

Figure 4.4: Concavity

The Second Derivative Test for Concavity
Let y = f(z) be twice-differentiable on an interval I.

(a) If f/” > 0 on I, the graph of f over I is concave up.
(b) If /" < 0 on I, the graph of f over I is concave down.

Definition} 4.23. A point (c, f(c)) where the graph of a function has a
tangent line and where the concavity changes is a point of inflection.
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(@) f(z) =a® - 32° +2 (b) g(z) = a3

Solution.

3r y=x — 3 +2

Concave down

Point of
[ inflection

— Point of

inflection
-2 I

Concave up

|Theorem | 4.27. Second Derivative Test for Local Extrema
Suppose f” is continuous on an open interval that contains r = c.

(a) If f'(¢) = 0 and f"(c) < 0, then f has a local maximum at = = c.
(b) If f'(¢) = 0 and f"(c) > 0, then f has a local minimum at = = c.

(c) If f'(¢) = 0 and f"(c) = 0, then the test fails. The function f may
have a local maximum, a local minimum, or neither.
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the coordinates of any local extreme points, inflection points, and concavity.

Solution.
T 0 2
f'(z) 0
2y ] ol ol S
S ] N ] N
‘Behaviorof f| | N ] N

[Strategyjl 4.29. Procedure for Graphing y = f(x)

1. Identify the domain of f and any symmetries the curve may have.
2. Find the derivatives /' and f”.

3. Find the critical points of f, if any, and identify the function’s be-
havior at each one.

4. Find where the curve is increasing and where it is decreasing.

5. Find the points of inflection, if any occur, and determine the con-
cavity of the curve.
6. Plot key points, such as the intercepts and the points found in

Steps 3-5, and sketch the curve together with any asymptotes
that exist.
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from the graphing procedures, identify the coordinates of any local extreme
points and inflection points.

(@ y=2>—3x+3

(b) y =5v3x +10cosz, 0 <z <2m
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Note: For many functions, the graph can be sketched without computing
the second derivative.

'Example' 4.31. Graph the following functions using appropriate methods
from the graphing procedures, identify the coordinates of any local extreme
points and inflection points.

(a) y = In(3 — 2?)

(b) y =

2 —1
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Exercises 4.4
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1. For the functions, identify (i) the inflection points, (ii) local maxima and minima, and

(iii) the intervals on which the functions are concave up and concave down.

(a) _ (b)
¥ = %{.1‘: — 1)¥3 y=x+ sin 2x, — 2;'7 =xr= 2—;”
¥ ¥y
' La x
2w 27
= X 3 3
0
Hint: (b) y/ = 1+ 2cos 2z, y" = —4sin 2z, and %4“ <2 < %“. Thus v/ = 0 implies 22 = i%’r,
i%’r, and y” = 0 implies 22 = 0, +7. Thus, for example, the three inflection points are (0,0) and
+(Z,3).
2. Identify the coordinates of any local and absolute extreme points and inflection points.
Then, graph the function.
(@) y=12%6—2% —4 (b) y =cosx++3sinz, 0<z<2r
3. The graph of f’ is given. Determine z-values corresponding to local minima, local max-

ima, and inflection points for the graph of f.

(a) (b)

)
I
-

[
_—

Hint: (b) Local minima: at x = —1,4. Inflection points: at x = —3,1,3. Note that f”
z = —1; however the corresponding point is not an inflection point.

=0 at
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4.5. Indeterminate Forms and I’Hopital’s Rule

4.5.1. DHopital’s Rule

Definition} 4.32. Consider a limit of the form

lim M (4.5)

(a) If both f(z) — 0 and g(z) — 0 as x — a, then this limit may or may
not exist and is called an indeterminate form of type 0/0.

(b) If both f(z) — oo and g(z) — oo as * — a, then this limit may or
may not exist and is called an indeterminate form of type oc/c.

|Theorem | 4.33. LHé6pital’s Rule (Bernoulli’s Rule)
Assume that f and g are differentiable and ¢'(x) # 0 on an open interval
I containing a (except possibly at a). Suppose that

lim f(x) =0 and limg(z)=0 (4.6)
T—a T—a
or that
lim f(x) = £o0 and lim g(z) = £oo. 4.7)

) . 0
(In other words, we have an indeterminate form of type 0 or % ) Then

lim f(x) = lim f(z) (4.8)

T—a g(aj) T—a g’(x)'

,,,,,,,,,,,,

: 0
* We can continue to differentiate f and g so long as we still get 5 or

00
— form.
00

* 'Hopital’s Rule does not apply when either the numerator or the
denominator has a finite nonzero limit.
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with the methods studied in Chapter 2.

. x+ 2
(a) xli}ElQ x?2 —4

The method from Chap.2 L'Ho6pital’s Rule

5x? — 3z
lim ————
(b) lim =57

The method from Chap.2 L'Ho6pital’s Rule
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sin bt ~cosf—1
(a) lim — (b dim =1
Q1 2x
(c) lim — T (d) lim —

x—0 x3 r—0 27 — 1
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4.5.2. Other Indeterminate Forms

***********************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

(a) lim e (b) lim 2%Inx
T—00 z—0t
Solution.

*****************************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

@ iy [ ] ®) Jimn2e e+ 1)
z—0 Lsinx s
Solution.

195

Ans: (a) 0.
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If lim In f(x) = L, then

Tr—a

lim f(z) = lim /@ = T 4.9

T—a T—a

Here a may be either finite or infinite.

lim (1+2)Y* = e, (4.10)
x—0t
In(1
Solution. Start with lim In f(z) — lim 0+
z—0t1 r—07+ T

'Example! 4.40. Find lim z'/*

——————————— 4 T—+00

Solution.

Ans: 1.
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Exercises 4.5

1. Use L'Hopital’s Rule to evaluate the limit.

. 1l—cosx . In(1+1/2) (¢) lim !
lim — =~ it /) ¢) lim zlnz
@ M ® B ) o

197

Ans: (b) 1. (¢) 0.

2. Use L'Hopital’s Rule to evaluate the limit.

2
(a) lim 2? (M) lim In(z +1)
z—=0 I T—00 10g2 xT
h
— (1
(¢) lim [Inz — Insin ] (d) lim w
z—0+ h—0 h?

Ans: (¢) 0.

3. L'Hopital’s Rule may not help with the limits. Try it first — you will just keep on cycling.

Find the limits some other way.

(@) lim i il

. € ;
z—(r/2)+* tan x (b) :ch—>rgo o (c) Ihjglo 3% 4 4=

Hint: (a) Try to simplify the fraction. (b) Apply the natural logarithm.

Ans: (b) co. (¢) 0.

4. (Challenge| .. 1 ot values of @ and b is

[sinx a sinbx

lim
x—0

=27
72 x T }

5. This problem explores the difference between the limits

1\= 1=
lim (1 n —) and lim (1 n —2>
T—00 €T T—>00 i

(a) Use L'Hopital’s Rule to show that lim <1 + l>x =e.
T—00 x
(b) Graph

f(x)z(l—i—i)x and g(x)z(l—i—%)x

together for x > 0. How does the behavior of ¢ compare with that of f? Estimate

the value of lim, ., g(z).
(¢) Confirm your estimate of lim,_,,, g(x) by calculating it with LHo6pital’s Rule.
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4.6. Applied Optimization

1. Read the problem. Read the problem until you understand it.
What is given? What is the unknown quantity to be optimized?

2. Introduce variables. List every relevant relation in the problem as
an equation. In most problem it is helpful to draw a picture.

3. Write an equation for the unknown quantity.
Express the quantity to be optimized as a function of a single
variable. This may require considerable manipulation.

4. Test the critical points and endpoints in the domain of the function
found in the previous step. Use what you know about the shape of
the function’s graph. Use the first and second derivatives to identify
and classify the function’s critical points.

Note: Mostly, the optimization problem will be formulated with two
quantities and two variables; the quantity to be optimized can be
expressed as a function of a single variable.

whose area is 16 in?, and what are its dimensions?

Solution.
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ft on a side and y ft deep is to be built with its top flush with the ground to
catch runoff water. What dimensions of the tank will minimize the weight?

Solution.

[Examplejl 4.44. You have been
asked to design a one-liter can
shaped like a right circular cylinder
(Figure 4.5). What dimensions will
use the least material?

Solution. Surface area: A = 27r% +
27rh, with mr2h = 1000.

Ans: x =16,y =38

Figure 4.5: The one-liter can.

Ans: r = {/500/7 and h = 2r.
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by ariver and on the other three sides by a single-strand electric fence. With
800 m of wire at your disposal, what is the largest area you can enclose, and
what are its dimensions?

Solution.

fence and d1V1ded into two equal parts by another fence parallel to one of
the sides. What dimensions for the outer rectangle will require the smallest
total length of fence? How much fence will be needed?

Solution.

remprocal is the smallest (least) possible.

Solution.
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Exercises 4.6

1. A rectangle has its base on the z-axis and its upper two vertices on the parabola y =
12 — 22. What is the largest area the rectangle can have, and what are its dimensions?
Hint: Using symmetry, let [z, 2] be the base, where x > 0. Then the area A = 2zy = 22(12—2?).

2. Two sides of a triangle have lengths a and b, and the angle between them is . What
value of 6 will maximize the triangle’s area? What kind of triangle is it?
Hint: A = %ab sin 6.
Ans: 7.

3. Find the point on the line Ty % = 1 that is closest to the origin. Clue: Let (z,y) be a point
a

on the line. Then the square-distance from the point to the origin is d*> = 22 + y°. Note that the
. . . b .
equation of the line can be rewritten as y = b(1 — z/a) = b — —x. Thus d*> = 2> + (b — %x)z, which
a

can be minimized.

4. Among all triangles in the first quadrant
formed by the z-axis, the y-axis, and tan- .
gent lines to the graph of y = 3z — 22, what S )
is the smallest possible area? -, (a.3a —a)
Clue: First of all, a € (3/2,3). The tangent line "
reads y = (3 — 2a)(z — a) 42— 3a — a?, of which >

the x-intercept is =z = 5 a4 3 Now, find the 0
a —
y-intercept. Then the area of the triangle is

A= JvYy,asa function of a.

Ans: A =8 whena = 2.
5. What value of « makes f(z) = 2° + ? have
x

(a) alocal minimum at x = 2?
(b) a point of inflection at = = 1?
Ans: (a) 16. (b) —1.
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4.7. Newton’s Method

In this section we study a numerical method called Newton’s method
or the Newton-Raphson method, which is a technique to approximate
the solutions to an equation

f(z) =0. (4.11)

* Newton’s method estimates the solutions using tangent lines of the
graph of y = f(z) near the points where f is zero.

* We call a solution of the equation f(z) = 0 a root of the equation
or a zero of the function f.

We can derive a formula for generating the successive approximations in
the following way.

* Given an initial approxima- ¢ This value of x is the next ap-
tion x(, the point-slope equation  proximation x;.

for the tangent to the curve at , Repeat the steps to find new ap-

(o, (20)) 18 proximations.

y = f'(z0)(x — m0) + f(0). o
(4.12) Yo

(g, flog))

* We can find where it crosses the
x-axis by setting y = 0:

f(wo) (2 — 0) = — f(20),

which implies e
Root l

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
sought |

T X

T = Tog— @ (4.13)

/ Y
f'(x0) o
Fourth  Third Second First

When f’(xo) 7£ 0. APPROXIMATIONS
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Algorithm | 4.48. Newton’s Method

1. Guess a first approximation to a solution of the equation f(z) = 0.

A graph of y = f(z) may help.

2. Use the first approximation to get a second, the second to get a third,

and so on, using the formula

Tpy1 = Tp — f,(xn)’ f/(xn) # 0.

(4.14)

[Examplejl 4.49. Approximate the positive root of the equation

flz)=2"—-2=0.

Solution. Since f'(x) = 2z,

-3 =2 ot L w Do -

S
@

[ T T S N

f(xy) 22 —2 1 2
I+l = Tn — = Ip — = Tp — S\ Tn — —
1( 4 2 >
= —\Z E—
o\""
— newton_method.m Output
% Solving f(x) = x~2 - 2 =0 1 | x_1 = 1.500000000000000
2 | x_2 = 1.416666666666667
x=1; 3 | x_3 = 1.414215686274510
for n = 1:6 4 | x_4 = 1.414213562374690
x = (x + 2/x)/2; 5 | x_5 =1.414213562373095
fprintf('x_%d = %.15f\n',n,x) 6 | x_6 = 1.414213562373095
end

tails of the correction:
newton_method2.m

% Solving f(x) = x"2 - 2 =0

x=1;

for n = 1:6
h = (x-2/x)/2;
X = x -h;

fprintf('x_%d = %.156f; h = %.156f\n',n,x,h)
end
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Output
1 | x_1 = 1.500000000000000; h = -0.500000000000000
: | x_2 = 1.416666666666667; h = 0.083333333333333
s | x_3 = 1.414215686274510; h = 0.002450980392157
+ | x_4 = 1.414213562374690; h = 0.000002123899820
s | x_5 = 1.414213562373095; h = 0.000000000001595
¢ | x_6 = 1.414213562373095; h = 0.000000000000000

rExample 4.50. Find the z-coordinate of the point where the curve y =

x® — x crosses the horizontal line y = 1.
Solution. What we should solve is 22 — z = 1. Let

fx)=2° -2 -1

Then f(1) = —1 and f(2) = 5 = There is a solution in (1, 2), by the IVT.
Since f'(x) = 32 — 1, Newton’s method reads
3 —w, —1

Lp+l = Tp — 33:2 1

newton_method3.m

1 | % Solving f(x) = x°3 - x -1 =0
2
3 x=1.5;
4 for n = 1:6
5 fx= x~3-x-1;
6 h = fx/(3*x~2-1);
7 X = X -h;
8 fprintf('x_%d = %.16f; h = %.16f; f(xn)= %.15f\n',n,x,h,fx)
9 end

Output
1 x_1 = 1.347826086956522; h = 0.152173913043478; f(xn)= 0.875000000000000
2 x_2 = 1.325200398950907; h = 0.022625688005615; f(xn)= 0.100682173091148
3 | x_3 = 1.324718173999054; h = 0.000482224951853; f(xn)= 0.002058361916663
4« | x_4 = 1.324717957244790; h = 0.000000216754264; f(xn)= 0.000000924377760
5 | x_5 = 1.324717957244746; h = 0.000000000000044; f(xn)= 0.000000000000187
6 | X_6 = 1.324717957244746; h = 0.000000000000000; £ (xn)= 0.000000000000000
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Convergence of the Approximations

* Newton’s method does not always converge,
particularly when the initial approximation is not accurate enough.
e If Newton’s method does converge, it converges to a root.

e When Newton’s method converges to a root, it may not be the root
you have in mind.

Va

Root

Starting  found
point A
NN

i
Rl

[l v
= :
\ TN o
Root Starting
sought point

|
|
|
|
|
— --‘_"—',_-J =
Root sought

Root found

'Theorem | 4.51. (Convergence of the Newton’s method): Let the
second derivative of f(x) be continuous, f(z) = 0, and f’(x) # 0. When
xo is chosen near to x, the Newton’s method generates a convergent
sequence {x,} satisfying

|Zpe1 — | < Clzn — T)?, (4.15)

for a positive constant C.
Such a convergence is called a quadratic convergence.
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'Example 4.52. Let ——y=arctantd

f(x) = arctan(z).

R I R B e

| | | | | |

Then z = 0 is the only root of f(x). A N
L ]| 4 1 __L__1

Use the Newton’s method to find a | o o
-4 -3 -2 1 0 1 2 3 4

root, starting with
Figure 4.6: The graph of y = arctan(z).

(a) g =7/2 (b) xy =7/4

Solution.
newton_method_convergence.m

1 | % Newton's Method: for f(x) = atan(x) = 0
2
3 | f = 0(x) atan(x); df= @(x) 1/(1+x~2);
4
5 x=pi/4
6 for n = 1:5
7 h = f(x) / df(x);
8 X = X -h;
9 fprintf('x_%d = %g; h = %g; f(xn) = %g\n',n,x,h,f(x))
10 end
Output
1 | x = 1.5708 %x=pi/2
2 x_1 = -1.91008; h = 3.48087; f(xn) = -1.08849
3 X_2 = 3.14967; h = -5.05974; f(xn) = 1.26337
4 | x_3 = -10.6468; h = 13.7965; f(xn) = -1.47715
5 x_4 = 158.273; h = -168.92; f(xn) = 1.56448
6 x_5 = -39033.9; h = 39192.1; f(xn) = -1.57077
7
s | x =0.7854 Yx=pi/4
9 x_1 = -0.291058; h = 1.07646; f(xn) = -0.283233
10 x_2 = 0.0161691; h = -0.307227; f(xn) = 0.0161677
1 x_3 = -2.81804e-06; h = 0.016172; f(xn) = -2.81804e-06
12 x_4 = 1.49192e-17; h = -2.81804e-06; f(xn) = 1.49192e-17
13 x_5 = 0; h = 1.49192e-17; f(xn) = 0
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Exercises 4.7

1. Using your calculator (or pencil-and-paper), run two iterations of Newton’s method to
find z, for given f and .
(@ flx)=a'-2,z0=1
(b) f(z) =xe” —1,29=0.5
Ans: (b) o = 0.56715557
2. Implement Newton’s method to solve f(z) = arctan(x) = 0,

(a) with zy = 7/2.
(b) with zy = /4.

3. The graphs of y = 2?(z + 1) and y = 1/x (x > 0) intersect at one point z = r. Use
Newton’s method to estimate the value of r to eight decimal places.

.“

y=xXx+1)
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4.8. Antiderivatives

Many problems require to recover a function from its derivative.

* For instance, the laws of physics tell us the acceleration of an ob-
ject falling from an initial height, and we can use this to compute
its velocity and its height at any time.

* More generally, starting with a function f, we want
to find a function F whose derivative is f.

4.8.1. Finding Antiderivatives

Definition} 4.53. A function F is an antiderivative of f on an interval
Iif F'(z) = f(x) for all z in [.

(@) f(r) =2z (b) g(x) = cosx (¢) h(z) = secx & 2\1/5

Solution.

Note: If [ is an antiderivative of f, so is F' + C, for all constants C.

'Theorem | 4.55. Let I and G be antiderivatives of f on an interval I.
Then

F(z) =G(x)+ C, forsomeC. (4.16)
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Table 4.1: Antiderivative formulas, £ a nonzero constant.

Function General antiderivative
" %Hxnﬂ +C, n#-1
1/x In|z|+C
sin kx —% coskx + C
coskx % sinkx + C
sec? kx % tan kx + C'
csc? kx —% cotkx +C
sec kx tan kx % sec kx + C'
csc kx cot kx —% csckx + C

functions.

(a) f(z) = %

Solution.

(b) g(z) = cosg—l—sec2 2 (c) hiz) = = + —

3 1

3 x?
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4.8.2. Initial Value Problems and Differential Equations

'Example’ 4.57. Find an antiderivative of f(z) = 322 that satisfies

b e e e o - - - -

Solution.

and its applications. Methods and techniques for finding them are a
major part of calculus, and we take up that study in Chapter 8.

* Finding an antiderivative for a function f(x) is the same prob-
lem as finding a function y(z) that satisfies the equation

dy
. f(x), (4.17)

which is called a differential equation.
* We can fix the arbitrary constant C, arising in the antidiffer-
entiation process, by specifying an initial value

y(z0) = vo. (4.18)

* The combination of a differential equation and an initial condition,
(4.17) and (4.18), is called an initial value problem.

* Such problems play important roles in all branches of science.
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*************

,,,,,,,,,,,,,

df : _
(a) o= cosz +sinz, f(r)=1
d2
(b) =5 =2~ 6z, y/(0)=14,y(0) = 1.

Solution.

4.8.3. Indefinite Integrals

Definition}, 4.60. The collection of all antiderivatives of f is called
the indefinite integral of f with respect to x, and is denoted by

/ f(x) dx. (4.19)

The symbol / is an integral sign. The function f is the integrand of

the integral, and z is the variable of integration.

ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ 2
Example:4.61. Evaluate / (x2 ——+ 5) dz.
- i

Solution.
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Exercises 4.8

1. Find an antiderivative for each function. Check your answers by differentiation.

s 1 1L b
(@) 2~ 0 VIt =g © 1

1
Ans: (¢) 5 arctan 2z

2. Find the most general antiderivative or indefinite integral. You may need to try a solu-
tion and then adjust your guess. Check your answers by differentiation.

(a) /3 cos 50 db (b) /(36‘21 + 2%)dx

(c) /(4 sec x tan x — 2sec’ x)dx (d) /(2 + tan® z)dx
Ans: (d) x +tanz + C.

3. Which is right? Give a brief reason for your answer.

2
(a) xsinxdzz%sinx—l—C

(b) /xsinxd:z: = —xcosx +C
(c) /xsina:dx = —xcosx +sinx + C
4. Solve the initial value problems.

@ 2 =1 4 cost, s(0)=4 (b) y" = —cosx + 8sin 2z
dt y'(0) = =2, y(0) =3
Ans: (b) y = cosx — 2sin2x + 2x + 2

5. The graph of [’ is given. Assume that f(0) = 1 and sketch a possible continuous graph
of f.

.'I'. ¥

4 *

B ¥ = f'(x)
gy [ M—

= S

[N NN N S (NN N N L 14y

[ 2 4 il 8 g

- e} |

N ) L

(a) (b)
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CHAPTER D

Integrals

A great achievement of classical geometry was obtaining formulas for
the areas and volumes of triangles, spheres, and cones. In this chapter:

* We first develop a method, called integration, to calculate the areas
and volumes of more general shapes.

* The definite integral is the key tool in calculus for defining and
calculating areas and volumes.

* We also show that the process of computing these definite integrals
is closely connected to finding antiderivatives. This connection is
captured in the Fundamental Theorem of Calculus.

Contents of Chapter 5

5.1. Area and Estimating with Finite Sums . . . .. .. .. ... ... ... ......... 216
5.2. Sigma Notation and Limits of Finite Sums . . . . ... ... ... ... ......... 225
5.3. The Definite Integral . . . . . . . . . . .. .. . . . . ... 231
5.4. The Fundamental Theorem of Calculus . . . .. .. ... ... ... ... ........ 240
5.5. Indefinite Integrals and the Substitution Method . . . .. ... .. ... ... ..... 248
5.6. Definite Integral Substitutions and the Area between Curves . . . ... ... ... .. 254

215



216 Chapter 5. Integrals

5.1. Area and Estimating with Finite Sums

5.1.1. The Area Problem

In this subsection, we attempt to solve the area problem. It isn’t so
easy to find the area under a graph, a region with a curved side. We
can use rectangles to approximate this area.

ﬁnd the area of the shaded region R
that lies above the z-axis, below the
graph of y = f(z) = 1 — 22, and be-
tween the vertical lines + = 0 and
x =1 (see Figure 5.1).
* The area cannot be found by
a simple formula.

> 1

e However, we can approximate it !

with a finite sum of rectangle | Figure 5.1: The area of the shaded region R
areas cannot be found by a simple formula.

(0,1 Y 0, 1) 115 y=1-x"
(0, 1) | ) (;'m)

0 0.5 1 0 0.25 0.5 0.75 1
(a) (b)

Figure 5.2: Rectangles using left-endpoint values, with (a) 2 subintervals and (b) 4 subin-
tervals. The larger the number of subintervals is, the better the approximation
becomes.
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With four subintervals, the area can be approximated as

e = L0+ 20 a2+ 1)

g[l 15 12 7} 25 (5.1

+ 16 + 16 + 16 9 0.78125.
area_approx_left_sum.m
1 | f=0(x) 1-x.72;
2 a=0; b=1;
3
4 for i = 1:10
5 n=2"1; dx = (b-a)/n;
6 X = (0:n)*dx; Y = £(X);
7 left_sum = sum(Y(1l:end-1))*dx;
8 fprintf('n = %4d; left_sum = %.10f\n',n,left_sum)
9 end
Output
1 n = 2; left_sum = 0.8750000000
2 | n = 4; left_sum = 0.7812500000
3 |n = 8; left_sum = 0.7265625000
4 |n = 16; left_sum = 0.6972656250
5 n = 32; left_sum = 0.6821289062
6 n = 64; left_sum = 0.6744384766
7 |n = 128; left_sum = 0.6705627441
s |n = 256; left_sum = 0.6686172485
9 |n = b512; left_sum = 0.6676425934
10 n = 1024; left_sum = 0.6671547890

Note: The exact value for the area is 2/3.
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p (2.5
11 1 \B 6T
I |- AT ) ! | = .
Tﬁh“*\\_:l m\l' y=1—ux

0.5 (3.3 0.5k

|

I

1
0 023 0.5 (.73 1 0 .23 0.5 (.73
0125 0375 0625 (0B75

fa)

Figure 5.3: Rectangles using right-endpoint values and midpoint values.

e Using right-endpoint values:

area = 31 (g) w30 (5) £ 30 (5) 10
1715 12 7 17 62
_1[16 616 O}__Q 0-53125.
¢ Using midpoint values:
wax LB QA

163 55 39 15 43
—|—4+—=4+—+—| = — = 0.671875.
4 {64 i 64 i 64 i 64] 64 0.671875
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area_approx_left_right_mid.m

1 | f=0ex) 1-x.72;
2 a=0; b=1;
3
4 for i = 1:10
5 n =2"i; dx = (b-a)/n;
6 X = (0:n)*xdx; Y = £(X);
7 left_sum = sum(Y(1l:end-1))*dx;
8 right_sum = sum(Y(2:end))*dx;
9 M=X+dx/2; Y=£fM);
10 mid_sum = sum(Y(l:end-1))x*dx;
11 fprintf('n = %4d; (left,right,mid)-sum = (%.10f, %.10f, %.10f)\n',...
12 n,left_sum,right_sum,mid_sum)
13 end
Output

1 | n = 2; (left,right,mid)-sum = (0.8750000000, 0.3750000000, 0.6875000000)
2 |n = 4; (left,right,mid)-sum = (0.7812500000, 0.5312500000, 0.6718750000)
3 |n = 8; (left,right,mid)-sum = (0.7265625000, 0.6015625000, 0.6679687500)
4 n = 16; (left,right,mid)-sum = (0.6972656250, 0.6347656250, 0.6669921875)
5 n = 32; (left,right,mid)-sum = (0.6821289062, 0.6508789062, 0.6667480469)
6 |n = 64; (left,right,mid)-sum = (0.6744384766, 0.6588134766, 0.6666870117)
7 | n = 128; (left,right,mid)-sum = (0.6705627441, 0.6627502441, 0.6666717529)
s |n = 256; (left,right,mid)-sum = (0.6686172485, 0.6647109985, 0.6666679382)
9 |n = b512; (left,right,mid)-sum = (0.6676425934, 0.6656894684, 0.6666669846)
10 n = 1024; (left,right,mid)-sum = (0.6671547890, 0.6661782265, 0.6666667461)

‘Remark; 5.2.

* The sum by left-endpoint values is the upper sum approximation.
* The sum by right-endpoint values is the lower sum approximation.
* The sum by midpoint values converges, faster than the others.

* However, they converge to the same limit as n (the number of subin-
tervals) approaches infinity.
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‘Example‘ 5.3. Use rectangles of

flfgfﬁfféﬁdf)omt values to estimate the 7

area under the parabola y = 22 from |

0 to 1. (See Figure 5.4, where rect-

angles of eight subintervals are de- j?FF
0] 1 1

picted.)

/dl, 1)

The exact value of the area is 1/3. Figure 5.4

Solution. Let the interval [0, 1] be partitioned in to n subintervals. Then,
the right-endpoints are

1 2

w
Thus the sum of areas of rectangles reads

right-sum = 1{(1)2+ (2)2+”'+ (2)2}

n
c, .
n

n T n n
1

= —(1*4+2*+..-+n? (5.4)
n

_ 1nm+1)(2n+1) 2 3 1 1

on3 6 _6+6n+6n2 \3’

as n — oo. For the summation formula, see Formula 5.11, p. 226.
area_approx_right_x2.py

1 | import numpy as np

2 | def area(n): return (1/n) * sum( (np.array(range(l,n+1))/n)**2 )

3 | for i in range(1,11): print('%-4d: %.15g' %(2%*i,area(2*x*i)))
Output

1| 2 : 0.625

2 | 4 : 0.46875

s |8 1 0.3984375

4+ |16 : 0.365234375

5 |32 : 0.34912109375

6 |64 : 0.3411865234375

7 | 128 : 0.337249755859375

s | 256 : 0.335289001464844

9 | 512 : 0.334310531616211

10 | 1024: 0.333821773529053
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5.1.2. The Distance Problem

Note: The distance traveled is the velocity times the time, when
the velocity is constant.

gine moving along a track for 10 seconds. Estimate the distance traveled
by the engine using 10 subintervals of length 1 using

(a) left-endpoints

(b) right-endpoints

(c) midpoints (assuming the velocity varies locally linearly)

t(sec) |0 1 2 3 4 5 6 78 9 10
v(cm/sec) |0 30 56 25 38 33 28 15 5 15 12

Solution.

distance_traveled.m
v = [0 30 56 25 38 33 28 15 5 15 12];

1

2 dt= 1;

3

4+ |vL = v(1l:end-1);

5 | VR = v(2:end);

6 | vM = (vL+vR)/2;

7 | distL = sum(vL)*dt;
s | distR = sum(vR)*dt;
9 | distM = sum(vM)*dt;

=
(=]

fprintf (' (distL,distR,distM) = (%g, %g, %g)\n',distL,distR,distM)

-
=

Output
1 | (distL,distR,distM) = (245, 257, 251)
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object falls faster and faster, but its acceleration decreases over time be-
cause of air resistance. The acceleration is measured in ft/sec’ and recorded
every second after the drop for 5 seconds, as shown:

t (sec) 0 1 2 3 4 5
a (ft/sec?) | 32.00 19.41 11.77 7.14 4.33 2.63

(a) Find an upper estimate for the speed when ¢ = 5.
(b) Find a lower estimate for the speed when ¢ = 5.

(c) Find an upper estimate for the distance fallen when ¢ = 3.

Solution.
t (sec) 0 1 2 3 4 5
a (ft/sec?) 32.00 1941 11.77 7.14 4.33 2.63

v-upper (ft/sec) 0 32.00

v-lower (ft/sec) 19.41

s-upper (ft) 0 32.00
object_fallen.m
a = [32.00 19.41 11.77 7.14 4.33 2.63];

n = length(a);
vU = zeros(1,n); vL = zeros(1l,n); sU = zeros(1,n);

o

© o =3 =2 ot L w D -

for i=2:n
vU(i) = vU(i-1) +max(a(i-1:1i));
vL(i) = vL(i-1) +min(a(i-1:1));
end
for i=2:n
10 sU(1) = sU(i-1) +max(vU(i-1:1));
1 end

=
1

fprintf ('\nvU:'); fprintf(' %7.2f',vU)
fprintf ('\nvL:'); fprintf(' %7.2f',vL)
fprintf ('\nsU:"'); fprintf(' %7.2f',sU)

—
w

[
'y

—
o

Output
1 | vU: 0.00 32.00 51.41 63.18 70.32 74.65
2 | vL: 0.00 19.41 31.18 38.32 42.65 45.28

s | sU: 0.00 32.00 83.41 146.59 216.91 291.56
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5.1.3. Average Value of a Nonnegative Continuous Func-
tion

Note: The average value of a collection of n numbers zq, zs, --- , z, is
obtained by adding them together and dividing by n.

* But what is the average value of a continuous function f on an in-
terval [a, b]?

* The average value of f on [a,b] can be defined as the average
height of its graph, which reads

av(f) - (b — a) = The area under the graph of f over [a,b]. (5.5)

(a) (h)

Figure 5.5

- For f(z) =c: av(f) =c.
- For g(z): av(g) is the area below its graph divided by (b — a).

the average value of f on the given interval by partitioning the interval
into four subintervals of equal length and evaluating f at the subinterval
midpoints.

Solution.

Ans: av(f) ~ § - 32 = 0.26041666....

1
The true average value is 3 In9 = 0.274653072167.
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Exercises 5.1

1. Let f(z) = 1/ defined on [1,5]. Use finite approximations to estimate the area under
the graph of the function, using

(a) alower sum with two rectangles of equal width.
(b) a lower sum with four rectangles of equal width.
(c) an upper sum with two rectangles of equal width.
(d) an upper sum with four rectangles of equal width.
Ans: (d) 25/12

2. Using rectangles each of whose height is given by the value of the function at the mid-
point of the rectangle’s base (the midpoint rule), estimate the area under the graphs
of the following functions, using first two and then four rectangles.

(a) f(z) =1/x defined on [1, 5].
(b) f(x) = x* defined on [0, 1].
Ans: (a) 1.5 & 1.5746031746. (The true area is In5 = 1.6094379.)

3. Length of a road. You and a companion are about to drive a twisty stretch of dirt road
in a car whose speedometer works but whose odometer (mileage counter) is broken. To
find out how long this particular stretch of road is, you record the car’s velocity at 10-sec
intervals, with the results shown in the accompanying table. Estimate the length of the
road using

(a) left-endpoint values.
(b) right-endpoint values.

Time (sec) |0 10 20 30 40 50 60 70 80 90 100 110 120
v (ft/sec) 0 44 15 35 30 44 35 15 22 35 44 30 35

Ans: (b) 3840 ft

4. Use a finite sum to estimate the average value of f on the given interval by partitioning
the interval into four subintervals of equal length and evaluating f at the subinterval
midpoints.

(@) f(x)=2on|0,2].
(b) f(t) =1+ sin’t on [0, 27]
Ans: (a) 31/16. (b) 3/2.

5. (Challenge| 1,4 1ihe a regular n-sided polygon inside a circle of radius 1.

(a) Compute the area of the polygon for n = 4, 8, 16.
(b) Compute the limit of the area of the inscribed polygon as n — oc.

1 2 1 2
Hint: (b) The area of one of the n congruent triangles is 3 1-sin (1) =3 sin (l) Now, you
n n

may try to use (2.25), page 78.
Ans: (b) 7.
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5.2. Sigma Notation and Limits of Finite Sums

******************************************

Finite Sums and Sigma Notation

| |
| |
L e e e e e e e e e e e e e e e e e e e e e e e e m == E

The index k ends at & = n.
"
The sunmmation sy mbal iy
(CGreek letter sigmal) ) ) ) .
i “ap 15 a formula for the Kth term.
k=1
The index & starts at & = 1.

* We can write the squares of the numbers 1 through 10 as
10
P42 434+ 424+5+6°+ T+ 8+ 97410 = ) K (5.6)
k=1

* The sum of f(i) for integers i from 1 to 100:
100

fO)+f(2) + -+ f(100) = Zf(i)- (6.7

can express it with various starting k: e.g., kK =0, 1, 2.

Solution.
5

Starting with k =0:  14+3+5+7+9+11 = ) (2k+1)
k=0

Starting with k& = 1:

Starting with k& = 2:
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n

Sum Rule : Z(ak +b) = Zak + Zbk

k=1 k=1
Difference Rule : Z ar — by) Z aj — Z by
k=1

Constant Multiple Rule : Z cap = c- Z aj

n

Constant Value Rule : Z c=mn-c

k=1

1
142+ +n-—§:k—~—£il

Solution.

‘Formula‘ 5.11. Summation Formulas:

— n(n+1)
1 2 o . fry k = —_——
+24-4n ) 5
. +1)(2n+1)
124924 ... 402 = § K = 2
+ 27 + +n 6 (5.8)

13428 4+...4n3 = Zk?’ — [M}




5.2. Sigma Notation and Limits of Finite Sums 227

summation of the form
Sp = Z flew)Azy = f(a)Azy + f(e2)Axg + - + f(cn)Azy, (5.9)
k=1

where
P ={xy, x1, -+ ,xp_1, x,} With Azy =z, — 21,

and ¢, chosen from the k-th subinterval [z;_1, z]:
ck € [Tp_1, Tk

| kth subinterval

| 1 1 ; J 1 [
.|.|:| 7] X ] A 2 e 'I'-:C 1 .'|_|_ -t '|'|; ] .'IIi .'I?‘

I-'—_"l..'.|—3-|"¢—_"n.1:—'+ I Ay I — Ay, ——=

| | | | | | |

| 1 1 1 | 1 =
X 7] X g Cp_q X Ty t, = h

g
)

IR T

|
Eth rectangle "/’/T
|
|
|
|
|
|
=
/.L‘k 1 Xy, X x,=h

““-\___\K

s}
=

0| xy

:.c
v

-

Loy, -"“'l\

Figure 5.6: A Riemann sum, estimating an area.

/

/

5y

o
=]

N

Definition} 5.13. The sum Sp is called a Riemann sum for f on the
interval [a, b] associated with a partition P.
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For convenience, we will use uniform partitions, of which each subin-
terval has an equal-length
b _
Ax, = Ax = a.

n

to the area of the region R below the graph of y = 1 — 22 and above the inter-
val [0, 1] on the z-axis using equal-width rectangles whose widths approach
zero and whose number approaches infinity. (Recall Figure 5.3, page 218.)

Solution.
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mann sum obtained by dividing the interval [0, 4] into n equal subintervals
for each ¢, (the lower sum and the upper sum). Then take a limit of this
sum as n — oo to calculate the area under the curve over [0, 4].

f(z) = 2" +2

Solution.
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Exercises 5.2

1. Write the sums without sigma notation. Then evaluate them.

3 E—1 4 3 o
(a) ;T (b) ’;cos kr (c) ;(—1)“1 sin

Ans: (a) 5/6. (c) v/3/2 — 1.
2. Find all that express 1 —2 + 4 — 8 + 16 — 32 in sigma notation.

6 5 3
(a) Z(_2)k_1 (b) Z(_l)k—HQk (C) Z (_1)k2k+2
k=1 k=0 k=—-2

3. Express the sums in sigma notation. The form of your answer will depend on your choice
for the starting index.

(@) 1+4+9+16+25 Ll Lo 1,2 3,4 53
b) S+ +5t 3 (€) —- + FteE

4
Ans: (b) ) | o

k=1

4. Evaluate the sums.

10 6
@ Y i (b) Y (k> —5)
k=1 k=1
5 10
© Y k(3k+5) @ Y k(k—1)
k=1 k=6

Ans: (d) 290.

5. For the following functions, find a formula for the Riemann sum obtained by dividing
the interval [a, b] into n equal subintervals and using the right-hand endpoint for each

c,. Then take a limit of these sums as n — oo to calculate the area under the curve over
[a, b].

(@) f(z) =z + 22, over the interval [0, 1] (b) f(x) =1— 23, over the interval [0, 1]
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5.3. The Definite Integral

5.3.1. The Limit of Riemann Sums

Definition}, 5.16. Let f(z) be a function defined on a closed interval
[a, b]. We say that a number J is the definite integral of f over [a, ] and
that J is the limit of the Riemann sums:

J= lim Y f(er)Axy (5.10)
=il

if the following condition is satisfied:

Given any number ¢ > 0 there is a corresponding number § > 0 such
that for every partition P = {z(, x1, --- ,z,} with | P|| < § and any
choice of ¢;, € [r;_1, z1], we have

] Zn:f(ck)mk _J<e (5.11)

The Definite Integral as the Limit of Riemann Sums
If the definite integral exists, then instead of writing J we write

b
/ f(z)dz = lim Zf (cr)Azy = lim Zf (cr) Ay (5.12)

|1Pl|—=0

The function fix) is the integrand.
Upper limit of integration
/

xis th variable of integration.

, When you find the value
Lower limit of integration — ' of the integral, you have
Integral of f from a to b = evaluated the integral.

[ntegral sign
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Definition} 5.17. When the definite integral exists, we say that the Rie-

b
mann sums of f on [a, b] converge to the definite integral J = / f(z)dx

and that f is integrable over [, ).

|Theorem | 5.18. Integrability of Continuous Functions:
If a function f is continuous over the interval [a,b], or if f has at
most finitely many jump discontinuities there, then the definite integral

b
/ f(x)dx exists and f is integrable over [a, b].

(5.13)

1, if x is rational,
f(cc)-{ X

0, if z is irrational,

is not integrable over [0, 1].

Proof. Let P be a partition of [0, 1]. Then in each subinterval [z)_1, x|, there
is at least a rational point, say ¢;. Thus the upper sum approximation
for this choice of ¢;’s is

n

U=> fle)Arp =) ()Az; = 1. (5.14)
k=1 k=1

On the other hand, each subinterval [z)_1, x;| include an irrational point,

say ¢, again. Thus the lower sum approximation for this choice of ¢;’s is

n

L= flex)Axp =) (0)Az; =0. (5.15)
k=1 k=1

Thus making different choices for the points ¢; results in different limits for

the corresponding Riemann sums. We conclude that the definite integral

of f over the interval [0, 1] does not exist, and that f is not integrable over

[0,1]. O
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Note: For the integral, you may write

b b b
/f(t)dt or /f(u)du instead of /f(a:) dz.

No matter how we write the integral, it is still the same number, the
limit of the Riemann sums as the norm of the partition approaches zero.
Since it does not matter what letter we use, the variable of integration is
called a dummy variable.

n

lim Z(Ci — 3Ck)AZEk,

1P|[—0 £
k=1

where P is a partition of [—7, 5].

Solution.

Recall: The Definite Integral as the Limit of Riemann Sums (5.12):

b n n
/ f(x)dx = lim Zf(ck)AXk — JL%Zf(Ck)AXk
“ k=1 k=1

||P[[=0
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**********************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

************

,,,,,,,,,,,,

Az = (b— a)/n, the Riemann sums have the form

G, = Zf(ck)ASL‘k = Zf(ck)<b;a>, Cr € [:Ekfl,l‘k]. (5.16)
k=1 k=1

The Definite Integral with Equal-Width Subintervals
If we pick the point ¢, to be the right endpoint of the k-th subinterval,
then the formula for the definite integral becomes

b n n
/ f(x)dx = lim Zf(ck)Ax = lim Z fla+ kAzx)Ax, (5.17)
“ n—00 P, n—00 P,

where Az = (b —a)/n.

*************

,,,,,,,,,,,,,

i3 [6+2) a5+ 2) )

Note that the expression is not unique!

Solution.

Ans: /2[(3 +2)? +4(3 +2)]dr = /5<£L‘2 +4z)dx.
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5.3.2. Properties of Definite Integrals

[a b]. Let c € [a b] and k a constant. Then

1. Order of Integration : /b " (@) d = — / f(z)dz

9. Zero Width Interval : / " (@) dz = a

3. Constant Multiple : / ’ kf(z)de =k / ’ f(z) dw

4. Sum and Difference - /b[f( ) + gz da:—/ flz d:v:l:/b (z) dw (5.18)
5. Additivity - / f(z da:+/ f(z d:)s—/ f(z) dz

6. Max-Min Inequality : (min f)- (b—a) < / f(z)dz < (max f) - (b— a)

7. Domination : / f(x)dx >/ x)dz, when f(z) > g(z) Vx € [a, b

,,,,,,,,,,,,,

9 9 9
1 f(x)de = —1, /7 f(x)dx =5, /7 g(z)dow = —4
Find

(a) / 2f(x) — 39(x)) da

(b) /7f(x) dx
7
© / o) — f(a)] da



236 Chapter 5. Integrals

***************************************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Definition} 5.25. If y = f(z) is nonnegative and integrable over a closed
interval [a,b], then the area under the curve y = f(x) over [a, b] is
the integral of f from a to b,

b
A= / f(z)dx. (5.19)
Example 5.26. Evaluate the integral by interpreting it in terms of areas
b b
(a) [ zdx (b) / cdr
0 a

3
© [ |2¢]de (d)/ 549 22 ds
-3

-1
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Solution. For n equal subintervals, the right Riemann sum reads

IR

*****************************************************************

Average Value of a Continuous Function: Revisited

| |
| |
i -

In Section 5.1.3, we informally introduced the average value of a nonneg-
ative continuous function over an interval [a, b].

Definition} 5.28. If f is integrable on [a, b], then its average value on
la, b], which is also called its mean, is

b
() = bia / f(2) da. (5.20)

Solution. (Note that f < 0.)
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Exercises 5.3

1. Express the limits as definite integrals.

I1P[|—=0

b) ggoé 3C) (D1

2. Suppose that f is integrable and that f03 f(x)dr =3 and f04 f(x)dz =7. Find

(a) lim Z 2¢; Ary, where P is a partition of [—1,0].
k=1

4 3
(a) / f(z)dx (b) / f(t)dt
3 4
3. Use the method of Example 5.27 to evaluate the definite integrals.
2 b
(a) / (2x 4+ 1)dx (b) / v*dx, a<b
0 a
b 1
(c) / 3 dx (d) 3 dx
0 -1

Ans: (b) P52 (c) b* /4,

4. (Challengejy ..

b
(a) What values of ¢ and b maximize the value of / (x — %) dw?

Hint: Where is the integrand positive?

b
(b) What values of « and b minimize the value of / (z* — 22%) dx?

5. Let f(r) = sinz and g(x) = sin? z. For each of the functions, use a CAS to perform
the following steps:

(a) Plot the function over the interval [0, 7].

(b) Partition the interval into n = 10, 100, and 1000 subintervals of equal length, and
evaluate the function at the midpoint of each subinterval.

(c) Compute the average value of the function values generated in part (b).

(d) Use the result in part (c) to estimate / f(x)dr and / g(x) dx.
0 0

1
Repeat the above to estimate / xlnzdx.
0

You may use the following.
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10

11

12

13

average_value.m

hE

f
Wt
yyA

for

end

= 0(x) (sin(x)); a=0; b=pi;

= 0(x) (sin(x))."2; a=0; b=pi;

= 0(x) (x.xlog(x)); a=0; b=1;

Add plot

n =[10 100 1000]

P = linspace(a,b,n+1);

M = (P(1:end-1)+P(2:end))/2; % mid points

fsum = sum(f(M));

%% Here, add the required

239
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5.4. The Fundamental Theorem of Calculus

5.4.1. Fundamental Theorem of Calculus, Part 1

'Theorem | 5.30. (FTC1) If f is continuous on [a, b], then

F(z) = / o (5.21)

is continuous on [a, b] and differentiable on (a,b) and its derivative is f(x):

Fl(z) = % / "R dt = (o), (5.22)

That is, F' is an antiderivative of f.

,,,,,,,,,,,,,

3

(@) g(z) = / “in(1 + 1) dt (b) h(z) = / D tar
(c)y:/53tsintdt (d)y:/1 \/%dt
Note:
d [9@) d 9(x) d
T ), T0d = Z[FO] ] = ZIF6E) - FE@] 5
= f(g(z)) ¢'(x) = f(h(x)) - W' ()
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5.4.2. Fundamental Theorem of Calculus, Part 2

' Theorem | 5.32. (FTC2) If f is continuous over [a,b] and F is any an-
tiderivative of f on [a, b, then:

/bf(x) dx = F(b) — F(a). (5.24)

The theorem is 1mportant because it says that to calculate the deﬁnlte
integral of f over an interval [a, b], we need do only two things:

1. Find an antiderivative I of f, and
2. Calculate the number F(b) — F(a).

Note: Theorem 5.32 shows a connection between antiderivatives and
definite integrals. This is the reason that in Definition 4.60, p. 211, the

integral sign / is used to denote the collection of all antiderivatives.

4 a3 2/3+1 2 1+ cos 2t
(a) 327 — — ) da (b) / (¢) / —— dt

Solution.

Ans: (b) 63/4
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3

@ | (C+e

Solution.

Chapter 5. Integrals

1
——d
(b)/o 14422

Ans: (b) 7/12

,,,,,,,,,,,, ~
|
|

,,,,,,,,,,,, J

£(0) = —

|Theorem | 5.36. The Mean Value Theorem for Definite Integrals.
If f is continuous on [a, b], then at some point ¢ € [a, b,

b—a

(5.25)

/abf(x) dx.

Proof. It follows from the Max-Min Inequal-
ity in (5.18) that

1

minfgb
—a

b
/ f(r)dz <maxf. (5.26)

Since f is continuous, the Intermediate
Value Theorem for Continuous Functions
(Theorem 2.52) says that f must assume ev-
ery value between min / and max f. It must
therefore assume the value ;- ff f(z)dx at
some point ¢ € [a,b]. [

=

fle), average
| l height
I
1 X

0 i [ Ir]

| b—a |

Figure 5.7: The value f(c) in the Mean Value
Theorem is the average height (mean) of f.
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Solution.

/abf(w)dwzo,

then f has a zero in [a, b].
Solution.

|Theorem | 5.39. The Net Change Theorem
The net change in a differentiable function F(x) over an interval [a,b] is
the integral of its rate of change:

F(b) — F(a) = / b F'(z) dx. (5.27)

‘Example! 5.40. If ¢(z) is the cost of producing z units of a certain commod-

,,,,,,,,,,, -

ity, then ¢(z) is the marginal cost. From the Net Change Theorem,
(o) = clan) + [ (o)

which says that the final cost ¢(x3) is the same as the initial cost ¢(z;) plus
the net change for the production increase from x; units to z» units.
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5.4.3. The Total Area, between the Graph and the z-axis

9
|
|

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, |

The position of an object moving along a line at time ¢, denoted s(%), is
the location of the object relative to the origin.

(a) The velocity of an object at time ¢ is v(t) = §'(¢).
(b) The Net Change Theorem says that

s(b) — s(a) = /bv(t) dt, (5.28)

so the integral of velocity is the displacement of the object over the
time interval [a, b).

(¢) The distance traveled over the time interval [a, b] is

b
Distance traveled = / lu(t)| dt, (5.29)

where |v(t)| is the speed of the object at time ¢.

L'

¥ = w L |

i)
Area = A: [
Area = ;ll
‘) a b {

b b
Displacement = 4; — A; = / v(t)dt Distance traveled = A; + A, = / lv(t)| dt

0

Figure 5.8: Interpretations of the displacement and the distance traveled.
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particle moving along a line, as
v(t) =t> =2t -3, te[24]
(a) Find the displacement. (b) Find the distance traveled.

Solution.

***************

,,,,,,,,,,,,,,,

the graph of the function f(z) = sinx |
between x = 0 and x = 27. Compute ' y=smx

(a) the definite integral of f(z) over Area — 2 /

[0, 277]. {]K =\ Arca = o > X
(b) the area between y = sinz and |-2|=2
the z-axis over |0, 27]. L

Solution.




246 Chapter 5. Integrals

z-axis over the 1nterval [a, b]:

(a) Subdivide [a, b] at the zeros of f.
(b) Integrate f over each subinterval.

(c) Add the absolute values of the integrals.

‘Example 5.44. Find the area of the region between the z-axis and the

graphoff( y=a% 2?2 - 22, -1 <z <2
Solution.

Ans: Total enclosed area = 7

v=1+cosx

0 T
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Exercises 5.4

1. Evaluate the integrals.

1 /4
(a) / (%7 — 20 + 1) dx (b) / tan® x dx
-1 0
4 /2
(c) || dx (d) / sin® z dx
—4 0
/3 V2 2
(e) / (cosz + secx)? dx H / i ;\/g ds
0 1

Hint: (b) 1 + tan? 2z = sec? z. (d-e) sin x = % and cos? p = 1feos2z,

2
Ans: (b)l—%. V2 - V8+1.
2. Find the derivatives in two different ways and compare them:

(i) by evaluating the integral and differentiating the result.
(i1) by differentiating the integral directly (as in FTC1).

(@) L / e a ) 4 ' Vud
dzr [, %/0 wau
3. Find dy/dz.
b dt s AN
@i- [ v=( @+va)
Ans: (a) —1
4. Find the total area between the graph of y = f(x) and the z-axis.
(a) y =2 —32*+ 22, z€|0,2]. (b) y =322 -3, ze[-272].
Ans: (a) 1/2.

5. Find
(a) lim ! / Vtdt. (b) lim ! / f(t)dt.
1 a

z—=1lqx — 1 z—a L — @

Hint: (b) Use FTC2 to generalize what you would learn from (a).
Ans: (a) 1.
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5.5. Indefinite Integrals and the Substitution
Method

* The Fundamental Theorem of Calculus says that a definite inte-

gral f; f (x) dx of a continuous function f can be computed directly, if
we can find an antiderivative of the function.

* We defined the indefinite integral of the function f with respect to «
as the set of all antiderivatives of f, symbolized by [ f(x) dz.

* Since any two antiderivatives of f differ by a constant, for any an-
tiderivative F of f,

/f(ac) dx = F(z) + C, (5.30)

where C is an arbitrary constant.

¢ The connection between antiderivatives and the definite inte-
gral (stated in the FTC) now explains the use of notation |:

/f(fc)dfﬂ = F(b) = F(a) = [F(b) + C] - [F(a) + C]

(5.31)
~ [P+ 0= [ s)dd].

*************

,,,,,,,,,,,,,
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2
|
,,,,,,,,,,,,,,,,,,,,,,,,,,, |

| Theorem | 5.48. Ifu = g(x) is a differentiable function whose range is
an interval I, and f is continuous on I, then

[ o) g'(@) do = [ ) du. (5.3
‘Remark 5.49. As with differentials, when computing integrals we have
du = d—udx. (5.33)

dx

which leads to the substitution method for computing integrals with
g (x)dz = du. (5.34)

The idea here is to replace a complicated integral by a much simpler
integral.

(a) Substitute u = g(z) and du = (9¢)dz = ¢'(z)dx to obtain [ f(u)du.
(b) Integrate it with respect to wu.

(c) Replace u by g(x).

[Example} 5.51. Evaluate / V2x + 1dx, using a smart guess (method of

undetermined coefficients) and the substitution method.

Solution. smart guess substitution method
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o [,

X

92
b
()/mdf”

(d) / tan® z sec® z dx

Chapter 5. Integrals
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(a) /(COS )™ dx (b) /arcsm :c

251
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Sometimes we can use trigonometric identities to transform integrals we
do not know how to evaluate using the Substitution Rule.

1 — cos2x T  sSin2x
.. 92 . _
(a) /sm a:alx—/—2 dz 7 1 +C
1 2 in 2
(b)/COSQxda::/wdx:% =0

(c) /taanda;:/(sech—1)dx:tanx—.7:—|—0

I U=COS T —d
(d) /tanxdx:/Slnwdx —u:—ln\u\+C:ln|secx|+C

COS T u

secx + tanx sec? x + secxtanx
secrdr = sec x - dr = dx
(e) secx + tanx secx + tanx

= In|secz + tanz| + C

Similarly, we can derive the following

(H) /cota:d:p:ln|sinx|—|—0

(2) /csc:vdx: —In|cscx + cotz| + C
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Exercises 5.5

1. Evaluate the integrals.

(a) o (b) in(222) d
a/mx /xsm(x)x
(c) / Vsinz cos® z d (d) / du
zlnx
2

Hint: (c) You may use v = sinz and cos?z = 1 — sin® x.
Ans: (d) In|lnz| + C.

2. Evaluate the integrals, using two different substitutions.
(a) /CSC2 20 cot 20df  u = cot 20 and u = csc 20

(b) /\/;lm—xﬂdx u=>5r+3and u= 5z +3

Note: If you do not know what substitution to make, try to reduce the integral step-
by-step, using a trial substitution to simplify the integral a bit and then another
to simplify it some more. You will see what we mean if you try the sequences of
substitutions.

18 tan? 2 . i o
an’ o iec * dz, trying different sequences of substitutions.
(2 4 tan® x)?

3. Evaluate the integral /

(a) u = tanz, followed by v = 3, then by w = 2 + v.
(b) u = tan®z, followed by v = 2 + u.
(¢) u=2+tan®z.

4. Solve the initial value problems.

4z _ 2 )3 _
() — =12(3* = 1), (1) =3

d2
(b) d_xg = 2sec’ztanz, y'(0) =4, y(0)=-3.

Ans: (a) z(t) = 3(3t> — 1)* — 5. (b) y = tanz + 3z — 3.
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5.6. Definite Integral Substitutions and the Area
between Curves

5.6.1. Substitution in Definite Integrals

| Theorem | 5.55. If ¢/(x) is continuous on the interval [a,b] and f(x) is
continuous on the range of g(x) = u, then

g(b)
/f d:v—/ f(u) du. (5.35)
9(a)

Proof. Let I’ be any antiderivative of f. Then

b o
/ fg(x) ¢ (x)dr = Flg(z))

which completes the proof. [

Note:

* The new limits g(a) and g(b) are the values of u = g(x) that corre-
spond to z = a and = = b.

* For an antiderivative of f(u), there is no need to replace u by g(x).

,,,,,,,,,,,,,

1 T
(a) / (52t + 2)v/ab + 2z dx. (b) / 3 cos? wsin x dx.
0 0
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b / g(b)
[ 16 -d@ar= [ fwau
@ g9(a)
* Due to the change in the interval length, it requires a certain scal-

ing. The reciprocal of ¢’(x) can be viewed as a scaling factor.

* This subject will be detailed in terms of change of variables when
you study multi-variable calculus (Section 15.9).

use the substitution v = 2z. Then

1 e 2 1 2 2
/(2a:)dcc 2 /(u)—du:/Edu:/ L da.
0 du=2dzx 0 2 0 2 0 2

Evaluate the integral by interpreting it in terms of areas.

Solution.

Recall: Definition 1.14, p.10. A function y = f(x) is an

even function of x if f(—z) = f(z)

odd function of z if f(—z) = —f(x) (5.36)

for every x in the function’s domain.
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'Theorem | 5.59. Let f be continuous on the symmetric interval [—a, a].

(a) If f is even, then /a flz)dx = 2/(1 f(z)dz.
—a 0

(b) If f is odd, then /a f(x)dx = 0.

,,,,,,,,,,,,,

2
(a) / (' — 42 + 22 + 122+ 1) da
—2

/2 9cosf
b ——df
(b) a2 1 +sin®6

/3
(¢) rtsinx dx
—m/3
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5.6.2. Areas between curves

* Suppose we want to find the area of a region that is bounded above by
the curve y = f(x), below by the curve y = g(z), and on the left and
right by the lines + = a and = = b.

* To see what the area should be, we first approximate the region with
n vertical rectangles based on a partition P = {z¢, x1, --- , z,,} on [a, ).

1

"
Upper curve

¥ I|"|:_'|__| -
il i I 'I'|
w | L |

Trl-1 J
L~ 7 — - — =
[T
\r Lower curve TLJA: |_! _-I‘ - _I, =%
v = plx) ) =g
* The area of the k-th rectangle reads
AAk = helght x width = [f(Ck) — g(Ck)]A(L'k (537)

* We then approximate the area of the region by adding the areas of the
n rectangles:

n

A AAL = [fer) — gler)) Az (5.38)
k=1

k=1

* As||P|| — 0, the sums on the right approach the limit f; [f(z) —g(x)]dx,
because [ and ¢ are continuous.

Definition} 5.61. If f and g are continuous with f(z) > g(x) throughout
[a, b], then the area of the region between the curves y = f(z) and y = g(z)
from over [a, b] is the integral of (f — ¢) from a to b:

n

A= 1im 3 [f(e) — glex)Aag = / F(2) — gla)]da. (5.39)

I1P[|—0<—
k=1
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the parabola y = 3z — 22 and the line y = z.
Solution.

2

15

0.5

'Example' 5.63. Find the total area of the region between the curves y =
4 —x*>andy = —x + 2, between x = —2 and x = 3.

Solution.
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**************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

the curves v = y> — 4y and v = 2y — 3.

Solution.

bounded above by y = y/x and below by the xz-axis and the line y = = — 2.
Solution.
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Exercises 5.6

1. Use the Substitution Formula in Theorem 5.55 to evaluate the integrals.

/4 9
(a) / tan z sec? x dx (b) / tv/4 4+ 5tdt
0 1
4 Inv3 T
(©) / _dr @) / _etdx
5 x(Inz)? 0 1+ e

Ans: (a) 1/2. (b) 86744/375 = 231.3173333. (c) 1/In4. (d) 7/12.
2. Find the total areas of the shaded regions.

(a) (b)
."'I
) 1 y
¥ = Zsectt
2 2
&J "
7 A : x = 12y% — 12y?
3 O\ |3
v = —dsin’t
x =2y — 2y |
> X
—4 - () 1
Ans: (b) 4/3.

3. Find the areas of the regions enclosed by the lines and curves.

(a) y =sec’x,y =tan’x, x = —7/4, and x = /4.
(b) z+y>=0and x + 3y* =2
Ans: (a) 7/2. (b) 8/3.

,. (Challongg

1 1
(a) Show that if f is continuous, then / flz)dx = / f(1—2x)dx.
0 0

(b) By using a substitution, prove that for all positive numbers a and z,

axl 1’1
/ —dt:/ Lt
.t Lt
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Applications of Definite Integrals
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6.1. Volume Using Cross-Sections

hke the one plctured in Figure 6.1.

* At each point = € [a,b], we form a cross-section S(x) by intersect-
ing S with a plane perpendicular to the z-axis through the point =z,
which gives a planar region whose area is A(x).

<P Crsd-dection Six)
with area Alx)

e
|

L
By

Figure 6.1: A cross-section S(z) of the solid S.

e We will show that if A is a continuous function of z, then the volume
of the solid S is the definite integral of A(x). That is,

b
V:/ A(x) dx. (6.1)

* This method is known as the method of slicing for computing vol-
umes.
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6.1.1. Slicing by Parallel Planes

* We partition [a, b] into subintervals of width (length) Axy.

¢ Slice the solid, by planes perpendicular to the z-axis at the partition
pointsa=zpg <11 <---<x, =0

* These planes slice S into “thin slabs”, as shown in Figure 6.2.

Figure 6.2: A thin slab in the solid S.

* We approximate the slab between the plane at z;,_; and the plane
at x; by a cylindrical solid with base area A(z;) and height Az, =
T — Lp—1-

* The volume V}, of this cylindrical solid is approximately the same vol-
ume as that of the slab:

Volume of the k-th slab ~ V}, = A(z;)Axy. (6.2)

* The volume V of the entire solid S is therefore approximated by the
sum of these cylindrical volumes: with ¢, = x;,

V Z Vi = Z A(zy) Az, (6.3)
k=1 k=1

which is a Riemann sum for the function A(z) on [a, b].
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Definition} 6.2. The volume of a solid of integrable cross-sectional area
A(z) for x € [a,b] is the integral of A over [a, b]

n b
V = lim ZA(xk)Axk = / A(z) du. (6.4)
k=1 a

n—oo

************

!
|
Locooooooooo

(a) Sketch the solid to understand.
(b) Find the limits of integration, [a, b].

(c) For each z € [a,b], find a formula for A(xz), the area of a typical
cross-section.

(d) Integrate A(x) to find the volume.

,,,,,,,,,,,,,

Find the volume of the pyramid.
Solution.

Iymcal cross-section

(a) Sketch.

(b) The limits of integration: x € [0, 3].
(c) Formula for A(z). A(z) = 2.

(d) Integrate to find the volume:
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3 by two planes. One plane is perpendicular to the axis of the cylinder.
The second plane crosses the first plane at a 45° angle at the center of the
cylinder. Find the volume of the wedge.

Solution. Note that A(z) = z - 2/9 — 22,

P —R
AT Il o

Ans: 18.
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6.1.2. Solids of Revolution: the Disk Method

A solid of revolution is the solid generated by rotating (or revolving) a
planar region about an axis in its plane.

Ans: 8.

Volume by Disks for Rotation About the x-Axis

V= /  A(e)de = / PR dr. (6.5)

where R(z) is the radius.

Note: This method for calculating the volume of a solid of revolution is
often called the disk method because a cross-section is a circular disk
of radius R(z).
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bounded by the given curves about the z-axis.

1
y:§az+1, y =0, r=0, x=05.

Solution.

Solution.
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Volume by Washers for Rotation About the x-Axis

V= / A(z) do = / r([R()]? — [r(2)]2) de, (6.6)

where R(x) is the outer radius and r(x) is the inner radius.

bounded by the given curves about the z-axis.

1 NZ
= — 1 _ —
y 2:[: —|— 9 y 2 Y

Solution.

lrExample 6.10. The region bounded by the parabola y = 2> and the line
y =2z in the first quadrant is revolved about the y-axis to generate a solid.
Find the volume of the solid.

Solution.

Ans: 8.
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Exercises 6.1

In Problems 1-2, find the volumes of the solids.

1. The base of a solid is the region bounded by the graphs of y = 3z, y = 6, and x = 0. The

cross-sections perpendicular to the z-axis are rectangles of height 10.
Ans: 60

2. The solid lies between planes perpendicular to the y-axis at y = 0 and y = 2. The cross-
sections perpendicular to the y-axis are circular disks with diameters running from the
y-axis to the parabola z = /5y

Ans: 87
3. Find the volume of the given right tetrahe-
dron. Hint: Consider slices perpendicular PN
to one of the labeled edges.

Ans: 10. /  FL-SEE .

L

Y

4. Volumes by the Disk Method: Find the volumes of the solids generated by revolving
the regions bounded by the lines and curves about the z-axis.

@y=v9—22 y=0
(b)) y=€e* y=0, =0, z=1
Ans: (b) g(l —e72),
5. Volumes by the Washer Method: Find the volumes of the solids generated by revolv-
ing the regions bounded by the lines and curves.
(a) y =secz, y =2, —7w/4<x<n/4; revolving about the z-axis.
(b) The triangle with vertices (0,1), (1,0), and (1,1); revolving about the y-axis.
Ans: (a) w(m — 2).

6. The Volume of a Torus: The disk 2% + y? < @ is revolved about the line

x = b(b > a) to generate a solid shaped like a doughnut and called a torus. Find its
volume.

Hint: (1) Consider slices by planes perpendicular to the y-axis, with which —a <y < a.
(2) You may use / Va2 —y?dy = wa®/2, which can be obtained through the observation

that the integral i_sathe area of a semicircle of radius a.
Ans: V = 2a°br.
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6.2. Volumes Using Cylindrical Shells

Note: Some volumes cannot be determined easily using the previous
methods (disk or washer). Here we will explore another method, called
the Method of Cylindrical Shells or the Shell Method.

* Consider the region bounded by the graph of a function y = f(z) and
the z-axis over the closed interval [, b]; see Figure 6.3(a).

* We assume L < a. We generate a solid S by rotating the region about
the vertical line x = L.

(a) (b)
Wertical axis
of revolution Vertical axis

af revolution

‘ -”’/,/

— | =4 Xy
| Rectangle
- (i | I\x‘ e || iy
I s AN i
'IH. 1 '|_|'

Figure 6.3: A region is resolved about the vertical line y = L.

5 Texp

X = L

Partitioning. Let P be a partition of the interval [a, b] by the points
a=x)g<x1<-+-<z, =D

* Approximation. We approximate the region in Figure 6.3(a)
with the collection of rectangles based on this partition.

Rectangles. As usual, choose a point ¢;, € [z;_1, zk], e.g., the midpoint
of the subinterval. A typical approximating rectangle has

helght = f(Ck) and width = Al‘k =Tk — Tk—1-

Rotation: Cylindrical shells. If such a rectangle is rotated about
the vertical line y = L, then a shell is swept out, as in Figure 6.3(b).
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¢ The volume of the shell (swept out by the rectangle):

AV, = r[(x — L)* — (x1_1 — L)?] - (shell height)
= 7[(xp + xp_1 — 2L)(xr — x1_1)] - (shell height)

_ QWK% _ L) (a2 — xkl)} . (shell height) (6.7)

= 27 - (average shell radius) - (thickness) - (shell height)
= 2m- (Ck — L) . Axk . f(Ck)

* Riemann sum. We approximate the volume of the solid S by sum-
ming the volumes of the shells swept out by the n rectangles:

V = ZA\/}C = ZQW (e — L) - fler) - Axy,. (6.8)
k=1 k=1

¢ The limit of this Riemann sum. As each Az, — 0 and n — oo, it
gives the volume of the solid as a definite integral:

n—oo

n b
V= 1im Y AV = / o7 - (shell radius) - (shell height) dx
k=1 ) (6.9)

g

Area of the thin shell

_ /: 2n(e — L)f(2) do.

,,,,,,,,,,,,

Line. The volume of the solid generated by revolving the region between
the z-axis and the graph of a continuous function y = f(z) >0, L <a <
x < b, about a vertical line x = L is

b
V = / 2m(shell-radius) - (shell-height) dx. (6.10)

N

Note: §5.3. The Definite Integral as the Limit of Riemann Sums

The limit of Riemann sums will be explored again and again, to form
definite integrals for various applications.
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the line » = 4 is revolved about the y-axis to generate a sohd F1nd the
volume of the solid.

T Shsell rachs Shell rading p =y,

b gration

/ FLER = Y * Interval of

Iterval of itegranion |

Solution. V — /0 Con(a) - (V) da

. 1287r
Ans: =

ﬁnd the Volume using the washer method.
Solution. R(y) =4 and r(y) = 2 = y%.
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of the solid obtained by rotating the region bounded by the given curves
about the y-axis.
y=—a4+5x—4, y=0

Solution. Zeros of f are 1, 4.

obtained by rotating the region bounded by the given curves about the y-
axis.

Solution.

5127
Ans: .
T
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talned by rotatlng the region bounded by the given curves about the z-axis.

r=2y—y’ z=y

1
Solution. V = / 2my - [(2y — y*) — y] dy
0

talned by rotatlng the region bounded by the given curves about the line

y = 2.
r=12("—9°), =0

Solution.

14
Ans: l.



6.2. Volumes Using Cylindrical Shells 275

Exercises 6.2

1.

Use the shell method to find the volumes of the solids generated by revolving the regions
bounded by the curves and lines about the y-axis.

@ y=22—-1, y=+x, =0

b) y=2>, y=2—2x, =0, forz >0
Ans: (b) 57/6.

Use the shell method to find the volumes of the solids generated by revolving the regions
bounded by the curves and lines about the xz-axis.

@ z=2y—19* =0

b)) y=+vz, y=0, y=a—-2
Ans: (b) 167/3.

Use the shell method to find the volumes of the solid generated by revolving the regions
bounded by y = z and y = 22 about the following lines.

(@) z=1 (b) z=-1
(¢) The z-axis (d y=2
Ans: (@) V = [ 2n(2 — y)(/i — y) dy = 5L

The region in the first quadrant that is bounded above by the curve y = 1/y/x, on the left
by the line x = 1/4, and below by the line y = 1 is revolved about the y-axis to generate
a solid. Find the volume of the solid by

(a) the washer method. (b) the shell method.

. The region shown in the figure is to be revolved about the z-axis to generate a solid.

Which of the methods (disk, washer, shell) could you use to find the volume of the solid?
How many integrals would be required in each case? Explain.
.\-

A

(1. 1)

: . . . . 1 :
The volume of a right circular cone of height 4 and radius r is known as §7rr2h. Derive
the formula using an appropriate solid of revolution.
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6.3. Arc Length

Suppose we want to find the length of the curve in the graph of y = f(2),
from x = a tox =b.

* Partition the interval [q, b] into n subintervals with

a=xpg<x1<--<x, =>.

* Let y» = f(xx). Then the corresponding point Pj(xj,y;) lies on the
curve.

* Next we connect successive points P, ; and P, with straight-line seg-
ments.

* Then the k-th line segment has length: for Ay, = v, — yr_1,

Ly = /(zr — 25-1)2 + (yk — 1) = \/ Az} + Ay (6.11)

¢ Since from the Mean Value Theorem, we have

Ay, = fl(c)Axg, xp1 < cp < T,
L, can be rewritten as

Ly = \/m = \/A$z+[f'(ck)A$k]2 (6.12)

= 1+ [f'(cr)]?Axy.
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* The Riemann sum which approximates the arc length reads

Y L =) A+ Ayp = > V14 [f(er)]PAxy. (6.13)
k=1 k=1 k=1

Definition} 6.18. Arc Length Formula for y = f(x)

If f’ is continuous on [a, b], then the length (arc length) of the curve
y = f(z) from the point A = (a, f(a)) to the point B = (b, f(b)) is the value
of the integral

L - /:Wdaz _ /ab,/H(%)?dx. 6.14)

Definition} 6.19. Arc Length Formula for z = g(y)

If ¢’ is continuous on [c,d], then the length (arc length) of the curve
x = g(y) from the point A = (¢, g(c)) to the point B = (d, g(d)) is the value
of the integral

Lz/cdmdy:/f,/u(j—‘;)?dy. (6.15)

*************

,,,,,,,,,,,,,

Solution.
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) e =3Vl —3), 15y<9
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****************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Definition}, 6.22. Let y = f(z) with f’ being continuous on [a, b]. Then

s(z) = /x V14 ()] dt (6.16)

is called the arc length function for y = f(z), which measures the
length along the curve y = f(z) from the initial point P(a, f(a)) to the

point Q(z, f(x)), = € [a,b].

,,,,,,,,,,,,

function s is differentiable on (a,b) and

% — ITF@PR = 1/1+ (%)2

* Then the differential of arc length is

ds = 1+ [f'(x))?de = /1 + (%)2d$. (6.17)

* A useful way to remember (6.17) is to write

ds = \/dx? + dy?. (6.18)

3
************* 1
'Example; 6.24. Find the arc length function for the curve y = % + -,
e | [L'
taking A = (1,13/12) as the starting point.
Solution.
3
Ans: s(x) = % - é + %
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Exercises 6.3
1. Find the lengths of the curves.
(@) y = é(l‘2+2)3/2, 0<zx<2

Y
(b)x:/ Vsectt — 1dt, —
0

<y<

=] 3

Ans: (a) 14/3. (b) 2.
2. Do the following.

(i) Set up an integral for the length of the curve.
(i1) Implement a code to approximate the curve’s length numerically.

(@) y=a?, —1<z<2

(b) y=sinx —zcosz, 0<z<m

Yy
(c) :1::/ tantdt, 0<y<m/6
0

2
Ans: (a) (1) / V14 4x2dx. (11) =~ 6.1229. (¢) (i1) ~ 0.55.
1

For (a), for example, you may use the following code, executable in Matlab/Octave.
numerical_integration.m

1 a=-1; b = 2;

2 | g = @(x) sqrt(1+4*x.72);

3

4 | n = 1000; dx = (b-a)/n;

5 | X = linspace(a,b,n+1); gX = g(X);
6 | length = sum(gX(1:n))*dx

3. The length of an astroid. The graph of the equation 2?/3 +y*® = 1 is one of a family of
curves called astroids (not “asteroids”), because of their starlike appearance. Find the
length of this particular astroid by finding the length of half the first-quadrant portion,
y = (1 —2%3)%2,\/2/4 < 2 < 1, and multiplying by 8.

¥
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6.4. Areas of Surfaces of Revolution

Recall: Let’s begin with a formula for curved surface area (CSA) of a
frustum of a cone.

¢ From the figure, we have

LJFE:E — @L+€:R—€ and @ (= LT.
14 r r R—r
e Thus
The CSA of the frustum

= (the CSA of the full cone) — (the CSA of the cut)
1 1

= TR(L+{) —nrl = FRR—E — 7l (<= @) (6.19)
r
R? Lr Lr < @
— W= —nr 2)
n r R—r d R—r )
R2 7"2
— 7L _ — .
(g~ ) = TR+

,,,,,,,,,,,,

R+r

Frustum Surface Area = 27 L (6.20)
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(b) (c)

Segment length:
L= \,ff_j_rka + {_\_\‘*__Iz
P [

P
\\Q
y

A1 Xk
fe—Ax—

Figure 6.4: Surface area for revolution about the z-axis.

We will find the area of the surface generated by revolving the graph
of y = f(x), a <z <b, about the z-axis, as in Figure 6.4(a).

e Partitioning: Partition [¢, b] in the usual way and use the points in
the partition to subdivide the graph into short arcs. Figure 6.4(a)
shows a typical arc P() and the band it sweeps out.

* Approximation: The surface area of the band swept out by
the arc P() can be approximated by the surface area of the frus-
tum of a cone, shown in Figure 6.4(c).

e It follows from (6.20) that the surface area of the frustum reads

‘ f(xk—l);- f(xp) _ \/(Axk)Q + (Ay,)2. (6.21)

21

Recall (6.12), p.276:

\/ Aﬂ]k + Ayk \/1 + [f'(cr))?Axy,

which is a consequence of the Mean Value Theorem.

* The terms in (6.21) are summed to get a Riemann sum

Zz S (@i +f ¢1+ [f/(cr)]2Axy

(6.22)

~ 3 2 f(e) - VTT [Pl A
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Definition} 6.26. Surface Area for Revolution about the z-axis

If the function y = f(x) > 0 is continuously differentiable on [a, b], the
area of the surface generated by revolving the graph of y = f(z) about
the x-axis is

S = /abZWy\/1+(%>2dx = /:277]”(:1:)\/de. (6.23)

Note: In (6.23), y = f(z) plays the role of radius.

Definition} 6.27. Surface Area for Revolution about the y-axis

If the function x = g(y) > 0 is continuously differentiable on [c, d], the
area of the surface generated by revolving the graph of x = ¢(y) about
the y-axis is

S = /cdzm;, [1+ (fl—;)Qdy = /cd%g(y)\/wczy. (6.24)

************

,,,,,,,,,,,,

\/dz? + dy?. Integrals in (6.23) and (6.24) can be expressed respectively
as

b d
= / 2ryds and S:/ 2rx ds. (6.25)

*************

,,,,,,,,,,,,,

about the xz-axis.
Yy = :1:3, 0<z<2
Solution.
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about the y-axis.

el +e
a)r=——,
(a) z 5

0<y<In2

Chapter 6. Applications of Definite Integrals
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1. Surface: y = f(x), a < x < b, revolved about the y-axis

¢ radius = = .
¢ Thus the area of the surface becomes

b 2
S :/ Trds = / 27Tx\/1—|—(@) dzx. (6.26)
u dx
)

~"

(6.25

2. Surface: x = g(y), ¢ < y < d, revolved about the z-axis
* radius = y.
¢ Thus the area of the surface becomes

d 2
S = / oy ds = / 2myy [1+ (d—w) dy. (6.27)
. ) . dy

-~

(6.25)

about the x-axis.
1
r=(?+2)7 1<y <2

Solution.

Ans: 217/2.
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,,,,,,,,,

¢ Recall the differential of arc length in (6.18):

ds= A>T df = |1+ (%)2dx — 1+ (%)Qdy. (6.28)
;.18)

(6.18

* Let y = f(z) be a monotone function defined on [a, b], a > 0, such that

f
la,b] —— e d]. (6.29)
g=f1

Then, for example, the area of the surface obtained by rotating the
curve y = f(x) about the y-axis reads, with (radius = z),

Sz/27rrds:/ 27T.Cl)\/1+[f/($)]2d$:/ 2mg(y)\/1+ [¢'(v)]? dy

(6.30)

*************

,,,,,,,,,,,,,

x=+/4—1y, 0<y<4,aboutthe y-axis.

Solution.
(a) z-integration: (b) y-integration:

Ans: %(17\/ﬁ— 1)
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Exercises 6.4

1. Find the areas of the surfaces generated by revolving the curves about the indicated
axes.

(a) y=+x, 0<2<2; z-axis

(b) z=+2y—1, 1/2<y<2; y-axis
Ans: (b) 147/3.

2. Do the following.

(i) Set up an integral for the area of the surface generated by revolving the given curve
about the indicated axis.

(i) Implement a code to approximate the surface area numerically.

(@) zy=1, 1<y<2; y-axis
b) /P +yt? =3, 1<x<4,y>0; z-axis
(o) y=tanz, 0<z<m7/4; z-axis

Hint: You may use numerical_integration.m given for Exercise 2, Section 6.3.
Ans: (a) (i1) = 5.02. (b) (ii) ~ 63.37.

3. Find the area of the surface obtained by rotating the curve about the y-axis.
4
1
y="+ o l<e<?
T
Hint: Use the formula in (6.26).
Ans: 2537 /20.

4. The surface of an astroid. Find the area of the surface generated by revolving about
the z-axis an astroid z*° + y*® = 1, considered in Exercise 3, Section 6.3.

Hint: Revolve the first-quadrant portion y = (1 — 2%?)%2, 0 < x < 1, about the z-axis
and double your result.
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6.5. Work Done by a Variable Force

Work Done by a Constant Force

When an object moves a distance d along a straight line as a result of
being acted on by a constant force F' in the direction of motion, we
define the work W done by the force on the object with the formula

W = Fd. (6.31)

Suppose that the force acts on an object moving along a straight
line (say, the x-axis). We assume that the force F' is a continuous
function of 1, the object’s position.

We want to find the work done over the interval « € [a, b].

e Partitioning: Partition the interval [a,b] in the usual way and
choose an arbitrary point ¢, € [x;_1, zx]-

* Approximation: If the subinterval is short enough, the continu-
ous function F will not vary much on each of subintervals
[€k—1, x]. Thus the amount of work done across the subinterval
[xk_l, $k] will be about F(Ck)Aﬁk

* The total work done from a to b is therefore approximated by the
Riemann sum

Work ~ > F(cp) Ay (6.32)

Definition}, 6.35. The work done by a variable force F'(z) in moving an
object along the r-axis from x = a tox = b is

b
W = / F(z)dx. (6.33)
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F is in newtons and x is in meters, and foot- pounds if F'isin pounds and
x is in feet.

1 . . .
* So the work done by a force of F'(z) = — newtons in moving an object
X
along the r-axis from z = 1m tox = 10m is

101 10
W — /—dx———} —09J.

1

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Hooke s law says that the force required to hold a stretched or com-
pressed spring z units from its natural (unstressed) length is propor-
tional to x.

F=kx. (6.34)

* The constant k, measured in force units per unit length, is a char-
acteristic of the spring, called the force constant (or spring con-
stant) of the spring.

* In reality, Hooke’s Law gives good results as long as the force doesn’t
distort the metal in the spring.

ural length of 1 ft to a length of 0.75 ft if the force constant is £ = 16 1b/ft.
Solution. F' = 16x and z is from 0 to 0.25.

Ans: 0.5 ft-1b.



290 Chapter 6. Applications of Definite Integrals

the spring stretched to a total length of 1.8 m.

(a) Find the force constant k.

(b) How much work will it take to stretch the spring 2 m beyond its natural
length?

(c) How far will a 45-N force stretch the spring?
Solution.
(a) 24N =Fk-08m =k =24/0.8=30N/m. = F =30z

2
(b) / 30x ds = = 604d.
0
(c)

r-- - - -~ -~ -~ -~"-~"-~"-" - - -~"-~"-~"~-"~-"-"-"-">-"" /- - -~ -~ -~"-~"~"=-"=-""~">"""~~ -~ -~ -~ . """ -~ -~ ~"=~""—"~_ - -~ -~ -~ - "~ -~ ~-"=-==-= al
| |
| |

Lifting objects and Pumping Liquids from Containers

F———— === === X
|
|

L o - - -~ |

the ground into the air by pulling in 20 m of
rope at a constant speed. The rope weighs
0.08 kg/m. How much work was spent lifting
the bucket and rope?

Note: “kg” is an SI unit of mass.
(weight) = (mass)-g = (force).

Solution.

(a) Work for the Bucket 1V,:
(Weight of the bucket) = (5-kg)-(9.8 m/s?) = 49N

(b) Work for the Rope 11,
(Weight of the rope) = 0.08(20 — x) - 9.8 = 0.784(20 — z) N

Total Work: Ans: 1136.8d.



6.5. Work Done by a Variable Force 291

Exercises 6.5

1. If a force of 90 N stretches a spring 1 m beyond its natural length, how much work does
it take to stretch the spring 5 m beyond its natural length?
Hint: Consider the arguments used in Example 6.38.

2. A mountain climber is about to haul up a 50-m length of hanging rope. How much work

will it take if the rope weighs 0.624 N/m?
Ans: 7804.

3. Kinetic energy. If a variable force F'(x) moves an object of mass m along the z-axis
from x; to x5, the object’s velocity y can be written as dz/zt. Use Newton’s second law
of motion F' = m(dv/dt) and the Chain Rule

dv dvdx dv dv

This shows that the net work done by the force in moving the object from z; to z, is

2 1 1
W = / F(z)dx = vag - 5m’uf, (6.36)

. o . .1
where v; and v, are the object’s velocities at z; and z,. In physics, the expression éTfM}Q

is called the kinetic energy of an object of mass m moving with velocity v.

energy, and we can find the work by calculating this change.

(a) Baseball. How many foot-pounds of work does it take to throw a baseball 90 mph?
A baseball weighs 5 oz, or 0.31251b.

(b) Golf. A 1.6-0z golf ball is driven off the tee at a speed of 280 ft/sec (about 191 mph).
How many foot-pounds of work are done on the ball getting it into the air?

Hint: (a) 90 mph = 132ft/s. Try to find the mass from mg = 0.3125, where g = 9.8 m/s?

= 32.1522 ft/s?.
Ans: (a) 84.68.
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7.1. The Logarithm Defined as an Integral

Definition} 7.1. The natural logarithm is the function given by

lnx:/ %dt, x> 0. (7.1)
1

(] (1.0}

(0

Figure 7.1: The natural logarithm defined as an integral.

Note: From the Fundamental Theorem of Calculus, p.240, Inz is a
continuous and differentiable function. Its derivative is
d d [*1 1

Definition}, 7.2. The number e is the number in the domain of the nat-
ural logarithm that satisfies

In(e) = / Lo (7.3)
1t
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Recall: (Section 4.8).
/ldx =In|z| + C.
X
e If u is a differentiable function and u # 0, then

1
/a du =In |u| + C. (7.4)

* Whenever u = f(z) is a differentiable function f(z) # 0, we have
that du = f'(z) dx and

f'()

dz = In|f(z)| + C. (7.5)

*************

,,,,,,,,,,,,,

Yy secxrtanx
d b
(a)/y2—25 Y ( )_/2—1—38609:
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*****************************

(a) /tanxln(cosx) dx

Solution.

—1/2?
(a) / S
i

Solution.

(b) /ln (Inz)
rlnx

b €4x
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Recall: (Summary 3.59, Section 3.8)

d T

—a” =a"lna — /axdx: ¢ +C

dx Ina (7.6)
Inx d 1 ’

log,r = — (Eqn(1.41),p.53) — —log,x =
Ina dx rlna

b [ 22
()/1 s

2 log,(27)

1/2 £

(c) dx

Ans: (¢) 2In2
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Exercises 7.1

1. Find the integrals.

3sec”t 21
(2) /6+3tant (b)/ S o

log2 x4+ 2) / dx
© / x4+ 2 du ) xlogyx

2. Solve the initial value problems.

Ans: (b) In(2/3). (¢) 2 In2.

dy ot 2 o d23/ o 2 _ / _
(a) priakc sin(e® —2), y(ln2)=1 (b) Iz = 5C T y(0) =0and 3'(0) = 1.
Ans: (a) y = 2 — cos(et — 2).

3. The region between the curve y = 1/2? and the z-axis from x = 1/2 to z = 2 is revolved

about the y-axis to generate a solid. Find the volume of the solid.
Ans: 2w In4.

4. In this problem, answer the question without using a calculator.
Which is bigger, " or 7¢?

Hint: You may start with the comparison between mlne = 7 and elnw. More specifically, con-
sider f(z) = z — elnx. Then f(e) = e — elne = 0. Now what can you say about f'(z) for z > e?

5. (Challenge| p. oo that
1

1 1 1
-4+ -4 i —<hhn<l4+-4+-4+—-. (7.7)
2 n 2 n—1

W =

1
Hint: Recall (7.1): Inz = / n dt, r > 0.
1
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7.2. Exponential Change and Separable Differ-
ential Equations

In many real-world situations, the rate of change of a quantity vy is
proportional to its size at a given time ¢.
dy dy
o U = Y (7.8)
* Examples of such quantities include the size of a population, the
amount of a decaying radioactive material, and the temperature dif-
ference between a hot object and its surrounding medium.

* Such quantities are said to undergo exponential change.

Solutlon. D1v1de (7.8) by y to get
1 dy

L A
dt

Y
1 dy .,
= /§ d—dt /k:dt (7.9)

= Inly|=kt+C = [yl =e"t°
= y=e" M = AcM

The solution of the initial value problem

dy
=k 0) = 7.10
— = ky, y(0) =, (7.10)
18
y=yoe. (7.11)
1 dy 1 1
Note: | - = dt = | —dy, the integration of with respect to y. That
Y Y

is, the first line in (7.9) and (7.10) can be ertten as

1
“dy = kdt (7.12)
Y




300 Chapter 7. Integrals and Transcendental Functions

*******************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

* More general differential equations are of the form

dy

* The differential equation (7.13) is separable if / can be expressed as
a product of a function of x and a function of y:

- = 9(@) h(y). (7.14)

* We can solve (7.14), using the same arguments introduced in Exam-
ple 7.7 (separate the variables and integrate):.

Laly:gac de = /—dy—/ (x) dx. (7.15)

‘LE{KEI}}RIE 7.8. Solve the equation y(z + 1) di

Solution.

z(y® + 1).

1
Ans: 3 In(1+y?) = 2 —In|z + 1| + C, in implicit form.
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When the number of individuals becomes large enough, the popula-
tion can be approximated by a continuous function.

* Differentiability of the approximating function is another reason-
able hypothesis in many settings, allowing for the use of calculus to
model and predict population sizes.

* Further assumptions:

(a) If we assume that the proportion of reproducing individuals re-
mains constant and assume a constant fertility, then at any in-
stant ¢t the birth rate is proportional to the number y(¢) of
individuals.

(b) Let’s assume, too, that the death rate of the population is stable
and proportional to y(?).

(c) Further, we neglect departures and arrivals.

* Modeling: Then the growth rate dy/dt is the birth rate minus the

death rate: ;
d_?; =(b—dy=ky. (7.16)

29 grams. After 30 minutes the mass is 37 grams. Assuming that the equa-
tion for unlimited population growth gives a good model for the growth of
the yeast when the mass is below 100 grams, how long will it take for the
mass to double from its initial value?

Solution. Begin with y = y, .

Ans: k = 35 In(3]) ~ 0.008118; t = 22 ~ 85.38.



302 Chapter 7. Integrals and Transcendental Functions

*******************
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* Some atoms are unstable and can spontaneously emit mass or ra-
diation. This process is called radioactive decay.

e Experiments have shown that at any given time the rate at which a
radioactive element decays is approximately proportional to the num-
ber of radioactive nuclei present: proportional to the number of ra-
dioactive nuclei present.

* Modeling: Thus the decay of a radioactive element is described by the

equation
W py k>0 (7.17)
dt y? ) M
of which the solution reads
y=1ype ™. (7.18)

* The half-life of a radioactive element is the time expected to pass until
half of the radioactive nuclei present in a sample decay:

%yo = yoe
Thus the half-life reads
Half-life = lnTQ (7.19)

FExample 7.10. Plutonium-239. The half-life of the plutonium isotope
is 24,360 years. If 10g of plutonium is released into the atmosphere by
a nuclear accident, how many years will it take for 80% of the isotope to
decay?

Solution.

Ans: 24360 - L‘:—g R 56562.
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* The rate of heat exchange between an object and its surroundings
is proportional to the difference in temperature between the
object and the surroundings.

* This observation is called Newton’s Law of Cooling, although it ap-
plies to warming as well.

* Modeling: If H is the temperature of the object at time ¢t and H; is the
constant surrounding temperature, then the differential equation is

dH
— = —k(H — Hy), 7.20
dt ( ) ( )
so that
dH_ _ kdt = In(H-—H,)=—-kt+C
H—H, . s) =

= H— H,=Ae " for A= H,— H,.
where H, is the temperature at ¢t = 0.

¢ Thus the solution reads

H=H,+ (Hy— Hy)e ™. (7.21)

After 5 min, the egg’s temperature is 38° C. Assuming that the water has not
warmed appreciably, how much longer will it take the egg to reach 20° C?

Solution. H = 18 + (98 — 18)e " = 18 + 80¢ .

Ans: t = 012 f‘no - ~ 13min = It will take about 8 min more.
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Exercises 7.2

1. Solve the differential equations.

dy —y dy
it A Y or/1—¢2, -1 1
(a) dr e (b) dr X Y-, <y<
1dy . 22 22 dy _
(c) il +2/ye (d) 0 = Y +3x—2y—6

Ans: (@) e¥ —e® = C. (b) y = sin(z? + O).

2. The population of Starkville, Mississippi, was 2,689 in the year 1900 (¢ = 0) and 25,495
in 2020 (¢t = 120). Assume that the population in Starkville has grown and will grow
exponentially.

(a) Estimate the population in 1950 and 2000.
(b) Approximately when is the population going to reach 50,0007
Ans: (b) year 2056.

Note: Scientists who do Carbon-14 dating often use a figure of 5730 years for its
half-life.

3. Carbon-14. The oldest known frozen human mummy, discovered in the Schnalstal
glacier of the Italian Alps in 1991 and called Otzi, was found wearing straw shoes and
a leather coat with goat fur, and holding a copper ax and stone dagger. It was estimated
that Otzi died 5000 years before he was discovered in the melting glacier. How much of

the original carbon-14 remained in Otzi at the time of his discovery?
Ans: ~ 54.62 %.

4. Surrounding medium of unknown temperature. A pan of warm water (46° C) was
put in a refrigerator. Ten minutes later, the water’s temperature was 39° C; 10 min after
that, it was 33° C. Use Newton’s Law of Cooling to estimate how cold the refrigerator

was.
Ans: —3°C.
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7.3. Hyperbolic Functions

Definition} 7.12. Certain combinations of e* and e™* arise so fre-
quently in mathematics and its applications that they deserve special
names. These are called the hyperbolic functions.

_ et —e * 1
sinhy = ——— cschr = —
2 sinh z
X —X
e’ +e 1
coshy = ——— sechz = (7.22)
2 cosh z
sinhz e'—e™* 1
tanhx = = cother = ——
coshz e*+e® tanh x
¥ cosh i ¥
4
P = v = coth x
YT T 2L 4y =sinha | e 2
2 2 sinh . ) = yo= 1
\ ]_;-_’f S v = tanh 1
| Lo~ I_ - _I | . 1 - 1 -I| | ] L T
3214172 3 3 2 — 2
e I S ——l i
_2RY =TT e
-3r v = ¢oth x
(i) (b ()
Hyperbolic sine: Hyperbolic cosine: Hyperbolic tangent:
A i &
- _e — ¢ i - sinhxy e — e
sinhy = ——— vch ¢ = € T €7 _ ~__ Sin B
3 cosh x tanh x = =
= 2 coshx e 4+ ¢
Hyperbolic cotangent:
% L}
! I _coshx e 4 e
1 L 2L cothx = = == -
- v= 1 - sinh x et — ¢
__________ ] |
__—f""T/-!'\;\%—_. . L1 L . i
210 |1 2 =2~ 1/ 2
y = sech x - " cach x
{d) 1€
Hyperbolic secant: Hyperbolic cosecant:
| 1 2 | | 2
sechx = = cschx = = =
- cosh x e - sinhxy ¢ — ¢

Figure 7.2: The six basic hyperbolic functions.
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sinh(—xz) = —sinhz cosh(—x) = coshx
cosh? x — sinh?z = 1 1 — tanh®z = sech?z (7.23)
sinh(2z) = 2sinh x cosh cosh(2x) = cosh® z + sinh® z

Note: Consider cosh?  —sinh? z = 1, in which the point (cosh x, sinh z) lies
on the right-hand branch of the hyperbola 22 — 22 = 1. This is where the
hyperbolic functions get their names. The trigonometric functions are
sometimes called the circular functions.

Solution.

[Examplejl 7.15. Find derivatives of the hyperbolic functions.

_ 1
(a) sinh z (b) cschz = —
sinh x

Solution.

Ans: (b) L (cschz) = — cschz coth z.
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7.3.1. Derivatives of Hyperbolic Functions
Formula 7.16. Derivatives of Hyperbolic Functions
d('h)— h d( hx) = — csch z coth
- (sinhz) = coshz 7 (cschz) = T x
d d
—(coshx) = sinh x —(sech z) = — sech z tanh (7.24)
dz dz
d d
—(tanh z) = sech® z —(cothz) = —csch?z
x dx

(b) g(x) = 2> tanh (1)

1
(c) y =Incoshx — 3 tanh?® x
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Vo oy=ginhx y=ux

1 s
- &
o ¥ v = cosh x,
B R 1 ) v
i Ay hllfll‘l X p T=10 g ’ | e
# P = o) | E - . s
| . (x = sinh v} g L v=sach™ ! .
L T . (x = sechy, e
P -
IE b Y T oy=0) Ry
T N AN TR N R sk Ry e
6 —4 -2 L 2 4 6 ) -
= 4+ & 2 7
& = s i
# I & -
& - &
s 2+ - v = cosh ! x | v = sech x
P B
# - . - -
P B 1 ” (x = cosh v, 3 0y =)
- B [T R T T R E I I x
o o 123435678 1] 1 2 L
y ¥ ¥
3
|
x =tanh ¥ r = coth v r=csch v
' | !
v =tanh " x v = pcoth "x y = cach 'x
|
> X > X > X

l 1

|

|

|
| |
| |
| [
! I
| L IJ ]
| |
| |
| |
| |
| |
| |

Figure 7.3: The graphs of the inverse hyperbolic functions.

[Formuleﬂ 7.18. Identities for inverse hyperbolic functions:

,,,,,,,,,, g

csch™tz = sinh'=, x#£0
%
1
sech 'z = cosh'=, 0<z<1 (7.25)
75
1
coth™'z = tanh™' =, |z > 1
7

r A 1
'Example 7.19. Prove that sech !z = cosh™ —.
e | x

Solution. For 0 < x <1,

1 1 1
sech (Cosh_1 —) = T~ = =x,
& cosh <cosh_1 —)

X

which completes the proof. [
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‘Formula'7.20. Derivatives of Inverse Hyperbolic Functions:
d 1 d. 1
dx(smh T) = i %(csch ) ———mm, r#0
1 1

da:(COSh x) = T r>1 dx(sech ):—xm, 0<z<1 (7.26)

d 1 d 1

dx(tanh lg) = 1= 22 lz] <1 dx(COth x) = 1= |z| > 1
77777777777 d 1
‘Example 7.21. Show that if > 1, then d—(cosh L) = T
,,,,,,,,,,, x x —

d
Solution. y = cosh 'z = coshy = 2 = (sinhy) - Y _ 1. Thus
T
dy r 1
dr  sinhy  sinh(cosh™' z)
= — 72 < cosh”x — sinh®x = 1]
(cosh?*(cosh™'z) — 1)
1
- (z2 — 1)1/2°

(a) f(x) = cosh ' (2y/z + 1) () g(z) = (2® + 2z) tanh (2 + 1)

Solution.
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7.3.2. Integrals of Hyperbolic Functions

It follows from Formula 7.16 that
/coshxdxzsinthrC’ /cschxcothxd:cz—cscthrC
/sinhx dr = coshz + C /sechx tanhx dxr = —sechx +C  (7.27)

/SeCh2£Ud:13=ta1’lh:L'—|—C /CSChQZUdZC:—COthSC—i—C

It follows from the substitution rule (Theorem 5.48) and For-
mula 7.20 that for a > 0,

x
SExe
a

1 R 1 1
/\/mdx—smh (5>+C /mdx——acsch
1 T 1 1 T
(B e [ e Lo )
/md:c cos " +C wmdx asec " +C
/ 1 {ltanh1 <§>+C, if 2% < a?
dr = a

2 2 1
@ — coth™ (f) + O, if 22 > a?
a a

(7.28)

(a) /sinh 2x dx (c) /2 w m
1

(b) /sechQ(a: —1/2)dx
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2V/3 1 /e 1
d
@ [ R A (v

Since the hyperbolic functions can be written in terms of exponential
functions, it is possible to express the inverse hyperbolic functions in
terms of logarithms.

sinh™2z = In(z+vVr2+1), —oo<z<o00
(z +

vaz—=1), z>1

cosh™'z = In

x
1 1+
tanh ! = =1 ( ) 1
anh " x 5 n 1— 2/ lz| <
1 V1 2
csch™z = In <_+¢>, x40 (7.29)
T 7]
14+ v1— 22
sech 'z = 1“( i x)) 0<x<1
x
1 1
coth™ & = —1ﬂ(x+ ), |z > 1
2 r—1
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Exercises 7.3

1.

Rewrite the expressions in terms of exponentials and simplify the results as much as
you can.

(a) 2cosh(lnz) (b) (sinhz + coshz)*
Ans: (a) z + 1
T
Find the derivative of y with respect to the appropriate variable.

(a) y = In(sinht) (b) y = (2? + 1) sech(Inz) (c) y = sinh™'(tan )

Hint: (b) You may simplify it first.
Ans: (b) 2. (c) |secz|.

Evaluate the integrals.

In4
(a) /6cosh(1:/2—ln3) dx (b) cothz dx
In2
0
12 (%Y 4 (d)/ cos T
© /_1n2COS (2> ! V1 + sin’ x

Ans: (b) In g (¢) % +1Inv2.

. (Challenge| 1y ive the formula sinh 'z = In(xz + V2% + 1) for all real z. Explain in your

derivation why the plus sign is used with the square root instead of the minus sign.
Hint: You will use the definition of sinh z and its inverse and the quadratic formula.
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7.4. Relative Rates of Growth and Convergence:
Big-oh and Little-oh

7.4.1. Relative Rates of Growth

You may have noticed that expo- y
nential functions like 2% and ¢
grow more rapidly (faster) than
polynomials or logarithms, as =
gets large.

Comparisons of exponential, poly-
nomial, and logarithmic functions
can be made precise by defining
what it means for a function f(x) to
grow faster than another function
g(z) as x — oo.

160

140

120
100
80—

60
40

20

0

Definition}, 7.28. Let f(z) and g(x) be positive for z sufficiently large.

(a) f grows faster than g as + — oo if

i) _

500 g(2)

or, equivalently, if

We also say that ¢ grows slower than [ as © — .

(b) f and g grow at the same rate as xr — oo if

where L is finite and positive.
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Use the L’Hopltal’s Rule, if necessary.

(a) e* and 22 (b) 3* and 2*

(¢) Inz and =" (d) log,  and log, =, a,b>1

rE}i:ample 7.30. You can show that v/22 + 5 and (2,/z—1)* grow at the same

b e e e e - - - -

rate as © — oo, as follows.

(a) Prove that 22 + 5 and = grow at the same rate as + — oo.

(b) Prove that x and (2,/z — 1)? grow at the same rate as r — oc.
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7.4.2. Big-oh and Little-oh

Definition} 7.31. A function f is of smaller order than g as r — oo if

lim —=~ = 0. (7.30)

We indicate this by writing f = o(g) (“f is little-oh of ¢”).

Definition} 7.32. Let f(z) and g(x) be positive for = sufficiently large.
Then f is of at most the order of ¢ as + — oo if there is a positive
number M such that

/@) < M, for z sufficiently large. (7.31)

9(x)
We indicate this by writing f = O(g) (“f is big-oh of ¢”).

,,,,,,,,,,,,,

(a) L. 0<1> (b) Va2 +1=0(2z)
T+ z

(c) zlnx = o(x?) (d) In(lnz) = O(Inx)
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7.4.3. Relative Rates of Convergence

Definition}, 7.34. Suppose }lln’(l) G(h) = 0.
—

(a) A quantity F'(h) is said to be in little-oh of G(h) as h — 0, if

. |F(h)]
}gr(l) am)| 0. (7.32)
In this case, we denote F'(h) € o(G(h)) or F'(h) = o(G(h)).
(b) A quantity F'(h) is said to be in big-oh of G(h) as h — 0, if there is a
positive number K such that
|F'(h)|
|G(h)]

In this case, we denote F'(h) € O(G(h)) or F'(h) = O(G(h)) .

< K, for h sufficiently small. (7.33)

,,,,,,,,,,,,,

(@) e —1=0(2?),asz—0
(b) z = o(tan"' ), as x — 0

(c) sinzxcosz =o(x),as z — 0

Solution.
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arctan(z) = x + O(2*), as = — 0.

Solution. Consider arctan(z) — x = O(z?3).

.. d 1
Or, you may begin with %arctan(a:) =137 -2+t =204 2] < 1.

convergence of f(h) as h — 0?
Clue: This problem asks you to find the largest k such that f(h) = O(h*).

Solution.

Ans: f(h) = O(h?).
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Exercises 7.4

1.

Which of the following functions grow faster than e* as © — oo ? Which grow at the same
rate as ¢* ? Which grow slower?

(a) 10z* + 30z +1 (b) zlnzx (c) V1+at
(d 2° (e) 3° O e
(g) ze® (h) e**! (1) e

. Which of the following functions grow faster than Inz as © — oo? Which grow at the

same rate as In z ? Which grow slower?
(a) log,x (b) In2z (¢) Invx

d) vz (e) 1/x ® e*
Ans: Faster: (d) and (f).

(Big-oh and Little-oh) True, or false? As © — oo,
(@) = —32% = O(x) (b) In(z*+ 1) = o(ln(z + 1))

() v+ Inz=0(x) (d) e = 0(e*)
Ans: (b) False. (d) True.

(Big-oh and Little-oh) True, or false? As z — 0,
(@) = —32% = O(x) (b) In(z*+ 1) = o(ln(z + 1))
Prove the following.

(a) As x — oo, €* grows faster than 2" for any positive integer n, even g!:000.000,000
(b) As z — oo, Inz grows slower than z'/" for any positive integer n, even z:!/1:000,000,000
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8.1. Using Basic Integration Formulas

Here we summarize the indefinite integrals of many of the functions we
have studied so far.

. T = kKx + . tanx dxr = In |sec x| +
1 kd k C 12 d | C
9 /xndx:%xn—i-l_i_o (n # —1) 13. /cotxd:v—ln|smx|—|—0
n
2 /ldac:ln|x|+0 14. /secxdx—1n|secx+tanx]+0
T
4 /emdx:€x+0 15. /cscxdx——1n|cscx+cotx|+0
5 /a“d:c: a O (a>0,a41) 16. /smhxdx—cosha:—l—C’
Ina
‘ 17. /coshxdx—smha:—i-C
6. /smmd:c:—cos:c—l—C’
18. / —sm_1 <E> +C
7. /cosxdx:sinx+0 a
19. / = —tam_1 <§> +C
8. /sechdx:tanx—i—C a2—|—:c2 a
1
20. / 5 = —sec™! l +C
9. /CSCQI’dZE:—COtI+O Vi —a® o« &
21. / 2—smh (z)—i-C (a>0)
10. /secxtanzdmzsecx+0 +$ a
22, / _ — cosh™ (f)+c
11. /csca:cotxdx:—cscat—l—C (aza>a>0)

1—=x
" b —d
@ [ gy ()/maz
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321

We will see very typical techniques.

derlvatlves use algebraic manipulation, identities, and substitution.

(a)/ 2 ir b T
/1 — 4(Inx)? ( )/0 l—sinﬁde

Hint: (b) Multiply 7 15108 and then use 1 — sin® § = cos? 0.

22 —5:15 1
b - d
(a)/ 2z + 1 dx ()/ 4o — x2 v

Hint: (a) Perform long division first. (b) Complete the square: 4z — 22 = 4—

(z

—2)2and letu = x—2.
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(a) /ZL‘H\/ 28+ 2dx

Hint: (a) Use the substitution v = 25 + 2. (b) Let u

(b)

=T

(b)

Chapter 8. Techniques of Integration

/ \/E dx
1+ 23
3/2

/2
2° cos x dx
—7/2
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Exercises 8.1

1.

Evaluate each integral using any algebraic method, trigonometric identities, or a sub-
stitution.

1
(b) /x+\/5d:c

1 Inz
d
© /ez—l—e_z : ) /x+4xln x du
/2 .
(e) / V1 —cos0db ® /eHe dt
0

Hint: (b) Rewrite z + v/ = \/z(y/x + 1) and let u = /2 + 1. (c) Multiply both the numerator and

the denominator by ¢* and let u = €*. (e) See the trigonometric formulas in (1.22), p. 33.
Ans: (e) 2(\/5— 1). (H e +C.

Area. Find the area of the region bounded above by y = 2cosx and below by y = secx,
—r/4 <z <7/4
Ans: 2¢/2 — In(3 + 2V/2).

Volume. Find the volume of the solid generated by revolving the region in the above
problem (Exercise 2) about the z-axis.

Arc length. Find the length of the curve y = In(secz), 0 < z < 7/4.
Ans: In(v2 +1).
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8.2. Integration by Parts

8.2.1. Integration by Parts: Indefinite Integrals

Note: If we wished to evaluate integrals like [z cosxzdxz or [ a?e”dz,
the techniques we have studied would not work. (:.- It is not a sum of
elementary derivatives.)

e Integration by parts is a technique for simplifying integrals of the
form

/u(a:)v’(:c) dzx.

e Strategy:

— For differentiable functions « and v the Product Rule says that

%[u(fﬂ)v(ﬂs)} = u'(z)v(x) + u(z)v'(z). (8.1)

— Integrating both sides makes

u(z)v(z) = /u’(az)v(x) dx+/u(a;)v’(x) dx. (8.2)

**********

/u(:z:)v'(a:) dr = u(z)v(x) — /u'(a:)v(x) dr, (8.3)

whose differential version reads

/udv:uv—/vdu. (8.4)

Let v, is the antiderivative of v with C = 0. Then

/u(:c)v(sc) dr = u(z)v(x) — /u’(:v)vl(:c) dx. (8.5)

************
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(a) / T cos 2z dx (b) /tam_1 zdx

Note: If a function is raised to a power, we might go through the process
a few times.
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Fe—————————
!
!

Fe—————————
!
!

(a) /t41ntdt (b) /excosxda:

Solution.

Ans: (b)/excosxdx: ¢ smx—ge cosx_i_c'
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While the aforementioned recursive definition is correct, it is often
tedious to remember and implement. A much easier visual representa-
tion of this process is often taught to students and is called the tabular
method or the tic-tac-toe method.

* Let vi11 be the antiderivative of v, with C = 0, where v = v.

Then
/ / I
/uv — uvl—/uvl = uvl—<uvg—/u v2>

= uvy —uve+ [ u'vy

(8.6)

= uvy —u'vy+u'vs — /u'"V3
— uvy — u'vy + u”v3 —u"v, + /u////v4 .
Note: « is involved in the form of (—1)*u(®).

* This method works best when one of the two functions in the product
is a polynomial, so that its repeated derivatives go to a constant.

¢ It is also applicable for functions that repeat themselves.

(a) /x?’e% dx (b) /ex sinx dx

Ans: () £52 - LSt o
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8.2.2. Integration by Parts: Definite Integrals

The Integration by Parts Formula in (8.3) can be combined with Part 2
of the Fundamental Theorem in order to evaluate definite integrals by
parts.

Formula 8.16. Integration by Parts for Definite Integrals:

r
|
Lococoocooco=o -

'Example: 8.17. Find the area of the region bounded by the curve y = ze™*
and the z-axis from x = 0 to = = 4.

Solution.

Ans: 1 — 5e * ~ 0.9084
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8.2.3. Integration by Parts: Special Functions

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Integration by parts leads to a rule for integrating inverses that usually
gives good results:

/ Fi ) de = / uf (v) dy )
dr = f/(y)dy
. / (y (8.8)

_ /f

Note that y = f~1(z) (on the first line) can be viewed as a substitution.

/f‘l(x) dr = zf(z) — /f(y) dy. y=f"(x) (8.9)

,,,,,,,,,,,,

*************

,,,,,,,,,,,,,

(a) / arccos  dx (b) / log, = dx
1

Solution.

Ans: (a) xarccos x — sin(arccosz) + C. (b) 1/1n 2.
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,,,,,,,,,,,,,,,,,,,,,,,,, -
|

Recursive Formulas

-
|
b e e e e e e e e e e e e e e —— = 4

/ cos" x dx

in terms of an integral of a lower power of cos .

Solution. Let © = cos” !z and v/ = cosz.
=4 =—(n—1)cos" 2

zsinz and v = sinx. Thus
/Cos” vdr = cos" txsinz + (n—1) /Cos”_2 z - sin? x dx
= cos" txsinz + (n — 1) /cos”_2 z- (1 —cos’x)dx
= cos" tasinz + (n —1) /cos”_2 rdr —(n—1) /Cosnxd:c.
Moving the last term to the left, we obtain

n/cos”a:dx = cos" tasina 4 (n — 1)/608”2xd:€.

coS
/ cos"xdxr =

n—1

rsinx n—1
+
n n

/cos"_2 zdx + C. (8.10)

For example,

2 s 2 1 2
/cos?’xd:z: = erg/cosxderC = gCOSQI‘Sinx—f—gSinx—l—C.

Note: Similarly you may develop a formula for / sin" x dz. However, it

is not easy to memorize. We will deal with details of trigonometric
integrals in the next section, Section 8.3.
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Exercises 8.2

1.

Evaluate the integrals.
(a) /x2e_m dx (b) /sim_1 xdx

(c) /69 sin 6 df (d) / *Inzdr
1
Ans: (b) zarcsinx + V1 — 22 + C. (d) (3e* + 1)/16.

Evaluate the integrals by using a substitution or algebraic manipulation prior to inte-
gration by parts.

(a) /eﬁ dx (b) /ln(x2 +x)dx
Ans: (a) 2(v/x — 1)eV® + C.

Evaluate the integrals. Some integrals do not require integration by parts.

(a) /9@36934 dx (b) /\/Elnxdx

() / cos /7 d (d) / %d:ﬁ

Hint: (d) Let u = ze® and v/ = 1/((x + 1)
Ans: (¢) 2v/zsin/z +2cos/x + C.

Evaluate the integrals, using the formula in (8.9).
(a) /arctanxdx
(b) / arcsec x dx
(c) / sinh™ 2 dz

Hint: (b) /Secy dy = In|secy + tany| + C; see Formula 5.54, p. 252.
Ans: (b) zsec tz —In |z + Va2 —1]+C. (c) xsinh™' o — cosh(simh*1 x)+C.

Finding volume. Find the volume of the solid generated by revolving the region in the
first quadrant bounded by the coordinate axes and the curve y = cosz, 0 < = < 7/2,
about

(a) the y-axis. (b) the line =z = 7/2.
Ans: (b) 2.
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8.3. Trigonometric Integrals

Trigonometric integrals involve algebraic combinations of the six ba-
sic trigonometric functions.

‘Formula' 8.22. Integrals of Powers of sin x and cos T}

L]
,,,,,,,,,, g L P

Integrals of the Form / sin™ x cos” x dx

* Case 1: m is odd.
(a) Write m = 2k + 1 and use sin? x = 1 — cos? & to obtain
sin™ 2 = sin* !z = (1 — cos® )* sin .
(b) Substitute u = cos* = du = — sin xdx
* Case 2: n is odd.

(a) Write n = 2k + 1 and use cos?x = 1 — sin? x to obtain

k

2kl = (1 — sin® z)" cos z.

cos’' x = cos
(b) Substitute v = sinz = du = cos xdx

* Case 3: Otherwise (Both m and n are even). Use the Half-Angle

Formulas 1 ; m .
sin?z = # cos’x = % (8.11)

to reduce the integrand to one in lower powers.

/6
(a) / sin® x cos® = dx (b) / 3sin’(3z) d
0
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(a) / cos® x dx

(b) / sin’ z cos® z dx

/4
(¢) / V' 1+ cosdx dx
0

Ans: (¢) 1/\/§
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'Formula 8.25. Integrals of Powers of tan x and sec )

L]
,,,,,,,,,, g L =

Integrals of the Form / sec' x tan" x dx

e Case 1: m is even.

(a) Write m = 2k + 2 and use sec? x = 1 + tan? = to obtain

k k

sec™ x = (sec’z)"sec’ x = (1 + tan® x)" sec’ z.

(b) Substitute u = tan ¢ = du = sec? xdx

e Case 2: n is odd.

(a) Write n = 2k + 1, pull off one sec z, and use tan? x = sec?z — 1 to
obtain
sec™ xtan" x = sec™ ! z(tan? z)" sec x tan x

k

= sec” ! z(sec’ x — 1)*sec z tan z.

(b) Substitute v = sec £ = du = sec x tan xdx

e Case 3: Otherwise (Neither m is even nor n is odd). Use the
identities

sec’z =1+tan’z  tan’z =sec’z — 1 (8.12)

and use integration by parts.

(a) / tan z sec? z dx (b) / tan® x sec® z dx
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‘Example ' 8.27. Evaluate the integrals.
(a) / sec® x dx (b) / tan’ x sec x dx

Formula: /secxdx = In|secx + tanzx| + C.

Solution. (a) Integration by parts:

uw=secx, v =sec’r

'Example’ 8.28. Evaluate the integral sin 3x cos 5z dx.

Formula: sin Acos B = %[Sin(A — B) +sin(A + B)]; see (1.22), p.33, for details.
Solution.
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Exercises 8.3

1. Evaluate the integrals.

(a) /Cos3xsin3xdx (b) / 8sin* 0 db
0
Ans: (b) 3.
2. Evaluate the integrals.
2m 1 — /6
() / ,/%m (b) / VI+sinz de
0 0
. . vV1—sinz
Hint: (b) Multiply by ———.
int: (b) Multiply by “7—==r=
Ans: (a) 4.
3. Evaluate the integrals.
4 w/4
(a) /sec xdx (b) 6tan’ z dx
—m/4

2

Hint: (b) tan* x = tan? z(sec? x — 1) = tan® rsec? x — sec’ x + 1.

Ans: (b) 8 + 3.
4. Arc length. Find the length of the curve

y = In(sinx), <z<

N[N

T
6
b
Formula: Arc length: L = / Vv 1+ (f')?dx; see (6.14) for details.
5. Volume. Find the volume of the solid formed by revolving the region bounded by the

graphs of y = arctanz, x = 0, and y = 7/4 about the y-axis.
Ans: (1 —7/4).
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8.4. Trigonometric Substitutions

In some circumstances, the u-substitution can be in the form of a trig
equation. This is particularly true with square roots.

Table 8.1: Trigonometric substitutions.

Expression Substitution Identity
/2 2 T T 2 P
a*+x r=atand, —§<9<§ 1+ tan“ 6 = sec” 0
v a? — x? x = asinb, —%g@gg 1 —sin?6 = cos?6
S22 T 4 2 P
T4 —a T = asecH, 0§9<§ 0r§<0§7r sec*d — 1 = tan“ 0

7
£

o

1 o tan t A e sim X o s i

= A = ] = 3 ,
Woas 4ot = alsecf Woas = s = galcos @ Wt = as = g|tan &

Figure 8.1: Reference triangles for the three basic trigonometric substitutions.

1® —a® = a*sec’§ — a® = a*(sec’§ — 1) = a* tan? 6. (8.13)

The substitution requires

s X
0 — —
L[ . 9’
0=sec™ (Z) with { . : ; (8.14)
= < -1

For sec™!, see Figure 1.25, p. 54.
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24
T

Solution. z = 7secf, 0 <60 < 7/2

Ans: T[tanf — 0] + C = 7[7”’27_49 — sec(z/7)] + C

(b) / V25— 2 dy

Solution. y = 5sinf

Ans: £(0 +sinfcos) +C = Zsin~'(y/5) + 2571/2 +C

Note: For trigonometric substitutions, you may first consider the fact
that the radicand must be nonnegative; (a) |z| > 7, (b) |y| < 5.
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V3/2 22

22)3/2

339

Ans: 8[3sec® 0 —secl] + C = (22 +4)3/2 —4v/22 + 44 C

Ans: /3 —1/3
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1. Write down the substitution for z, calculate the differential dx, and
specify the selected values of 6 for the substitution.

2. Substitute the trigonometric expression and the calculated differen-
tial into the integrand, and then simplify the results algebraically.

3. Integrate the trigonometric integral, keeping in mind the restric-
tions on the angle 0 for reversibility.

4. Draw an appropriate reference triangle to reverse the substitution
in the integration result and convert it back to the original variable x.

fsec@d@-ln]sec@+tan9[ +C.

@) / dx
V4 + 2?2

(b)/d—x > 2
V2522 — 4 5

Ans: 3% + B 0



8.4. Trigonometric Substitutions 341

Exercises 8.4

1. Evaluate the integrals.
dx (1 — 22)%2

3
© [ 55 @ / T

Ans: (b) —5(7%) +C. (¢) %3:2 + %ln |z2 — 1|+ C.

2. Use an appropriate substitution and then a trigonometric substitution to evaluate the
integrals.

11'14 ey ZL‘ 3
_“ / . _.3/2
(a) /0 W dy (b) / T3 dr  (Hint: Let u = x3/2))

Ans: (a) In9 — In(1 + /10).

3. Complete the square before using an appropriate trigonometric substitution.

(a)/\/8—2x—x2dx (b)/vx2+4:;+
T+

Ans: (b) Va2 + 4x + 3 — arcsec(z + 2) 4+ C.

vV 1
4. (Challenge|py 4 the average value of f(z) = f/lL on the interval [1, 3]
X
Ans: V3 -2 11 (

@
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8.5. Integration of Rational Functions by Par-
tial Fractions

This section shows how to express a rational function as a sum of sim-
pler fractions (called partial fractions) which are easily integrated.

'Example 8.34. To illustrate the method of partial fractions, consider

2 1 2@+ —(z—1)  z+5
r—1 z+2  (z-1)(z+2)  224+z-2

If we now reverse this process, we see how to integrate the function on the
right side of this equation:

2 1
/x——l—de:/( _ )da::
224+ —2 r—1 x+2

General Description of the Method

Success in writing a rational function f(x)/g(z) as a sum of partial frac-
tions depends on two things:

* The degree of f(x) must be less than the degree of g(x).

— That is, the fraction must be proper.
- Ifitisn’t, divide f(x) by g(z) and work with the remainder term.

56) _ gy s 70
FER ) (8.15)

* We must know the factors of g(x).

— In theory, any polynomial with real coefficients can be
written as a product of real linear factors and real
quadratic factors.
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‘Method of Undetermined Coefficients:

hr — 3 A B 2 3
(a) =

(x+1)(x —3) x+1+x—3:x+1+x—3

343

1 _é Bx +C Dx+E_1 — —

© —— + + —+

r(z2+1)2 & x2+1 (22412 =z x2—|—1+(x2—|—1)2
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When f(m)/g(w) is Proper

1. Linear factors of g:
Let (x — r) be a factor of g(z) with (z — r)™ being its highest power.
Then, to this factor, assign the sum of the m partial fractions:

+ o — (8.16)

2. Quadratic factors of g:
Let (2° + pz + q) be a factor of g(x) with (22 + px + ¢)" being its highest
power. Then, to this factor, assign the sum of the n partial fractions:

Bix + C4 Box + (9 B,x + C,
2 2 g T TS n’
w?+pr+q (2 +pzr+q) (% + pr +q)

(8.17)

3. Combine all the partial fractions:

Set the original fraction f(x)/g(z) equal to the sum of all these partial
fractions.

4. Determine the coefficients:
Equate the coefficients of corresponding powers of = and solve the re-
sulting equations for the undetermined coefficients.
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r—1 10
@ [ Gyt ® | g

2
+2x+1 \/ 1
(a) /—xx * dx (b)/ T dxr (Hint: Let u =z + 1)
xr

Ans: (@) In(z* +1) - 25 +C. M 2[Ve + T - sn(Ve + 1+ 1)+ 5In[Vz +1-1]+C.
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Exercises 8.5

1. Evaluate the integrals.
ydy
@ / Y —2y—3

2. Evaluate the integrals.

23+2
(@) / 2+ 1)(s—1)3 ds

6

Hint: (b) Let u = z/6, equivalently, z = u%.

3. Evaluate the integrals.

1
(a) /md%

3
Hint: (a) Multiply %

4. Find the length of the curve y = In(1 — 2?), 0 <z <

(b) /%ﬁd:ﬁ

Chapter 8. Techniques of Integration

O 23dx

(b) 1 .932—21'—'—1

Ans: (a) (In15)/2.

1

Ans: (@) —(s — 1) 24+ (s —1)"' +tan" ' s+ C.

cosyd
(c>/ _,cosydy
sin“y +siny — 6

Ans: (b)él\/ﬁ%—ﬂn‘\/r ‘

l\DIn—~

Ans: In3 — %
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8.6. Integral Tables and Computer Algebra Sys-
tems

Note: One can find integrals by using Integral Tables or a Computer
Algebra System (CAS). For example,

* Integral Tables: You can google various tables of integrals. Here is
an example: CRC_integrals.pdf

e Computer Algebra Systems: Maple, Mathematica, Python

We will skip this section.



http://www.math.stonybrook.edu/~bishop/classes/math126.F20/CRC_integrals.pdf
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8.7. Numerical Integration

You may watch the project:
Numerical Integration: Trapezoid Rule and Simpson’s Rule
Youl® click https:/www.youtube.com/watch?v=5DsALI8s8g8

Approximation of Definite Integrals

* The antiderivatives of many functions have no elementary formulas.
Examples: sin(2?), 1/Inz, V1 + 24, - - -.

* When we cannot find a workable antiderivative for a function f, we
can partition the interval of integration, replace f by a closely fitting
polynomial on each subinterval, integrate the polynomials, and add
the results to approximate the definite integral of f.

* This procedure is an example of numerical integration.

* Here we study two such methods, the Trapezoid Rule and Simp-
son’s Rule.

* A key goal in our analysis is to control the possible error that is
introduced when computing an approximation to an integral.

YN N N N N e e e N

Recall: In Section 5.1, we introduced the Midpoint Rule to approxi-
mate a definite integral over an interval [a, b].

* Let the interval [a, b] be partitioned into n equal subintervals:

b—
a=2) <11 <To<--<xp,=b, xp=a+k -Ax, Ar= a.
n
* We then approximate the integral using n rectangles:
b n
[ fe)dn = Y flaaa (8.18)
a =1l

where ¢, = (xk_l RN xk)/Z.



https://www.youtube.com/watch?v=5DsALI8s8g8
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8.7.1. Trapezoid Rule

®* The Trapezoid Rule is based on approximating the region between a
curve and the z-axis with trapezoids instead of rectangles, as in Fig-

ure 8.2.
fix)
Trapezoid area
%I vy + yaldx
fllll/
¥ Vg
Ty ; *
Figure 8.2: The Trapezoid Rule.
e It is not necessary for the subdivision points z(, z1,x9,--- , 2, in the

figure to be evenly spaced, but the resulting formula is simpler if they
are.

* We therefore assume that the length of each subinterval is

Ap — b—a7

n

which is called the step size or mesh size.

* The area of the trapezoid that lies above the k-th subinterval is

Y1t U Az
2 2

where y;—1 = f(zr-1) and yx = f(zy).

Az (Yr-1 + Yi), (8.19)
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Algorithm | 8.40. The Trapezoid Rule

To approximate f; f(z) dz, use

" Az
T = ZT(le‘f‘yk)

k=1
Az

= 7[(% +y1) + (1 +y2) + (2 +ys) + - 4 (Y1 + Yn)]
Az

) [Yo + 2y1 + 2y + - -+ + 2yn—1 + Yn)
= Mo(Dtmtmt v+ D).

(8.20)

'Example! 8.41. Use the Trapezoid Rule with n = 4, 8, 16 to estimate

/2
/ (sinz + 2*) dz. Compare the estimates with the exact value.
0

Solution.
trapezoid.m

v | f = 0(x) sin(x)+x."3;

s | a=0; b=pi/2; exact=1+(1/4)*b"4;
+ | n=4;

¢ |Dx = (b-a)/n;
: | X = linspace(a,b,n+1);
8 Y=f(X),

w | T =Dx * ( sum(Y(2:n)) + (Y(1)+Y(n+1))/2 );
u | fprintf ('T_%d = %g; Rel-Error = %g\n',n,T, abs(T-exact)/exact)

Output
1 | T_4 = 2.60426; Rel-Error = 0.0326096
2 | T_8 = 2.54258; Rel-Error = 0.00815486
s | T_16 = 2.52716; Rel-Error = 0.00203887

The Error = O(Ax?)
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8.7.2. The Simpson’s Rule

Another rule for approximating the definite integral of a continuous
function results from using parabolas, instead of the straight-line seg-
ments that produced trapezoids.

* In the Simpson’s Rule, on each consecutive pair of intervals,
we approximate the curve y = f(z) by a parabola.

.1‘
A

Parabola

b
v = flx)
Yo| ¥M1| ¥z

h | h

Ola=xy x x I|h3l ) x,=0b

Figure 8.3: Simpson’s Rule.

* The parabola which passes (¢, o), (1,%1), and (z2,72) can be con-
structed in the form of Lagrange polynomial

Play o) (1) = YoLoo(x) + y1 L1 () + yoLa (), (8.21)
where (o — o1)(o — 22)
Lz,o(l’) = (‘ZJO — xlggxo — a’?)’
o T — Tp)lT — X9
Lyi(z) = (?1 — xoggﬂfl — xi),
Lazle) = (z2 — xo)(z2 — 21)
e Then

2h

/ f@)dz ~ / Proea(®)dz = =y + 41 +42).  (822)




352 Chapter 8. Techniques of Integration

Algorithm | 8.42. The Simpson’s Rule
To approximate f; f(z) dz, use

n/2 2Ax
S = Z ——(Yar—2 + dy2r—1 + Yor)
= O (8.23)

Ax
= —(yo+4y1 +2y2 +4ys + - + 2Yn—2 + 4Yp_1 + Yn).
3

'Example’ 8.43. Use the Simpson’s Rule with n = 4, 8, 16 to estimate

/2
/ (sinz + 2*) dz. Compare the estimates with the exact value.
0

Solution.

10

11

12

13

14

15

16

simpsons.m

f = 0(x) sin(x)+x."3;

a=0; b=pi/2; exact=1+(1/4)%*b"4;

n=4;
Dx = (b-a)/n;
X = linspace(a,b,n+l);
Y = £(X);
S =0;
for k=2:2:n
S =8+ (Y(k-1)+4xY(k)+Y(k+1));
end
S = Sx (Dx/3);

fprintf('S_%d = %g; Rel-Error = %g\n',n,S, abs(S-exact)/exact)

Output
S_4 = 2.52215; Rel-Error = 5.3364e-05
S_8 = 2.52203; Rel-Error = 3.2892e-06
S_16 = 2.52202; Rel-Error = 2.0487e-07

The Error = O(Ax?)
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8.7.3. Gauss quadrature

1 2
[ S0 ft) +uaf(t) = 3 wif ) (8.24)
- =1

is as accurate as possible.
Solution.

Ans: t1 = —1/\/5, to = 1/\/3, Wy, = Wy = 1.

® 1-cos(—1/+/3)+1-cos(1/+/3) = 1.67582366.
® The exact value f_ll costdt = sin(1) —sin(—1) = 2 - sin(1) = 1.68294197. O

‘Remark' 8.46. Integration over General Intervals.

,,,,,,,,,, o

Over an arbitrary interval [a, b], we may introduce a transformation:

m:b;“ua‘;b L [=1,1] — [a, b]. (8.25)

Then, since dz = 5% dt, we have

b 1 b—a a+b\b—a
/af(x)dx N /_1f( 5 T ) 5 (8.26)
~ w1 f(T1) + Waf(Ta),

where
b— _ b—
By = 2“wi, @i:bQQti+“;b:(ti+1)T‘l+a. (8.27)
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Definition}; 8.47. The Gauss quadrature for ¢ nodal points is defined
in such a way that the approximation

1 q
/ f)dt =~ > wif(t) (8.28)
-1 i=1
shows an optimal accuracy over the choices of nodal points {t;, s, -- ,#,}
and weights {wy, ws,--- ,w,}.

of a partition of interval [a, b|. Consider

w/2
/ (sinx + 2°) dz.
0

Use the Gauss quadrature to estimate the integral, with n = 4, 8, 16 and
qg=1,2, 3.

e Compare the estimates with the exact value.

* Compare accuracy with that of the Simpson’s Rule.

Note: When ¢ = 1, the Gauss quadrature becomes the midpoint rule.

Solution.
call_gauss_quadrature.m

| f = 0(x) sin(x)+x."3;

s | a=0; b=pi/2; exact=1+(1/4)*b"~4;

4+ | n=4;

¢ | for g=1:3

7 GQ(q) = gauss_quadrature(f,a,b,n,q);
8 end

0 | format shorte
1 | REL_ERROR =abs((GQ-exact)/exact)
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gauss_quadrature.m
i | function v = gauss_quadrature(f,a,b,n,q)
: | % n = the number of subintervals

s | % q = the number of quadrature points in each subinterval

5 | h--- Initial setting -------------————-———-
¢ |h = (b-a)/n; partition = linspace(a,b,n+1);

s | h--- Standard T and W, on [-1,1] —-—————--—————-

s | T = zeros(1,q); W = zeros(1,q);

10 if ==1, T = [O], W = [2],

n | elseif q==2, T = [-1/sqrt(3),1/sqrt(3)]; W = [1,1];
[-sqrt(3/5),0,sqrt(3/5)1; W = [5/9,8/9,5/91;

2 | elseif g==3, T
13 end

5 | %--- Transform P to X & Scale W ——————-cceen
6 | X = (T+1)*x(h/2); W = Wx(h/2);

17

s | h--- Now, Gauss Quadrature ---------—-—-—-———————-
v | v=0;
» | for i=1:n
21 fX = £( partition(i)+X );
2 v = v + sum(£fX.*W);
23 end

Output
1 Output: g=1 q=2 =3
L
3 n=4: REL_ERROR = 1.6300e-02 2.1935e-06  7.2511e-10
4 n=8: REL_ERROR = 4.0771e-03 1.3659e-07 1.1285e-11
5 n=16: REL_ERROR = 1.0194e-03 8.5291e-09 1.7644e-13

Simpson’s QOutput

1 | S_4 = 2.52215; Rel-Error = 5.3364e-05
2 | S_8 = 2.52203; Rel-Error = 3.2892e-06
3 S_16 = 2.52202; Rel-Error = 2.0487e-07
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Exercises 8.7

1. Use the Trapezoid Rule and the Simpson’s Rule with n = 4, 8, 16 to approximate
1
/ V1 + a2 dx. How accurate is the Simpson’s Rule with n = 16?
0

2. A car laps a race track in 60 seconds. The speed of the car at each 5 second
interval is determined by using a radar gun and is given from the beginning of the lap,
in feet/second, by the entries in the following table:

Time ||[0 5 10 15 20 25 30 35 40 25 50 55 60
Speed || 0 90 124 142 156 147 133 121 109 99 95 78 89

How long is the track?
(a) Use the Trapezoid Rule
(b) Use the Simpson’s Rule

3. The length of one arch of the curve y = sinz is given by L = / V14 cos?xdx.
0
Estimate L by Simpson’s Rule with n = 8.

4. Estimate the value of

!
= 2
r /01+x2d:c, (8.29)

to 12 decimal places.

(a) Use the Simpson’s Rule to find the number of subintervals.
(b) Use the Gauss quadrature with ¢ = 2 to find the number of subintervals.
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8.8. Improper Integrals

I:]xpansionh 8.49. Definite Integrals

¢ Up to now, we have required definite integrals to satisfy two proper-
ties:
1. The domain of integration [a, )] must be finite.
2. The range of the integrand must be finite on this domain.
* In practice, we may encounter problems that fail to meet one or both
of these conditions.
* In either case, the integrals are said to be improper and are calcu-

lated as limits.

— We will see in Section 8.9 that improper integrals play an impor-
tant role in probability.

8.8.1. Type I: Infinite Intervals

00 b
Solution. / e "2 dy = lim e 2 dg.
0

b—o0 0

N
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Definition} 8.51. Integrals with infinite intervals are improper inte-
grals of Type L.

1. If f(x) is continuous on [a, c0), then

00 b
/ f(x)dx = blim f(x) dx. (8.30)
2. If f(x) is continuous on (—oo, b], then
b b
/ f(x)dx = 1_1>m f(x)dx (8.31)
3. If f(z) is continuous on (—oo, 00), then

/f d:z:—/ f(= d:c+/f (8.32)

where c is any real number.

In each case, if the limit exists and is finite, we say that the improper
integral converges and that the limit is the value of the improper inte-
gral. If the limit fails to exist, the improper integral diverges.

o0

rExample 8.52. Determine whether the integral — dx is convergent or
il 1 i

divergent.
Solution.
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T = 00 ﬁnlte‘? If so, what is its value?
Sol_ution.

It x
-
x-

0l

0 1 b =i

r ,,,,,,,,,,,
dx

Example 8. 54 For What values of p does the integral f1 < converge?

When the mtegral does converge, what is its value?
Solution. Consider cases: O p=1,2p # 1

Ans: When p > 1, the improper integral converges to 1/(p — 1).
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Evaluate 1f it converges.

/ 10e* dx
1

Solution.

Evaluate 1f it converges.

>0 1
d
/1 213z

Solution.
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Evaluate if it converges.

2
2
d
/ooac2+4 v

Solution.

Evaluate if it converges.

0 2x
—d
/_oo @+ 12"

Solution.
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8.8.2. Type II: Discontinuous Integrands

Definition}, 8.59. Integrals of functions that become infinite at a
point within the interval of integration are improper integrals of
Type II.

1. If f(z) is continuous on (a, b] and discontinuous at a, then

b b
/ f(z)dz = lim / f(z)dz. (8.33)

2. If f(x) is continuous on [a, b) and discontinuous at b, then

b c
/a flz)dx = cliﬂ?- / f(z)dz. (8.34)

3. If f(z) is continuous on [a, b] except at ¢, a < ¢ < b, then

/f dx_/f dx+/f (8.35)

In each case, if the limit exists and is finite, we say the improper integral
converges and that the limit is the value of the improper integral. If
the limit does not exist, the integral diverges.

Evaluate 1f 1t converges.
32
1

o Vi

Solution.
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Evaluate if it converges.

/2
/ tan x dx
0

Solution.

Evaluate if it converges.

2
1
/ dx
1/2 .I'lnx

Solution.
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8.8.3. Tests for Convergence and Divergence

We try to determlne whether it converges or diverges.

* If the integral diverges, that’s the end of the story.

¢ If it converges, we can use numerical methods to approximate its
value.

* The principal tests for convergence or divergence are the Direct
Comparison Test and the Limit Comparison Test.

'Theorem | 8.64. Direct Comparison Test
Let f and g be continuous on [a,00) with 0 < f(z) < g(z) for all x > a.
Then

1. If / x) dx converges, then / f(z) dx converges.

2. If / f(x)dx diverges, then / g(z) dx diverges.

sin® x 1
< — and
2 22

sin’ x
(a) / 5 dx converges, because 0 <
T T

o0

1

— dx  converges.
1 X

1 1
dr diverges, because —— > — and

(b) /OO !
1 V2 —=0.1 ’ 2 —-01" =«
|
/ —dx diverges.
1

X

COS T 1
< — and

N
= lim 2(\/7/2 — Va) = V27 converges.

a—07t

COST
(c) / dx converges, because 0 <

/z

/2 1
/0 \/E a0t
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'Theorem | 8.66. Limit Comparison Test
If the positive functions f and g are continuous on [a, ), and if

lim M =L, 0<L <oo, (8.36)

/GOO f(z)dx and /:Og(x) dx

either both converge or both diverge.

fffffffffff dx
——————————— 1+ a?

then

(a) Show that the integral converges by comparison with [~ 1/2? dx.

(b) Find and compare the two integral values.

Solution.



Solutlon.

Solutlon
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1 —e®

1 €T

dx.

VL,
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Exercises 8.8

1. Evaluate the integrals.

-2 9 o)
() /00352_1651; (b)/

1
(c) rzlnzdx (d) /

—82

Ans: (b) 0. (c) —1/4. (d) 7/2.

2. Use integration, the Direct Comparison Test, or the Limit Comparison Test to test the
integrals for convergence. (If more than one method applies, use whatever method you
prefer.)

1
(a) / e, (b) / In |z| dz
—1
o 1
(olﬁ o s

3. Find the values of p for which each integral converges.

*  dx
m)/ mx m)é v

Ans: (a) Converges when p < 1.

Ans: (a) Diverges.

4. Evaluate the integrals.
S (b) / -
Ans: (b) 7.

oo b
5. / f(x) dr may not equal blim / f(x) dz.
o —oo |

o dx diverges.
xz

(a) Show that /
0

<2
(b) What can you say about the convergence of / p f_ 1

b op
(¢) Show that lim 5

dr = 0.
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8.9. Probability

8.9.1. Probability Density Functions

Definition}; 8.70. A random variable is a function X that assigns a
numerical value to each outcome in a sample space.

* Random variables that have only finitely many values are called
discrete random variables.

e A continuous random variable can take on values in an entire
interval, and it is associated with a distribution function.

Definition} 8.71. A probability density function (PDF) for a contin-
uous random variable is a function f defined over (—oo, >0) and having
the following properties:

1. f is continuous, except possibly at a finite number of points.

2. f is nonnegative, so f > 0.
3. / flx)dr = 1.

If X is a continuous random variable with the PDF f, the probability
that X assumes a value in the interval between X = cand X = d is given
by the integral

d
Ple< X <d) = / f(z) da. (8.37)
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,,,,,,,,,,, , 0, if t <0,
,,,,,,,,,,, 2e 2 if t > 0.

(a) Verify that f is a PDF.

(b) The time 7" in hours until a car passes a spot on a remote road is de-
scribed by the PDF f. Find the probability P(7T < 1) that a hitchhiker
at that spot will see a car within one hour.

Solution.

********************************************

Exponentially Decreasing Distributions

| |
| |
e E

Definition} 8.73. An exponentially decreasing probability density
function is a PDF of the form

0 if <0
= ’ ’ 8.38
/() { ce~ . if x>0, ( )

for arbitrary ¢ > 0.

r--- -~ - - - - - - ~-~- - .-~ -~ ~"~-~"=~"=~"=—"“"-= -~ ~" °-"“T"”™T™™~"~"=~"T¥"”°T" =¥ "~ — ~“ T Z -~ °=°—7 a
| |
| |

Expected Values, Means, and Medians

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Definition} 8.74. The expected value or mean of a continuous random
variable X with PDF f is the number

p = EX) = /_Oo zf(x)dz. (8.39)

(©.9]
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nential PDF
0, if © <0,
f(x) = {

ce if x > 0.

Solution.

Ans: p=1/c.

Exponential Density Function for a Random Variable X with
Mean p

0 if £ <0
= ’ ’ .40
/(@) { p e if 2 > 0. (8.40)

There are other ways to measure the centrality of a random variable with
a given PDF.

Definition} 8.76. The median of a continuous random variable X with
PDF f is the number m for which

/_Z flz)dx = % and /Oo f(z)dz = % (8.41)

m
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nential PDF
0, if © <0,
f(x) = {

ce if x > 0.

Solution.

1 /m —CI —CI
== ce” “dr = —e

2 0

1 o
— = / ce “Cdxr =
2 m

m
=1—e
0

—Ccm

Ans:m =1In2 = pln2.

time of a bulb is 1200 hours. Assume the life of a bulb is exponentially
distributed.

(a) Find the probability that a bulb will last less than its guaranteed life-
time of 1000 hours.

(b) In a batch of light bulbs, what is the expected time until half the light
bulbs in the batch fail?

Solution.

Ans: (a) 1 — e7/% = 0.5654. (b) median = z1n2 = 1200 * In 2 ~ 831.7766 hours.
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a bakery is 30 seconds. Assume that an exponential density function de-
scribes the waiting times.

(a) What is the probability a customer waits 15 seconds or less?

Ans: 1 —e 12 ~0.393

(b) What is the probability a customer waits longer than one minute?

Ans:1—(1—-¢2)~0.135

(c) What is the probability a customer waits exactly 5 minutes?

Ans: 0

(d) If 200 customers come to the bakery in a day, how many are likely to be
served within three minutes?

Solution.
The probability that each customer is served within three minutes:

180
1
P(T < 180) = / %e—mo dr =1—¢e%~0.997521.
0

The probability that a single customer waits longer than three minutes:
1—(1—e %% ~0.3912.

= Most likely, all 200 would be served within three minutes.
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8.9.2. Variance and Standard Deviation

Definition}, 8.80. The variance of a random variable X with probabil-
ity density function f is the expected value of (X — )

Var(X) = /_OO (z — w)if(z) d. (8.42)

e.¢]

The standard deviation of X is

ox = +/Var(X). (8.43)

F———————————

f(t){o, if ¢t <0,

0.1e %1 if + > 0.

(a) Find the standard deviation of the random variable 7.

(b) Find the probability that T lies within one standard deviation of the
mean, P(u—o <T < pu+ o).

Solution. i = 10.

Ans: (@) 0 = 10. (b) 1 — e~ 2 ~ 0.865.
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‘Remark' 8.82. Other Common Distributions

1. The uniform distribution is very simple, but it occurs commonly in

applications: 1

T b—a’

2. Numerous applications use the normal distribution, which is de-
fined by the PDF

f(z)

a<xz<hb. (8.44)

1

o\ 21

flz) = e~(T=m?/20" g e R, (8.45)

In applications the values of the mean y and the standard deviation o
are often estimated using large sets of data.

test in 2009, and the composite mean score across the academic areas was
1 = 21.1 with standard deviation o = 5.1.

(a) What percentage of the population had an ACT score between 18 and
247
(b) What is the ranking of a student who scored 27 on the test?

(c) What is the minimal integer score a student needed to get in order to
be in the top 8% of the scoring population?

act_test_2009.m

mu = 21.1; sigma=5.1;
f = 0(x) (1/(sigmaxsqrt(2*pi))) * exp(-(x-mu)."~2/(2*sigma~2));

1

2

3

a | %k ()

5 | integral(f,18,24) Jhoutput= 0.44355 ---> Ans: about 44,
6

1 | hh (b)

s | ACT27 = integral(f,27,36) ‘output= 0.12192 ---> Ans: 12

9

w | %h ()

% We look at how many students had a mark >=28

ACT28 = integral(f,28,36) ‘output= 0.086296

% We look at the next higher integer score

ACT29 = integral(f,29,36) ‘output= 0.058947 ---> Ans: 29

-
jan

-
»o

—
w

=
'S
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Exercises 8.9

1. Verify that the functions are PDF for a continuous random variable X over the given
interval. Determine the specified probability.

() f(z) =ze *over[0,00), P(1<X <3) () f(z) = gaj@—x) over [0,1], P(X < 0.5)

Ans: (a) =~ 0.537.

2. Find the value of the constant ¢ so that the given function is a PDF for a random variable
over the specified interval.

(@) f(z)=4e > over [0, (] (b) f(x) = cxv25 — 22 over [0, 5]
Ans: (a) 82

3. Suppose f is a PDF for the random variable X with mean p. Show that the variance
defined in (8.42) satisfies

Var(X) = /OO 22 f(z) dw — 1. (8.46)

4. Airport Waiting Time. According to the U.S. Customs and Border Protection Agency,
the average airport wait time at Chicago’s O’Hare International Airport is 16 minutes
for a traveler arriving during the hours 7-8 a.m., and 32 minutes for arrival during the
hours 4-5 p.m. The wait time is defined as the total processing time from arrival at the
airport until the completion of a passenger’s security screening. Assume the wait time
is exponentially distributed.

(a) What is the probability of waiting between 10 and 30 minutes for a traveler arriving
during the 7-8 a.m. hour?

(b) What is the probability of waiting less than 20 minutes for a traveler arriving dur-
ing the 4-5 p.m. hour?

0, if ¢t <0,

Formula: For 4-5 p.m arrivals, for example, the PDF is f(t) = 1 s >0

3¢ : > 0.

5. Germination of Sunflower Seeds. The germination rate of a particular seed
is the percentage of seeds in the batch which successfully emerge as plants. Assume
that the germination rate for a batch of sunflower seeds is 80%, and that among a large
population of n seeds the number of successful germinations is normally distributed
with mean p = 0.8n and standard deviation o = 0.4y/n.

(a) In a batch of n = 2500 seeds, what is the probability that at least 1960 will success-
fully germinate?

(b) In a batch of n = 2500 seeds, what is the probability that at most 1980 will success-
fully germinate?

(c) In a batch of n = 2500 seeds, what is the probability that between 1940 and 2020
will successfully germinate? Ans: 0.83999.
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9.1. Solutions, Slope Fields, and Euler’s Method
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10.1. Sequences
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11.1. Parametrizations of Plane Curves



CHAPTER 12

Vectors and the Geometry of Space

In this chapter, ...

Contents of Chapter 12
12.1.Three-Dimensional Coordinate Systems . . . . .. ... ... ... ... .. .......

385



386 Chapter 12. Vectors and the Geometry of Space

12.1. Three-Dimensional Coordinate Systems
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13.1. Curves in Space and Their Tangents
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***************************************

What is Vector Calculus?

| |
| |
b e e e e e e e e e e e e e e e e e e e e e - - = E

* A type of advanced mathematics, which has practical applications in
physics and engineering (and other sciences)

* Concerned with differentiation and integration of vector fields.

77777777 A
|

,,,,,,,, ]

Lecture Note: https:/skim.math.msstate.edu/LectureNotes/Calculus-Lectures.pdf

* Appendix A. Vectors and the Geometry of Space: Preliminaries
— A brief review of Chapter 12.

¢ Chapter 14. Partial Derivatives
— Expansion of Differentiation (Calculus I)

¢ Chapter 15. Multiple Integrals
— Expansion of Integration (Calculus II)

e Chapter 16. Integrals and Vector Fields
— Applications to real-world problems in 2D/3D

— Focusing on problems in physics and engineering


https://skim.math.msstate.edu/LectureNotes/Calculus-Lectures.pdf
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Appendix A

Vectors and the Geometry of Space: Pre-
liminaries

In vector calculus, you will be frequently required to deal with

e vectors and various geometric objects

* in 2-dimensional (2D) and 3-dimensional (3D) spaces.

This appendix reviews vectors and equations of 3D geometric objects.
In particular, you will learn

* vectors

dot product

® cross product

equations of lines and planes, and

cylinders and quadric surfaces

Contents of Chapter A

A.1. Vector Operations . . . . . . . . . . . . . . i e e e e e e 394
A.2. Equationsinthe 3D Space . . . . . . . . . . . . . . 402
A.3. Cylinders and Quadric Surfaces . . . . . . . . ... .. ... ... ... .. ... 406
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A.1. Vector Operations

There exists a lot to cover in the class of vector calculus; however, it is
important to have a good foundation before we trudge forward. In that
vein, let’s review vectors and their geometry in space (R?) briefly.

A.1.1. 3D coordinate systems

Recall: Let P = (z1,51) and Q = (x9,72) be points in R% Then the
distance from P to Q) is

|PQ| = /(z2 — 21)% + (y2 — 11)* (A.1)

Definition} A.1. Let P = (21,41, 21) and Q = (2,2, 22) be points in R3.
Then the distance from P to () is

1PQ| = v/(z2 — 21)2 + (y2 — 1) + (22 — 21)2. (A.2)

Solution.

Ans: 3
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Recall: A circle in R? is defined to be all of the points in the plane (R?)
that are equidistant from a central point C(a,b).

(z—a)®+ (y—b)?=r2 (A.3)

A natural generalization of this to 3-D space would be to say that a sphere
is defined to be all of the points in R? that are equidistant from a central
point C. This is exactly what the following definition does!

Definition} A.3. Let C(h,k,l) be a point in R3. Then the sphere cen-
tered at C' with radius r is defined by the equation

(z—-h)?2+ Y-k +(=z-0)*=r (A.4)

That is to say that this defines all points (z,y,z) € R? that are at the
same distance r from the center C(h, k,1).

of a sphere, and find its center and radius.
Solution.

Ans: C(2,—1,3) and r =2
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A.1.2. Vectors and vector operations

Definition}; A.5. A vector is a mathematical object that stores both
length (magnitude) and direction.

Let P = (z1,y1,21) and Q = (x1 Y 29). Then the vector with initial point P
and terminal point () (denoted P()) is defined by

RN N\
PQ = (o —x1,y2 — Y1, 22 — 21) = 0Q — OP,

where O is the origin, O = (0,0,0). The vector (ﬁD is called the position
vector of the point P. For convenience, we use bold-faced lower-case letters
to denote vectors. For example, v =< v;, v, v3 > is a (position) vector in R?
associated with the point (vq, vo, v3).

Definition}; A.6. Two vectors are said to be equal if and only if they
have the same length and direction, regardless of their position in R3.
That is to say that a vector can be moved (with no change) anywhere in
space as long as the magnitude and direction are preserved.

Definition} A.7. Let v =< wvj,v9,v3 >. Then the magnitude (a.k.a.
length or norm) of v (denoted |v| or sometimes ||v||) is defined by

lv| = \/v%—l—v%—l—vg. (A.5)

Definition; A.8. (Vector addition) Let u =< wuj,us,u3 > and v =<
vy, V9, v3 >. Then

u—+v=<u +v,us+ vy, us + vz > .
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Definition} A.9. (Scalar multiplication) Let v =< vy, v2,v3 > and k € R.
Then

kv =< kvy, kvg, kvg > .

|2a — 3b|.
Solution.

Ans: |a| = 5;2a — 3b =< —3,-9,2 >; [2a — 3b| = /94

Definition}; A.11. A unit vector is a vector whose magnitude is 1. Note
that given a vector v, we can form a unit vector (of the same direction)
by dividing by its magnitude. That is, let v =< vy, v9,v3 >. Then

M (A.6)

u=—
[v]

is a unit vector in the direction of v.

Definition}; A.12. Any vector can be denoted as the linear combination
of the standard unit vectors

i=<1,00> j=<0,1,0> k=<0,0,1>.

So given a vector v =< vy, 19,03 >, one can express it with respect to the
standard unit vectors as

V =< U1,V9,v3 >= 011+ v2j + v3k. (A.7)

This text, however, will more often than not use the angle brace notation.
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Definition}; A.138. Let u =< uy,us,u3 > and v =< vy, v9,v3 >. Then the
dot product is

u- Vv =1uj v + us vy + usvs, (A.8)

which is sometimes referred as the Euclidean inner product. Note
that v - v = |v|>.

\Theorem\ A.14. Let 6 be the angle between u and v (so 0 < 0 < ).
Then

u-v = |u||v] cos(f). (A.9)

[Corollaryj: A.15. Two vectors u and v are orthogonal if and only if
u-v=—

~

[Problemi A.16. Find the angle between the vectors a =< 2,2,1 > and

b=<3,0,3 >.
Solution.

Ans: 7/4 (= 45°)
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peﬁnitionﬁ A.17. Let u =< uj,us,u3 > and v =< vy, v9,v3 >. Then the
cross product is the determinant of the following matrix:

i j k
uxv = det [u; w wus
V1 Vg U
SR (A.10)
— det | “3] i — det [“1 54 det | ”2] k
Uy U3 U1 Us U1 Uy

= < U9U3 — U3V2, U3V1 — ULV3, U1V — UV > .

b=<3,-1,-2 >.
Solution.

Ans: < —2,14,-10 >

'Theorem | A.19. The vector a x b is orthogonal to both a and b.

\Theorem \ A.20. Let 0 be the angle between a andb (so0 < 6 < 7). Then

la x b| = |a] |b]| sin6. (A.11)
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of the parallelogram determined by a and b.

a =
/; / E
b

L |
I 1

Ibl]
Figure A.1

F—————————
|
L

Problem' A.22. Prove that two nonzero vectors a and b are parallel if and

,,,,,,,,,, =

only if a x b = 0.
Solution.

The cross product a x b is defined
as a vector that is perpendicular
(orthogonal) to both a and b, with a
direction given by the right-hand
rule and a magnitude equal to the
area of the parallelogram that the
vectors span.

If the fingers of your right hand
curl in the direction of a rotation
(through an angle less than 180°)
Figure A.2: Finding the direction of the from a to b, then the thumb points
cross product by the right-hand rule. in the direction of a x b.
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Exercises A.1

1. Find the cross product a x b and verify that it is orthogonal to both a and b.

(a) a=<1,2,-1>,b=<20,-3>
(b) a=<1,t,1/t >, b=<t*1t1>

2. Find |u x v| and determine whether u x v is directed into the page or out of the page.

- >
120 lv| =12

Figure A.3

3. (1) Find a nonzero vector orthogonal to the plane through the points P, (), and R, and
(i1) find the area of the triangle PQR.

(a) P(1,0,1), Q(2,1,3), R(-3,2,5)
Ans: <0,-12,6 >, 35
(b) P(1,-1,0), Q(-3,1,2), R(0,3,—1)
Ans: < —10,—6,—14 >, /83

4. Find the angle between a and b, whena-b=—v3andaxb=<2,2,1>.
Ans: 120°

Note: Exercise problems are added for your homework; answers would be provided for some of
them. However, you have to verify them, by showing solutions in detail.
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A.2. Equations in the 3D Space

Objective: To build equations of lines, line segments, and planes.

Parametrization of a Line. Let P, = (zg, 0, 20) be a point in R?, and
v = (a, b, c) be a vector in R3. Then the line through P, parallel to v is

r=F +tv, teR. (A.12)
Since r = [z,y, 2|*, this can also be written as (parametric equation)
r=z9+at, y=yo+bt, z=zy+ct; teR. (A.13)
or as the symmetric equation

r — Xo Y—1Y 2 — 20
= ) A.14
a b ® ( )

X

Figure A.4: Parametrization: (left) line and (right) line segment.

Parametrization of a Line Segment. Let P and () be respectively the
initial and terminal points of a line segment. Then the line segment PQ
can be parametrized as

—\ —\
r(t) = (1-t)OP +t0Q, 0<t<l. (A.15)
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line that passes through the point (5,1, 3) and is parallel to (1,4, —2).
Solution.

Ans:x=5+t,y=1+4t, =3 —2t

(2,4, —3) to (3,—1,1).
Solution.

Ans:r(t) = (2+t,4—5t,—3+4t),0 <t < 1.
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Planes. Let xq = (¢, 40, 20) be a point in the plane and n = (a, b, c) be a
vector normal to the plane. Then the equation of the plane is

n-(x—x9)=a(x—mx9)+b(y—yo)+c(z—2)=0. (A.16)

‘Problem' A.25. Find an equation of the plane that passes through the

L e e - - - = =

points P(1,2,3), Q(3,2,4), and R(1,5,2).
Solution.

Ans: —=3(x —1)+2(y —2) +6(2 —3) =0.
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Exercises A.2

1. Find an equation of the line which passes through (1, 0, 3) and perpendicular to the plane
r—3y+2z=4.

2. Find the line of the intersection of planes x + 2y + 3z = 6 and x — y + z = 1. (Hint: The
intersection is a line; consider how the direction of the line is related to the normal vectors of

the planes.)
Ans:r=PFy+tv=<1,1,1>+t<5,2,-3 >

3. Find the vector equation for the line segment from P(1,2, —4) to Q(5,6,0).

4. Find an equation of the plane.

(a) The plane through the point (0,1, 2) and parallel to the plane x — y + 2z = 4.
(b) The plane through the points P(1,—-2,2), Q(3,—4,0), and R(—3, -2, —1).
Ans: 3(x—1)+7(y+2) —4(z —2) =0.

5. Use intercepts to help sketch the plane 2z + y + 5z = 10.
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A.3. Cylinders and Quadric Surfaces

Objective: To sketch and visualize surfaces, given their equations.

Definition} A.26. A cylinder is a surface that consists of all lines that
are parallel to a given line and pass through a given plane curve.

F—————————
|
L

Problem' A.28. Sketch 22 + 42 = 1 in R3.

,,,,,,,,,, =
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Definition}; A.30. A quadric surface is the graph of a second-degree
equation in three variables x,y, and z. By translation and rotation, we
can write the standard form of a quadric surface as

A2+ By +C22+J =0 or Az’+ By*+1z=0. (A.17)

Definition}; A.31. The trace of a surface in R? is the graph in R? ob-
tained by allowing one of the variables to be a specific real number. For
example, x = a.

7777777777 ) 2 2
‘Problem' A.32. Use the traces to sketch 2° + % + ZZ = 1.
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Problem ' A.33. Use the traces to sketch z = 422 + 2.

-
|
S o

Exercises A.3
1. Sketch the surface.

(a) 22 +9y* =1
(b) 22 +9y> -2y =0
(¢) z=sinx
2. Use traces to sketch and identify the surface.
(a) 2z =y? — 22
(b) 4y + 922 = 22 + 36
3. Sketch the region bounded by the surfaces z = /22 + % and z = 2 — 2% — ¢°.

4. Sketch the surface obtained by rotating the line r(¢) = (0, 1, 3)¢ about the z-axis; find an
equation of it. (Hint: The line can be expressed as {z = 3y, = =0}.)

Ans: |z| = 3y/22 +y? or 22 = 9(2? + 4?)



CHAPTER 14

Partial Derivatives

In mathematics, a partial derivative of a function of several variables is
its derivative with respect to one of those variables, with the others held
constant. In this chapter, you will learn about the partial derivatives and

their applications.

Subjects Applications

Limits and continuity
Partial derivatives

Tangent planes & linear approximations

Chain rule
Directional derivatives
and the Gradient Vector

Maximum and minimum values
Method of Lagrange multipliers
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14.1. Functions of Several Variables

14.1.1. Domain and range

Definition} 14.1. A function of two variables, f, is a rule that assigns
each ordered pair of real numbers (z,y) in a set D C R? a unique real
number denoted by f(x,y). The set D is called the domain of f and its
range is the set of values that [ takes on, that is, {f(x,y) : (z,y) € D}.

Definition}, 14.2. Let f be a function of two variables, and z = f(x,y).
Then x and y are called independent variables and = is called a de-
pendent variable.

| " 1
'Problem' 14.3. Let f(z,y) = —w_ Evaluate f(3,2) and give its

,,,,,,,,,,,,

domain.

Ans: £(3,2) =v6/2; D ={(z,y) :x+y+1>0, = #1}

************
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14.1.2. Graphs

Definition} 14.6. If f is a function of two variables with domain D, then
the graph of f is the set of all points (x,vy,2) € R? such that z = f(x,y)
for all (x,y) € D.

Solution. The graph of f has the equation z = 6 — 3x — 2y, or 32 +2y+ 2z = 6,
which is a plane. Now, we can find intercepts to graph the plane.

Solution. The graph of ¢ has the equation z = /9 — 22 — y2, or 22 +¢y*+ 2% =
9, z > 0, which is a upper hemi-sphere.
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14.1.3. Level curves

Definition}; 14.9. The level curves of a function of two variables, f, are
the curves with equations f(x,y) = k, for k € K C Range(f).

@ Thomson Higher Education

Figure 14.1: Level curves: (left) the graph of a function vs. level curves and (right) a
topographic map of a mountainous region. Level curves are often considered for an effective
visualization.

F—————————
!
L

Problem' 14.10. Sketch the level curves of f (x,y) = 6 — 3z — 2y for k €

{-6,0,6,12}.
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FPil:(i)Bliéiflj 14.11. Sketch the level curves of g(z,y) = /9 — 22 —y? for k €

**********

=

A hi= ()c,y}%4x2+y2+1:

™| contourpiot( h(x, ¥), x=-3..3, ¥ =-3 .3, contowlabels = true,
contours = 10)

f 3 \

7

\ /

Figure 14.2
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Figure 14.3: Computer-generated level curves.

Function visualization is now easy with e.g., Mathematica, Maple, and Mat-
lab, as shown in Figure 14.3.1

'For plotting with Maple, you may exploit plot, plot3d, contourplot3d, and contourplot, which are
available from the plots package. Maple can include packages with the with command, as in Figure 14.3.
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14.1.4. Functions of three or more variables

Definition}; 14.13. A function of three variables, f, is a rule that
assigns each ordered pair of real numbers (z,y,2) in a set D C R? a
unique real number denoted by f(x,y, z).

r-- -~ ~"~""~"&Z -~~~ "~~~ ~—°=—°7°7 a
| |

Level Surfaces

,,,,,,,,,,,,,,,,,,,,

flo,y,2) = 2? + 9% + 22
Solution.

A level surface is the surface where the function values are all the same.
Thus the outer normal is the fastest increasing direction of f.
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Exercises 14.1
1. Find and sketch the domain of the function
(@) f(z,y) =In(9 —92° —y°)

92
®) g(r9) = T3

2. Let f(x,y) = /4 — 22 — 4y,

(a) Find the domain of f.
(b) Find the range of f.
(c) Sketch the graph of the function.

3. Match the function with its contour plot (labeled I-VI). Give reasons for your choices.

(b) f(z,y) =2+’ @) f(z.y) = |yl ® f(z.y) = 1z

I

Oz

v

K

[+

|
[i*]

1 | | |
L w 3] — o — ] w L

4 \
; |
-4 -2 ol

4 -3 -z -1 0 1 2 3 4

\%

=

™

10

4

no
na

Y
S

4. Describe the level surfaces of the function f(x,y,z) = 2 + y* — 22,
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14.2. Limits and Continuity

77777777 A
|

,,,,,,,, 4

Recall: For y = f(x), we say that the limit of f(z), as x — a, is L, if
lim f(z)=L = lim f(z),

Tr—a -

or, equivalently, if Ve > 0, there exists 6 = d(¢) > 0 such that

if 0 < |z —a| <6 then |f(x) — L| < e. (14.1)
In this case, we write
lim f(z) = L. (14.2)
Tr—a

The above argument involving ¢ and 0 is called the -6 argument.

Definition}; 14.16. Let f be a function of two variables whose domain D
includes points arbitrarily close to (a,b). Then we say that the limit of
f(x,y), as (z,y) approaches (a,b), is L:

lim b)f(x,y) = b, (14.3)

(z,y)=(a,

if Ve > 0, there exists 6 = d(¢) > 0 such that

if (z,y) €D and 0 < +/(z —a)?+ (y — )2 <0 then |f(x,y) — L| <e.

Figure 14.4: Plots of > = sinz + siny (left) and » = % (right).
T Yy
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****************************************

When the Limit Does Not Exist

| |
L e e e e e e e e e e e e — = - -

Claim' 14.17. If f(z,y) — I,
as (z,y) — (a,b) along a path C;
and f(z,y) — Ly as (z,y) — (a,b)
along a path C5, where L; # Lo,
then lim,,) s f(7,y) does not
exist.

7777777777 2 2

[Pﬁrjqulemj 14.18. Show that lim — 7 does not exist.
***** (29)=(00) 2% + 1/

Solution. Consider two paths: e.g., C; : {y =0} and C5 : {z = 0},

Ans: no

'Problem 14.19. Does  lim
(r.9)=(00) 2% + y?

Solution. Consider a path C : {x = y} with another.

exist?

Ans: no
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‘Problem’ 14.20. Does  lim ——"

********** (e9)=(11) 22 + 3
Solution.

exist?

Ans: yes: L =1
7777777777 2

‘Problem ' 14.21. Does  lim % exist?
(z.9)—=(0,0) T° + Y

Solution. Consider a path C : {z = y*} with another.

Ans: no. See Figure 14.6 on p. 422 below.
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L ‘1
|

L e e e e e e e e e e e e e e -

r—- T T <o T~ A 3 2
‘Problem ' 14.22. Use the squeeze theorem to show lim % = 0.
7777777777 (z,y)—(0,0) = + Y

Solution.

‘Problem' 14.23. Find the limit: lim (2 4 ¢?) In(2? + ¢?).
ffffffffff (2.)=(0.0)

Solution. Consider lim, ,ozInz and introduce a new variable s = 22 + y°.

Ans: L =0

,,,,,,,,,,,,, —
|
|

,,,,,,,,,,,,, -

Recall: A function (of a single variable) f is continuous at x = a if
lim f(z) = f(a).
The above means that

1. the limit on the left side exists,
2. f(a) is defined, and
3. they are the same.
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Definition}; 14.24. A function of two variables [ is called continuous
at point (a,b) € R? if

lim )f(a:,y) = f(a,b). (14.4)

(z,y)—(a,

If f is continuous at every point (x,y) in a region D C R?, then we say
that f is continuous on D.

continuous at (0,0)? What about at

(1,1)? Why?
Solution. See Problems 14.19 and 14.20.

x2 + 1?2

Ans: no; yes

at elsewhere? .
X y .
oa.y) = =or @070 (14.5)
0 if (z,y) = (0,0)

Solution. See Problem 14.22.

Ans: It is continuous everywhere.
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Problem 14.21, p.419.
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Figure 14.6: Matlab plot: using ezsurf for

In computational mathematics,
computer algebra (a.k.a. sym-
bolic computation) refers to the
study and development of algo-
rithms and software for manip-
ulating mathematical expres-
sions. It emphasizes exact com-
putation with expressions con-
taining variables that are manip-
ulated as symbols.

There have been more than 40 com-
puter algebra systems available;
popular ones are Maple, Mathe-
matica, Matlab, and Python.

1| syms xy

s | f=x*y"2/(x"24+y"4);
+ | ezsurf(f,[-1,1,-1,1])
s | view(-45,45)

Matlab script

¢ | print('-r100','-dpng','matlab_ezsurf.png');

The above Matlab script results in Figure 14.6. Line 1 declares symbolic
variables x y; line 3 defines the function f; line 4 plots a figure over the rect-
angular domain [—1, 1] x [—1, 1]; line 5 changes the view angle to (—45°,45°)
in the horizontal and vertical directions, respectively; and the final line

saves the figure to matlab_ezsurf .png with the resolution level of 100.
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Exercises 14.2

1. Find the limit, if it exists, or show that the limit does not exist.

(a) lim x cos(x —
(z,y)—(m,m/2) ( y)
. Ans: 0
b)) lim —
(z,9)=(0,0) /22 + y?
) i Y
im —
(@.y)=(0,0) /22 + 32
Ans: 0

2. Use polar coordinates to find the limit.

: 2 2 2 2
(a) lim w (b) lim 7ty
(zy)—(0,0)  T°+Y (@y)—=(0,0) \/4 + 22 +y2 — 2

Ans: (a)1; (b)4

3. Use a computer graph of the function to explain why the limit does not exist.?
) 2% + 2xy + 4y
lim
(@y)—(00)  3x? + y?

4. Determine and verify whether the following functions are continuous at (0, 0) or not.

(2tsiny .
@ fley) =] Tyt if (z,y) # (0,0),
L 0, if (x,y)=1(0,0). .
) y Ans: continuous
_if 0,0
N L
0, if (z,y) = (0,0).

\ . .
Ans: discontinuous

2You have to perform a computer implementation for problems indicated by the Computer Algebra System

sign . Of course, you must copy-and-paste your implementation and results to the report.
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14.3. Partial Derivatives

14.3.1. First-order partial derivatives

Recall: A function y = f(x) is differentiable at a if
fla+h) = f(a)

exists.

slope =/, (a,h)

0

Figure 14.7: Ordinary derivative f’'(a) and partial derivatives f,(a,b) and f,(a,b).

Let f be a function of two variables (z,y). Suppose we let only « vary while

variable. If g is differentiable at a, then we call it the partial derivative
of [ with respect to = at (a,b) and denoted by f.(a,b).

fa) = lim gla+h) —g(a)

h—0 h
(14.6)
fla+ h,b;— 1,9 _. ¢ (a,p).

= lim
h—0
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Similarly, the partial derivative of [ with respect to y at (a,b), denoted

,,,,,,,,,,,,,,,,,,,,

h—0 h (14.7)

************

Solution. Using the definition,
L) —
£ 0.0) — pim 020 = F(0.0

h—0 h

Ans: 1

Definition}, 14.28. If f is a function of two variables, its partial deriva-

tives are the functions f, = ‘9—£ and f, = g—g defined by:

0
fa?(x y) = lim f(ﬂf—f—h,y)_f(g;’y)

h—0 h

and
(14.8)
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resents the slope of the tangent line to the curve that are parallel
to the xz-plane (i.e. in the direction of (1,0, -)).

Similarly, the partial derivative with respect to y represents the slope of
the tangent line to the curve that are parallel to the yz-plane (i.e. in the
direction of (0,1, -)).

Rule for finding Partial Derivatives of z = f(x,y)
* To find f,, regard y as a constant and differentiate f w.r.t. x.

* To find f,, regard z as a constant and differentiate f w.r.t. y.

F—————————
|
L

Solution.

Ans: f,(2,1) = 16; f,(2,1) =8

Problem 14.31. Let f(x,y) = sin (

of f(x,y).
Solution.

g, ) . Find the first partial derivatives
Y
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Solution. Use La* = a” Ina.

Recall: (Implicit differentiation). When y = y(z) and 2% + 3° = 3, you
have 2x + 3y*y’ = 0 so that v/ = —22/(3y?).

tion of x and y by
4+ y° 4+ 20+ by = 1.

Figure 14.8: implicitplot3d in Maple: a
plot of surface defined in Problem 14.33.
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************

|
S

v 3+ y3. Can you evaluate f,(0,0) easily?
Solution.

Functions of more than two variables

,,,,,,,,,,,,

Solution.
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14.3.2. Higher-order partial derivatives

Second partial derivatives of z = f(x,y)

0 /0f O f

9 /0f 2f
(fx)y = fxy = %(%) = Gy&v = f12

) 2f
(fy)ac — fym — %(@) - axay — f21

0 /0 0>
(fy)y = fy = 3_y(8_§) = a—yJ; = fa

202
Solution.

'Theorem |14.37. (Clairaut’s theorem) Suppose f is defined on a disk
D C R? that contains the point (a,b). If both f,, and f,, are continu-
ous on D, then

fay(a,b) = fy(a,b). (14.9)

********

!
| Il

derivatives are continuous.
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Solution.

Chapter 14. Partial Derivatives
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Exercises 14.3

1. The temperature T (in °F) at a location in the Northern Hemi-sphere depends on the
longitude z, latitude y, and time ¢; so we can write 7' = f(z,y,t). Let’s measure time in
hours from the beginning of January.

(a) What do the partial derivatives 07" /0x, 0T /0y, and T /0t mean?

(b) Mississippi State University (MSU)? has longitude 88.8° W and latitude 33.5° N.
Suppose that at noon on January first, the wind is blowing warm air to northeast,
so the air to the west and south is warmer than that in the north and east. Would
you expect f,(88.8,33.5,12), f,(88.8,33.5,12), and f,(88.8,33.5,12) to be positive or
negative? Explain.

2. The following surfaces, labeled a, b, and ¢, are graphs of a function f and its partial
derivatives f, and f,. Identify each surface and give reasons for your choices.

b

Hint: Assume one of them is the graph of f; try to figure out its partial derivatives.

3. Find the partial derivatives of the function.
(a) z = ycos(zy) (¢c) w=In(z+2y+3z2)
() f(u,v) = (uv — v3)? (d) u=sin(z?+ 23+ -+ 22)
Ans: (d) Ou/0x; = 2x; - cos(z? + 23 + -+ + 22)

4. Let f(z,y,2) = zy*2® 4+ arccos(z/y) + V1 + zz. Find f,,., by using a different order of
differentiation for each term.

Ans: 6yz°
5. Show that each of the following functions is a solution of the wave equation uy; = a?u,,.
(a) u = sin(kz)sin(akt) (¢) u=sin(z + at) + In(z — at)
(b) u= (z + at)® + (z — at)® (d) u= f(x+ at) + g(x — at)

where f and g are twice differentiable functions.

3MSU, the land-grant research university, has an elevation of 118 meters, or 387 feet.
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14.4. Tangent Planes & Linear Approximations

Recall: As one zooms into a curve y = f(z), the more the curve resembles
a line. More specifically, the curve looks more and more like the tangent
line. It is the same for surface: the surface looks more and more like the
tangent plane

Some functions are difficult to evaluate at a point; the equation of the
tangent plane (which is much simpler) can be used to approximate
the value of the function at a given point.

y-flay=1'@) (x-9)

|
|
a

Figure 14.9: A tangent line and a tangent plane.

Tangent plane for z = f(x,y) at (xo, Yo, 2z0): Any tangent plane passing
through P(xo, v0, 20), 20 = f(x0, %), has an equation of the form

Alz —x9) + By —3) +C(z —20) =0, n=<A B C>.

By dividing the equation by C (# 0) and letting a = —A/C and b = —B/C,
we can write it in the form

z—z9=a(x —xp) + by — yo)- (14.10)

Then, the intersection of the plane with y = 3, must be the z-directional
tangent line at (x, v, 20), having the slope of f,(x, vo):

'z — z9 = a(x — xy), where y = yq.|
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tives. An equation of the tangent plane (equivalently, the linear ap-
proximation) to the surface = = f(x,y) at the point P(xg, yo, 20) 1S

z— 20 = fu(x0,%0) (x — x0) + fy(20,Y0) (¥ — Y0), (14.11)

where 20 = f(.%'o, yo)

paraboloid z = 222 + y? at the point (1,1, 3).
Solution.

Ans: z=4x +2y—3

Linear approximation (linearization) of f at (a, b):
f(@,y) = L(z,y) := f(a,b) + fo(a,b)(z — a) + fy(a,b)(y —b). (14.12)

F—————————
|
L e e e e - - -

Then use this to approximate f(1.1,—0.1).
Solution.

Ans: L(xz,y) = x +y; L(1.1,-0.1) = 1, while f(1.1,-0.1) = 0.9854 - - .
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Recall: A function y = f(x) is differentiable at a if
fla+ Az) = f(a)

AI;:IEO A exists. (=: f'(a))
Thus, if f is differentiable at a, then fla+ Asz —fl9) = f'(a) + ¢ and
Ay = f(a+ Ax) — f(a) = f'(a)Ax + eAx, (14.13)

where ¢ — 0 as Az — 0. ( %W :f’(a)+s>

Now, for z = f(z,y), suppose that (z,y) changes from (a, b) to (a+ Az, b+ Ay).
Then the corresponding change of - is

Az = f(a+ Az, b+ Ay) — f(a,b).

Definition}, 14.44. A function z = f(z,y) is differentiable at (a,b) if Az
can be expressed in the form

Az = fy(a,b)Ax + f,(a,b)Ay + 1Az + e2Ay, (14.14)

where 1,69 — 0 as (Ax, Ay) — (0,0).

It is sometimes hard to use Definition 14.44 directly to check the differen-
tiability of a function.

Theorem | 14.45. If f, and f, exist near (a,b) and are continuous at
(a,b), then z = f(x,y) is differentiable at (a,b).

Note: The above theorem implies that if partial derivatives of f are
continuous, then the slope of f exists for all directions.

************

,,,,,,,,,,,,

differentiable at (0, 3).
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Recall: For y = f(z), let dz be the differential of x (an independent
variable). The differential of y is then defined as

dy = f'(z) du. (14.15)

Note: Ay represents the change in height of the curve y = f(z), while dy
represents the change in height of the tangent line; when x changes
by Ax = dx.

Definition}, 14.47. For z = f(z,y), we define differentials dz and dy to
be independent variables. Then the differential d: is defined by

dz = fu(z,y)dx + fy(x,y) dy, (14.16)

which is also called the total differential.

,,,,,,,,,,,,

(a) Find the differential d-.

(b) If (z,y) changes from (2,3) to (2.1,2.9), compare the values of Az and
dz.

Solution.

Ans: (a) dz = (22 + 3y)dx + (3z — 2y)dy; (b) dz = 1.3, Az = 1.27
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F—————————
|
S o

closed cylindrical can that is 10 cm high and 4 cm in diameter, if the metal
in the top and bottom is 0.1 cm thick and the metal in the side is 0.05 cm
thick.

Solution. V(r, z) = mr?z. Therefore
dV = V,dr+V.dz = 2nrzdr + mr dz,

where dr = 0.05 and dz =2-0.1 =0.2.

Ans: dV = 2.8 = 8.796459431 - - - (AV = 9.0022337---)
Exercises 14.4
1. Find an equation of the tangent plane to the given surface at the specified point.

(a) z =sin(2z + 3y), (—3,2,0)
(b) z=2%+2y* -3y, (1,—1,6)

2. Explain why the function is differentiable at the given point. Then, find the lineariza-
tion L(z,y) of the function at that point.

(@) f(z,y)=5+xIn(zy—1), (1,2)
(b) f(z,y) = zy +sin(y/z), (2,0)

3. Given that f is a differentiable function with f(5,2) =4, f,(5,2) = 1, and f,(5,2) = —1,
use a linear approximation to estimate f(4.9,2.2).
Ans: 3.7

4. Use differentials to estimate the amount of tin in a closed tin can with diameter 8 cm

and height 16 cm if the tin is 0.05 cm thick.
Ans: 87
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14.5. The Chain Rule and Implicit Differentia-
tion

14.5.1. Chain rule

Recall: Chain Rule for Functions of a Single Variable
If y = f(z) and z = ¢(t), where f and g are differentiable, then y is a
function of ¢, differentiable, and

@_dydx

0 dt (14.17)

'Theorem | 14.50. The Chain Rule (Case 1). Suppose that = = f(z,v)
is a differentiable function, where © = ¢(t) and y = h(t) are both differ-
entiable functions of t. Then = is a differentiable function of t and

d: _ of dv  0f dy

dt — Oz dt Oy dt

(14.18)

Observation: Let z = f(z,y) = xy and = and y be functions of ¢:

z = f(z,y) = zy = z(t) y(t).

Then
dz , ,
e = 2 (t)y(t) +z(t)y'(t), (product rule)
Of de  Of dy , ,
5z dt + oy dt yx'(t)+zy'(t).
‘Problem ' 14.51. If z = 2%y + xy*, where z = cost and y = sint, find dz/dt at
t=0.
Solution.

Ans: 1
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Now, we will solve the above problem using the following script in Maple.

Maple script and answers

z 1= x*y"34x"2%y:
x 1= cos(t): y := sin(t):
zt = diff(z, t)
zt 1= -2 cos(t) sin(t) + cos(t) - sin(t) + 3 cos(t) sin(t)
simplify(%)
-4 cos(t) + 3 cos(t) + 5 cos(t) - 2 cos(t) - 1
eval(zt, t = 0)
1

e} =N o ot £ w [ -

Lines 4, 6, and 8 are answers from Maple.

'Theorem | 14.52. The Chain Rule (Case 2). Suppose that = = f(z,v)
is a differentiable function, where x = ¢(s,t) and y = h(s,t) are both
differentiable functions of s and t. Then

0z 0z20x 0z0y 0z 0z0r 0z0y

9z _9z0% 020y Oz _O0z0v  OZ0Y 14.19
D5 0z 0s 0ybs 0 0Oz Oy o (14.19)
roS T Tzt T . 9 9 0z 0z
'Problem ' 14.53. If » = ¢”sin(y), where = = st* and y = s°t, find P and 5
********** s
Solution.
zy = 12 sin (s%t) + 2e* st cos (5%)

Ans:

2 = 2ste’” sin (s2t) + e 5% cos (s%t)
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**************************************************

Functions of Three and More Variables

| 1*
.
L e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e == -

Theorem | 14.54. The Chain Rule (General Version). Suppose that

u 1s a differentiable function of n variables, x1,x-,...,x,, each of which
has m variables, t,ts, ..., t,. Then for eachi € {1,2,...,m},
ou ou Or;  Ou Oxo ou Ox,,

8_u:8x1 8ti +aSL‘2 812 +”'+a$n ati.

[Problemj 14.55. Write the chain rule for w = f(x,y,2,t), where z =

z(u,v),y =y(u,v), 2 = z(u,v), and t = t(u,v). That is, find 2—75 and %—15-

that ¢ satisfies the equation

dg 99

129 4 99—,

9s ot
Solution. Let = s> — t?> and y = t* — 5%
Thengs:fz$s+fyysandgt:fx$t+fyyt-
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‘Problem' 14.57. If z = 2% + 22y, where = = s + 2t — u and y = stu, find the

values of z,, 2, and z,, when s =2,t =0, u = 1.

Solution.

Ans: 2, =3,z =8,and 2, = -3

14.5.2. Implicit differentiation

Consider F(z,y) = 0, where y is a function of z, i.e., y = f(z). Then,
dx dy
F,—+F,— =0.
dx Ty dx ¥
Thus,we have
F.
= 2% 14.20
Y F, ( )

[ProblemT‘ 14.58. Find ¢/ if 2° + v = 62y.

Solution. Let F = 23 + 3 — 6xy. Then, use (14.20).

Ans: yf = —(a® — 2y)/(y* — 22)
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Note: You can solve the above problem using the technique you learned
earlier in Calculus I. That is, applying z-derivative to 2> + y° = 6zy reads

Thus

32% + 3y*y' = 6y + 621/

2 _
3y2y —6xy = =32+ 6y = y = —M.
3y? — 6x
'Claim ' 14.59. Let = = f(z,y) and F(z,y,z) = 0.
ox oy 0z ox Jy 0z
Then F,— + F,— + F.— = F,—+F,—+F,— =0.Th
en (%Jr yax+ I 0 and 8y+ yaer By 0. Thus
0z F, 0z /Ty
— = — = 14.21
ox F, and dy F, ( )
‘Problem’ 14.60. Find 2> and 27 if
SR ! ox dy
>+ y3 + 23+ 6ryz = 1. (14.22)
Solution.

Ans: z, =

_ z242yz
2242zy

3z2+6yz
3224+6xy

. See Figure 14.8, p. 427, for a figure of (14.22).
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Exercises 14.5
1. Use the Chain Rule to find dz/dt or dw/dt.

(@) z=coswsiny; z=13, y=1/t
b) w=(rx+y*+2%% x=1+2t, y=-2t 2=t

2. Suppose f is a differentiable function of x and y, and g(u,v) = f(u + cosv, u? + 1 + sinv).
Use the table of values to find g,(0,0) and g,(0, 0).

AN
00 1 2] -17]10
01 3510 5
Wy 272 | 2

Ans: g,(0,0) =20 & g,(0,0) =2
3. Use the Chain Rule to find the indicated partial derivatives.

0z 0z 0z
2 4
- Lo =s+2t—3u, y=sty; —, =, —
(@) z=2"4y";, z=s+ u, y = stu; o5’ ot ou
whens=3,t=1,andu=1
Ans: z,(3,1,1) = 112 & 2,(3,1,1) = 312
ow Ow Ow

b = . — Ja — rsin@: v g
(b) w=axy+yz+zx; x=rcosh, y=rsinb, 5 907 9s
whenr =2,0=7/2,and z =1

Ans: w, =2

4. Use the formulas in (14.21) to find 0z/0x and 0z/0y, where z is function of (z,y).

(a) 2+ 2y +322—-4=0

(b) e =2y + 2
Ans: (b) z, = y/(e* — 1)
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14.6. Directional Derivatives and the Gradient
Vector

14.6.1. Directional Derivatives

Z

Recall: If » = f(z,y), then the
partial derivatives f, and f, rep-
resent the rates of change of 2z in
the z- and y-directions, that is, in

Q=(a,b, f(a, b))
5 the directions of the unit vectors i
B and j.
o Uﬁ}'\u g Note: It would be nice to be able to
A ' find the slope of the tangent line to a
¥ " surface S in the direction of an arbi-
Figure 14.10 trary unit vector u = (a, b).

Definition}, 14.61. The directional derivative of | at (z,y) in the
direction of a unit vector u = {(a, b) is

] L +ha7 "‘hb — l’,
Duf(xoayo):}g%f( 0 Yo - ) — f(@o, 4o)

, (14.23)

if the limit exists.

Note that (o + ha,yo + hb) = (z0,%0) + h{a,b) = (xo,yo) + hu and

f(xo + ha,yo + hb) — f(zo,y0) = f(xo+ ha,yo+ hb) — f(xo, yo + hb)
+  f(xo,y0 + hb) — f(x0,y0)

Thus
f(zo + ha,yo + hb) — f(zo,90) _ . f(xo + ha,yo + hb) — f(z0, yo + hd)
h ha
g f (@0, y0 + h}[Z()) — f (o, yo)7

which converges to “a f.(zo,v0) + 0 fy(x0,%0)" as h — 0.
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and
Duf(,y)

'Theorem | 14.62. If f is a differentiable function of  and y, then f has
a directional derivative in the direction of any unit vector u = (a, b)

= folz,y)a+ fy(z,y)

(fe(x,9), fy(2,9))
(fe(x,9), fy(2,9))

a,b) (14.24)

<

2zy+y* and u is the unit vector given by the angle § = 2. What is D,,f(2, 3)?
Solution. u = (cos(r/4),sin(r/4)) = (1/v2,1/V2).

40004
3000,
2000,

1000

Figure 14.11

Ans: 65v/2
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Note: 1. The only reason we are restricting the directional derivative to
the unit vector is because we care about the rate of change in f per unit
distance. Otherwise, the magnitude is irrelevant.

2. If the unit vector u makes an angle 6 with the positive z-axis, then
u = (cosf,sinf). Thus

Dyf(z,y) = fuo(z,y) cos @ + f,(x,y)sinb. (14.25)

Self-study 14.64. Find the directional derivative of f(x,y) = x + sin(zy) at

the point (1,0) in the direction given by the angle 6 = 7/3.
Solution.

Ans: (1++/3)/2

of fat (1,3,1) in the direction of v = (2, -2, —1) .
Solution.

Ans: 8
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**********************

,,,,,,,,,,,,,,,,,,,,,,

Definition}, 14.66. Let f be a differentiable function of two variables x
and y. Then the gradient of f is the vector function

Viz,y) = (fo(z,y), fy(z,y)) = a—i+ —yj- (14.26)

,,,,,,,,,,,,

Solution.

Ans: (2,0)

Note: With this notation of the gradient vector, we can rewrite
Duf(z,y) = V(2,y)-u= fule.y)at fy(z,y)b, where u=(a,b). (14.27)

************

point (2, —1) and in the direction of the vector v = (3,4) .
Solution.

Ans: 4
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14.6.2. Maximizing the Directional Derivative

Note that
Duf = Vf-u = |Vf||lulcosd = |Vf|cosd < |Vf], (14.28)

where 0 is the angle between V f and u; the maximum occurs when 6 = 0.

'Theorem |14.69. Let f be a differentiable function of two or three vari-
ables. Then

max Dyf(x) = |V f(x)| (14.29)

and it occurs when u has the same direction as V f(x).

************

,,,,,,,,,,,,

(a) Find the rate of change of f at P(1,0) in the direction from P to Q(—1,2).
(b) In what direction does f have the maximum rate of change? What is
the maximum rate of change?

Solution.
Ans: (a) 0; (b) V2
‘Remark 14.71. Let u = ;ﬁg\’ the unit vector in the gradient direc-
tion. Then
Vi)
D.f(x)=Vf(x)-u=Vf(x)- = |Vf(x)|. (14.30)
(%) (%) ()IVf(X)\ V()]

This implies that the directional derivative is maximized in the gradient
direction.

********

|
Loocoocooo

function changes fastest, more precisely, increases fastest!
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Suppose S is a surface with equation

F(z,y,2) =k

and P(xo,90,20) € S. Let C be
any curve that lies on the surface S,
passes through P, and is described

by a continuous vector function
r(t) = (x(t),y(t), z(t)) . (14.31)
Figure 14.12: Level surfaces 2 +y>+ 2% = k?, Then, any point (z(¢), y(¢), 2(t)) must

where k = 1,1.5, 2, and the gradient vector at satisfy
P(—1,1,v/2), when k = 2.

Fla(t),y(t), 2(t) = k. (14.32)

Apply the Chain Rule to have

d dx dy dz
‘r_p R FYE_vF. Y1) =0
dt a Pty =Vt =0

In particular, letting ¢t = ¢y be such that r(¢y) = (x0, o, 20),
VF(.CCQ, Yo, Zo) . I‘/(to) = O, (1433)

where 1'()) is the tangent vector at P(x, yo, 20)-

G1ven a level surface F(z,y,z) = k, the gradient vector VF(x,y,z) is
normal to the surface and pointing the fastest increasing direction.

¢ [t is similarly true for level curves.
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
|
|

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -

Suppose S is a surface given as F'(x,y, z) = k and x¢ = (xg, o, 20) is on S.
Then the tangent plane to S at x; is

VF(xo)-(x=x0) = Fr(x0)(#—20)+Fy(x0) (y =y0) + F=(x0) (2 =20) = 0. (14.34)

The normal line to S at x; is

T—=To Y—Yo Z— 20
— — _ (14.35)
Fo(x0)  Fy(xo)  F.(x0)

line at P(—1,1,2) to the ellipsoid

2 2’

Solution.

Figure 14.13

. _nez+l _ y=1 __ z—2
Ans: =22 —6+2y+ 2 =0; &5 = L= = =




450 Chapter 14. Partial Derivatives

Exercises 14.6

1. Find the directional derivative of f at the point P in the direction indicated by either
the angle 6 or a vector v.

@) f(z,y) = wsin(zy), PO,1), 0=r/4
(b) f(z,y,2) =y, P0,1,-1), v=<-1,22>
Ans: (b) 5/3

2. Find the maximum rate of change of f at the given point and the direction in which it
occurs.

(@) f(z,y) =sin(zy), (0,1)

(b) f(xaya'z):ﬁv (17174)
Y Ans: (0) |[VF(1,1,4) = 3/2, Vf(1,1,4) =< —1,-1,1/2 >

Note: We know that a differentiable function f increases most rapidly in the direc-
tion of V f. Thus, it is natural to claim that the function decreases most rapidly in
the direction opposite to the gradient vector, that is, —V f.

3. Find the direction in which the function f(x,y,2z) = 22 + y? + 2% decreases fastest at the
point (1,1, 1).

4. Find directions (unit vectors) in which the directional derivative of f(z,y) = z* + zy?* at
the point (1,2) has value 0.

A . — :l:<2,73>
ns: u /13

5. Find the equations of (i) the tangent plane and (ii) the normal line to the given surface
at the specified point.

@ (z—1)"+(y—2)"+ (2

-3)%2=3, (2,1,4)
(b) zy+yz+22—-5=0, (1,1,

)

Ans: (b)3(33—1)+3(y—1)—|—2(z—2):0&%1:%1:252
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14.7. Maximum and Minimum Values

Recall: To find the absolute maximum and minimum values of a
continuous function f on a closed interval [a, b]:

1. Find values of f at the critical points of f in (a,b).
2. Find values of f at the end points of the interval.

3. The largest is the absolute maximum value;
the smallest is the absolute minimum value.

Recall: (Second Derivative Test for y = f(x))
Suppose f” is continuous near c.

(a) If f'(¢) =0 and f"(c) > 0, then f has a local minimum at c.
(b) If f'(¢c) = 0 and f”(c) < 0, then f has a local maximum at c.

14.7.1. Local extrema

Definition}, 14.75. Let f be a function of two variables x and y.
* It has a local minimum at (a,b) if f(z,y) > f(a,b) when (x,y) is
near (a,b).

* It has a local maximum at (a,b) if f(z,y) < f(a,b) when (z,y) is
near (a,b).

'Theorem |14.76. First Derivative Test
If f has alocal extremum at (a,b) and the first order partial derivatives
exist, then f,(a,b) = 0 and f,(a,b) = 0, that is, V f(a,b) = 0.

,,,,,,,,,,,,,,

fz,y) = 22° — 327 + > + 4y + 1.

Ans: (0,-2), (1,-2)
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'Theorem | 14.78. Second Derivative Test
Suppose that the second order partial derivatives of  are continuous
near (a,b) and suppose that V f(a,b) = 0. Let

D = D(a,b) = fox(a,b) fyy(a,b) — [fay (a, b)]Q-

* If D >0 and f,,(a,b) > 0, then f(a,b) is a local minimum.

e IfD >0 and f,.(a,b) <0, then f(a,b) is a local maximum.
 IfD <0, then f(a,b) is a saddle point.

Note:
1. If D = 0, then no conclusion can be drawn from this test.

ﬁz jiZ] = faafyy = foyfoo = fouFyy — (fuy)?

The matrix is called the Hessian matrix of f, whose determinant is
the Gaussian curvature, the product of the principal curvatures.

2.D—det[

3. Let D > 0. Then, f,.(a,b) = 0is equivalent to f,,(a,b) = 0.
< vy <

Solution.

Figure 14.14

Ans: local min: (+1, 4+1); saddle point: (0,0)
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plane 2z + 2y — 2+ 2 = 0.

Solution. Hint: (a) You may use the formula D = |axg + byo + czo + d|/Va2 + b2 + 2,
where D be the distance. (b) Optimization: Define to minimize

flay) =D =(z-06"+(y -3+ (22" =(z—6)"+ (y - 3)" + 2z + 2y)"

Ans: min D = 6, when (z,y,2) = (2,—-1,4) € P
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'Problem ' 14.81. Find the volume of the largest rectangular box in the first
octant with three faces in the coordinate planes and one vertex on the plane
3r + 2y + 2z = 6.

Solution. Hint: Maximize V = zyz, subject to 3z + 2y + z = 6. Thus V = 2y(6 — 3z — 2y).

Try to find the maximum by setting VV = 0.

Ans: (z,y,2) = (2/3,1,2); V =2yz =4/3
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14.7.2. Absolute extrema

'Theorem | 14.82. (Existence).

If f is continuous on a closed and bounded set D C R?, then f attains an
absolute minimum value f(z,y,) and an absolute maximum value
f(x1,y1) at some points (x;,y;) € D, i =0, 1.

1. Find critical points and values of f at those critical points.
2. Find the extreme values that occur on the boundary.
3. Compare all of those values for the largest and smallest values.

rectangle R = {(z,y) |0 <2 <3,0 <y <2}.
Solution.

Figure 14.15: R = [0, 3] x [0, 2]

Ans: abs.min=0; abs.max=9
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Exercises 14.7

1. (i) Find the local maxima and minima and saddle points of the function.
(i1) Use Maple’s plot3d and contourplot functions to verify them.

(@) f(z,y) = 2° —3ay®
(b) f(z,y) = (22% +y?)e

(Note: You may use Mathematica, if you want.)

2. Find the absolute maximum and minimum values of f on D.

(@) f(z,y) = 22 +y* — 2x; D is the closed triangular region with vertices (2,0), (0,2),
and (0, —2).
Ans: max: f(0,£2) = 4; min: f(1,0) = —1
(b) f(z,y) =4a® +y* D= {(z,y)|z* +y* < 1}.
Ans: max: f(+1,0) = 4; min: f(0,0) =0

3. Find three positive numbers whose sum is 60 and whose product is maximum.

Hint: The problem can read: (max xyz, subject to x + y + z = 60. Thus for example it can be
x?y7z

reformulated as: 1(na>)< zy(60 — x — y), with each component being positive. From this, you may
m7y
conclude x = y.

4. Find the volume of the largest rectangular box in the first octant with three faces in the
coordinate planes and one vertex in the plane 2x + 5y 4+ z = 30. Clue: Try to use the hint
given for Problem 14.81.
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14.8. Method of Lagrange Multipliers

Recall: (Section 14.6)

* Given a level curve f(z,y) = k, the gradient vector V f(x, y) is
— normal to the curve and
— pointing the fastest increasing direction.

¢ It is similarly true for level surfaces.

'Eqauality-Constrained Optimization

In this section, we consider Lagrange’s method to solve the problem of

the f
e o max f(x) subj.to g(x)=c. (14.36)

fx.y)

X

Figure 14.16: The method of Lagrange multipliers in R*: |V f // Vg, at maximum |,

For the maximum and minimum values of f(x,y) subject to g(x,y) = c,

(a) Find all values of (z,y) and A such that

(Vf(x,y) = A\Vyg(z,y) and g(z,y) = cj (14.37)

(b) Evaluate f at all these points, to find the maximum and minimum.
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‘Problem' 14.86. (Revisit of Problem 14.81, p. 454). Find the volume
of the largest rectangular box in the first octant with three faces in the
coordinate planes and one vertex on the plane 3z + 2y + z = 6, using the

method of Lagrange multipliers.
Solution.

Ans: 4/3

Find the dimensions of the box that maximizes the volume of the box.

Solution. Maximize V = zyz subj.to 2xz+ 2yz + zy = 12.

Ans: 4 (v =y =2z =2)
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4y =
o o 20 =2z A Q)
Solution. Vf = \Vg = [4y] = [29] Therefore, ¢ 4y =2y )\ @
?+yP=1 3

From @), x =0or A = 1.

Ans: min: f(£1,0) = 1; max: f(0,£1) =2

2+ % < 1.
Solution. Hint: You may use Lagrange multipliers when z2 + 32 = 1.

Ans: min: f(0,0) =0; f(0,£1) =2
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Two Constraints

r i
| |
L e e e e e - - - o -

Consider the problem of the form
max f(x) subj.to ¢(x)=c and h(x) =d. (14.38)

Then, at extrema we must have
Vf € Plane(Vg,Vh) :={c1Vg+ c2Vh}. (14.39)

Thus (14.38) can be solved by finding all values of (x,y, z) and (A, 1) such
that

(x,y,2) = ¢ (14.40)

on the curve of the intersection of the cone 22 4 2y> = z? and the plane
r+y+z=4
Solution. Letting g = 222 +2y> — 22 =0@and h =2 +y+ 2 = 4 (56), we have

0 4 1 0= datu @
Ol =4y | +pl|l] = 0 = 4d\y+pu @
1 —9; 1 1l = —2z24pu @

From @) and (2), we conclude = = y; using @), we have z = +2x.

Ans: 2
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Exercises 14.8

1. Use Lagrange multipliers to find extreme values of the function subject to the given
constraint.

(@) f(z,y) =ay; 2®+4y* =2
b) f(r,y) =2 +y+2z 2°+y*°+2°=6
Ans: max: f(1,1,2) = 6; min: f(—1,—-1,-2) = —6
2. Find extreme values of f subject to both constraint.
f(x,y,z)=x2+y2—|—z2; x_y:3, 1'2—2221.
Ans: f(1,-2,0) =5
Note: The value just found for Problem 2 is the minimum. Why? See the figure below.

Figure 14.17: implicitplot3d. red: = — y = 3; green: 22 — 2% = 1; blue: f(x,y,2) = 5.

3. Use Lagrange multipliers to solve Problem 3 in Exercise 14.7. (See p. 456.)

4. Use Lagrange multipliers to solve Problem 4 in Exercise 14.7.
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CHAPTER 15

Multiple Integrals

The multiple integral is a definite integral of a function of more than one
real variable, for example, f(z,y) or f(z,y, z). Integrals of a function of two
variables over a region in R? are called double integrals, and integrals of
a function of three variables over a region of R? are called triple integrals.
In this chapter, you will learn double integrals and triple integrals in rect-
angular coordinates, polar coordinates, cylindrical coordinates, and spheri-
cal coordinates. Also, you will learn how to perform integration by changing
variables between or inside coordinates.
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15.1. Double Integrals over Rectangles

v=Flx)

| e e o

o
Ly

|

T

Ead
w

r

P

Figure 15.1: Riemann Sum.

Recall: (Review on Definite Integrals).
* We defined the integral in terms of Riemann Sum.
— We first find the area underneath the curve y = f(z) by divid-
ing the area into rectangles.
— Then the exact area can be found by evaluating

b = . b—a
/a f(x)dxzéirgoz_;f(xl)A:ﬂ, Az = :

n

* We also can get the definite integral, using the Fundamental
Theorem of Calculus (Part 2):

b
/ f(x)dx = F(b) — F(a), (15.1)

where F' is a function such that I’ = f (antiderivative).
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15.1.1. Volumes as Double Integrals

Let R = [a,b] X [c,d] be a rectan-
gle. Define

Ax=(b—a)/m, Ay=(d—-c)/n,

for some m,n > 0. Let

r, = a+iAx, 1=0,1,---,m,

y] = C+3Ay7 j=0,1,---,n,
(2xii, vis) and
Figure 15.2 Rij = [xi—1, xi] X [yj-1,y;)-

Let Sp = {(z,9,2) | 0 < 2 < f(z,y), (z,y) € R} define the solid that lies above

R. Let [AA = Ax ijl denote the area of each R;;. Then we can express this

,,,,,,,,,,,,, u

volume of Sy as

m n

Via ) > fagu) AA, (15.2)

i=1 j=1

where (z7;,y;;) is a sample point in each division R;;.

Definition} 15.1. The double integral of f over the rectangle R is

(| f@yyda= tim 33" fay,u5) AA (15.3)
2 ,

i=1 j=1

The double integral is the limit of Riemann sums.

We can simplify this if we choose each sample point to be the point in the
upper right corner of each sub-rectangle, (z};,y;;) = (v, y;):

[[ f@yyda= tim 373" f(ai,y;) AA (15.4)
. ,

i=1 j=1
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'Problem ' 15.2. Estimate the volume of the solid that lies above the square
R =10,2] x [0,2] and below the elliptic paraboloid »z = 16 — 2% — 2y2. Divide R
into four equal squares and choose the sample point to be the upper right

corner of each square R;;. Approximate the Volume.
Solution.

Ans: 34

lies above the square R = [0,2] x [1,2] and below the function f(z,y) =
522 — 4y. Divide R into four equal rectangles and choose the sample point to
be the midpoint of each rectangle R;;. Approximate the volume.

Solution. We will find the exact volume in Problem 15.9 below.

Ans: 1
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15.1.2. Iterated Integrals

Note: We defined the double integral as the limit of Riemann sums.

* However, taking these Riemann sums is a bit of a pain.

* We will overcome the difficulty, using two partial integrals.

Suppose that f is a function of two variables that is integrable on the rect-
angle R = [a,b] X [c,d].

Zr Definition} 15.4. We define

d
A(z) :/ f(z,y)dy (15.5)

as the partial integral with re-
spect to y. We evaluate this in-
tegral by treating x as a constant,
and integrate f(x,y) with respect
to y.

Figure 15.3: A(x).

Definition}, 15.5. We define

b
B(y) = / o) B (15.6)

as the partial integral with respect to x. We evaluate this integral
by treating y as a constant, and integrate f(x,y) with respect to x.

Note: The Fundamental Theorem of Calculus, Part 2, Equation (15.1) on
p. 464, can be used to evaluate the partial integrals.
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Definition} 15.6. The iterated integral is defined as follows:

/ab/cdf(x,y)dydx:/ab[/cdf(a:,y)dy} dx:/abA(:p)dx_ (15.7)

In other words, we work this integral from the inside out.

3 2 2 3
(a) / / 22y dy dx and (b) / / 22y dx dy.
0o J1 1 Jo

Solution. R = [0, 3] x [1,2].

,,,,,,,,,,,,

Ans: 27/2

'Theorem | 15.8. (Fubini’s Theorem). If f is continuous on the rectan-
gle R={(z,y) eR? |a <z <bc<y<d}, then

fff(fc,y)dfl:/b/df(:v,y)dyd:cz/d/bf(sc,y)da:dy. (15.8)
R a c @ a

Note: The double integral and the iterated integral were defined
separately and differently.
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{[ (52* — 4y) dA,, where R = {(z,y) e R?[0 <2 < 2,1 <y <2},
R

Solution.

Ans: 4/3

Solution. Let’s try the iterated integrals with z-first and y-first.

Ans: 0
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**************************************************

Separable functions f(x,y) = g(z) h(y)

| le
! le
L e e e e e e e e e e e e e e e e e e e e e e e e - -

Let R — [a,b] x [c.d]. Then
[f1@war = [ [ sepaa= ([ swnwa) i
R = [h( [ o) ay
- ([ sww) [nwa

where the underlined (in maroon) are treated as constants.

ﬂh@MWM:/ZMma[Mw@,R:MMxm% (15.9)

**********

Solution.

Ans: (e —1)%/3
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Recall: The average value of a function f of one variable defined on an

interval [a, ] is
1 b
fave—m/a f(.%’)dl’

where b — a is the length of the interval.

Definition}, 15.12. In a similar fashion, we define the average value
of f of two variables defined on R to be

Fave = W g f(z,y) dA, (15.10)

where A(R) is the area of R.

[0 3] x [0, 7r].

Solution. Use symmetry, for a simpler calculation!

Ans: 3
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Exercises 15.1

1.

Estimate the volume of the solid that lies below the surface z = 2? + y and above the
rectangle
R={(z,y) | 0<x <4, 0<y<6}.

Use a Riemann sum with m = 2, n = 3, and the Midpoint Rule.
Ans: 48 -4 =192

Let V be the volume of the solid that lies under the surface » = 30 — 4z — y? and above
the rectangle R = {(z,y) | 2 <2 <6, 0 <y < 2}. Use the lines x =4 and y = 1 to divide
R into four subrectangles. Let L and U be the Riemann sums computed respectively
using lower left corners and upper right corners. Without using the actual numbers V,
L, and U, arrange them in increasing order and describe your reasoning.

Evaluate the double integral by first identifying it as the volume of a solid.

@ [[@+1)da, R={(e,y)|0<e<2 0<y<2}
R
b) [[@-29)d4, R=[0.1]x[0,1]
R
Calculate the iterated integral.
3 2 1 2
(a) / /(6Iy2—12x2)dxdy (c) / / 2y sin(rry?) dy dx
1 Jo o Jo

2 3 2 1
(b) / / (6zy* — 122%) dy dx (d) / / 2rzy sin(mry?) dr dy
0 J1 0 Jo

Ans: (a) 40, (¢) 1
Calculate the double integral.

(a) f j ysec’(z)dA, R =[0,7/4] x [0,4] (b) f f ze ™ dA, R=1[0,2] x[0,1]

Ans: (a) 8; (b) 1 —e2

Find the volume of the solid in the first octant bounded by the cylinder z = 9 — y? and

the plane = = 2.
Ans: 36
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15.2. Double Integrals over General Regions

15.2.1. Iterated Integrals over General Regions

We know how to find the volume of the solid under a surface, when
the projection of the solid down to the xy-plane is a rectangular region.

A A

y Y

—
0 X 0 x}

Figure 15.4: A general region D and its surrounding rectangle R.

Let D C R? be a bounded region of general shape as in Figure 15.4.

* For a bounded function f defined over D, what we want to find is
ff f(z,y) dA.
D

e Expand the domain to a surrounding rectangle R and define

B f(z,y) if (z,y) € D
F(x,y) = { 0 if (.4) € R\D. (15.11)
* Then,
ﬂ flz,y)dA = ﬂ F(x,y) dA, (15.12)
D R

which implies the following.

* The integral ff f(x,y) dA exists, for a general bounded region D.
D

* The iterated integral can be applied to get the double integral.
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Quesiton. What if the region D is not rectangular but defined as the
boundary between two functions?

A A

¥ y=g,(x) p Yy
D D x=h,(y)
e R )
0 t:l E:) X = 0 X =

Figure 15.5: General regions D: Type 1 (left) and Type 2 (right).

Let the region D be given as

D = {(z,y) eR*|a<z<bg(r)<y
Dy = {(z,y) € R?| li(y) < x < ha(y),

[f@mar = [ [ swyayas
D, a g

Then

1(z)
[f rpan = [ / Y f o dy
Do ¢ 1

(y)

(15.13)

[Strategyj: 15.14. Double integral over general regions D:
1. Visualize to recognize the region.
2. Decide the order of integration.
3. If the calculation becomes complicated, try the other order.
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the line y = = — 2 and the parabola z = 2.

Solution. First, visualize the region.

Ans: 45/4



476 Chapter 15. Multiple Integrals

‘Problem' 15.16. Find the volume of the solid that lies under the plane

z = 1+ 2y and above the region D in the zy-plane bounded by the line
y = 2z and the parabola y = 2.

Solution. Try for both orders.

Ans: 28/5

Note: Here, the main concern is how to access the domain D; the
iterated integration must access points in D, once-and-only-once.
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15.2.2. Properties of Double Integrals

Double integrals share properties with definite integrals of functions
of one variable.

****************

,,,,,,,,,,,,,,,,

Let f and g be continuous functions defined in D and ¢ € R. Then

)

@ 1] [f(x y) + g(z,y)| dA = fffxydA—kagxydA
D

] cflz,y) dA—cfffa:y ) dA

UD
flz,y)dA > | j g(x,y) dA, if f(z,y) > g(z,y), V(2,y) € D
D

)

&
°Gt

| f(z,y)dA = JI f(z,y)dA + If f(z,y)dA, when D = D1UD2
D Ds

************

,,,,,,,,,,,,

area of the region D.

Hint: Consider a solid cylinder whose base is D and whose height is 1.



478 Chapter 15. Multiple Integrals

Problem 15.19. Use Property 6 in Proposition 15.17 to estimate the in-

-
|
S o

tegral I = [[,em**¥dA, where D is the disk with center the origin and
radius 2.

Solution.

Ans: 4w /e < I < 4me

Let’s solve some exra problems.

Problem' 15.20. Evaluate fj(x + 2y) dA, where D is the region bounded

r
|
S o

D
by the parabolas y = 222 and y = 1 + 2°.
Solution.

.32
Ans: o
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Solution. Visualize the region and try to change the order of integration.

Ans: (1 —cos1)/2

order of integration.
Solution.

Ans: e — 1



480 Chapter 15. Multiple Integrals

Exercises 15.2

1. Evaluate the double integral, by setting up an iterated integral in the easier order.

(a) ije‘”‘QdA, D={(z,y)|0<2z<2, 0<y<z}
D

%)I[x@& D is bounded by y = x + 2 and y = 2
D

(c) fj ysintwrdA, D isboundedby x =0,z =1?% andy =2
D

Ans: (a) 1 —e?;(c) 2/7

2. Evaluate the volume of the solid that lies under the surface z = z(y + 2) and above the
triangle with vertices P(1,1), Q(3,1), and R(1, 3).
Ans: 12

3. Sketch the region of the integral and change the order of integration.

1 2 e Inz
(a) / / " ) dady (b) / / f(2,y) dy de
0 0 1 0

Ans: (b) [y [5 f(x,y) de dy

4. Evaluate the integral by reversing the order of integration:

1 pl 4 rVi-y 5
(a) / / VY cos(y?) dy dx (b) / / el?*= dx dy
0 Ja2 o Jo

Ans: (a) Sig L

5. In evaluating a double integral over a region D, a sum of iterated integrals was obtained

as follows: D s o
{)ff(m,y)dfl:/o /0 f(x,y)dxdy—i—/l /o f(z,y) dx dy.

(a) Sketch the region D.

(b) Express the double integral as a single iterated integral with reversed order of
integration.
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15.3. Double Integrals in Polar Coordinates

We have spent most of our lives in the Cartesian/Rectangular coordinate system, which
was invented by none other than René Descartes, who was because he thought. Some-
times, however, functions (and consequently integrals) become simpler when expressed in
different coordinate systems. There are many different coordinate systems. Here, we will
focus on one that was invented by Sir Isaac Newton — the polar coordinate system.

,,,,,,,,,,,,,,,,,,,,,, -
|

Polar Coordinates

-
|
i E

Definition}, 15.23. (Polar point). Points in polar coordinate system
are defined by two parameters (r, 0), where r is the distance the point is
from the origin and 0 is the angle between the polar axis (positive x-axis)
and the line that connects the point to the origin.

Since a picture is worth a thousand words, here is a picture describing what
was just described:

yT P(r,9) = P(x,y)
r 2
[
o
|
8 e
* e
0o X=Frcos9 x

Figure 15.6: Point in Rectangular/Cartesian and Polar coordinates.

Naturally, there is a conversion from the Polar Coordinates to the Rectan-
gular Coordinate system and vice versa. That conversion looks like:

(z,y)r < (1,0)p | (r,0)p < (z,y)r

T =1cosf r? =%+ y2 (15.14)
y =rsinf tand = 2
z
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
|
|

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -

Figure 15.7: A definition of the angle and trigonometric functions.

sinz +cos?z =1 1+ tan’z = sec’ x
Sin 2x = 2sin x cos cos2x = cos’x — sin’ x (15.15)
. 9 1 — cos2x 9 1 + cos2x
sin“x = ————— cos“yr = ——
2 2

Sectors: arc length and area

Arc length: ¢ =10

1 1
8 1] Area: A= 57’6 = §T29

(15.16)

Figure 15.8
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15.3.1. Polar Rectangles and Iterated Integrals

Consider a polar rectangle:
R={(r,0)]a<r<b a<6<pg}
Let Ar = (b—a)/m and A0 = (8 — «)/n, for some m, n, and

ri=a+1iAr, 1=0,1,---,m,
0 =a+jA0, j=0,1,--- n.

Figure 15.9: Dividing the polar rectangle R = ([a,b] X [o, 8])p: (left) polar subrectangles
and (I‘lght) zoom-in of Rij = ([7“2'_1, ’I“Z'] X [9]'_1, ej])p.

The area of R;; is
1 1 1
Ad;j = §T?A9 - §r?_1A0 = (i + i) (s = 1) A0 = rfArAd, - (15.17)

where rf = (r; + 7;-1)/2.

'Theorem | 15.24. (Polar version of iterated integral). If f is contin-
uous on the polar rectangle R given by 0 < a < r < b,a < 0 < (3, where
0<pB—«a<2m, then

ﬂf(:c,y)ﬂzfﬁ /bf(rcos(ﬁ),rsin(Q))M. (15.18)

Note: @) Do not forget the “r" before the drdo!
@ It follows from Figure 15.9 that AA;; =~ Ar - r;A0 = r; Ar A#.
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upper half-plane bounded by the circles 2> + y> = 1 and 2 + y* = 4.
Solution.

Ans: 157/2
Problem ' 15.26. Find the volume of the solid bounded by the plane z = 0

-
|
S o

and the paraboloid z = 1 — 22 — ¢
Solution. Volume V' = ff(l — 2% — y*)dA, where D = {(x,y) | 2* + 4> < 1}.
D

Ans: 7/2
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15.3.2. General Polar Regions

'Theorem | 15.27. (Polar version of (15.13), p. 474)
If f is continuous on a polar region of the form

D={(r0)|a<<p,hd) <r<h())},

then -
ﬂ f(z,y)dA = / / f(rcos(0),rsin(8))rdrdo. (15.19)
a Jhi(9)

D

Solution. Hint: First draw a plot in the 8 r-coordinates and convert it to the zy-coordinates.
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1oop of the four—leaved rose r = cos(26).
w/4  pcos 29
Solution. A(D f dA = / / rdrdf.

/4

Ans: 77/8

z = 2%+ y?, above the zy-plane, and inside the cylinder 22 + y? = 2z.

¢ First, find what the polar region looks like.

— That is to say, translate 22 + 3> = 2x into polar coordinates and see
what that region looks like. (Also, you may refer to (x—1)*+y* = 1.)

* Then, look at z = 2> + y? as a polar function; use it as your integrand.
* Don’t forget the r in “rdr do”!

Solution.

Ans: 37
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2 V2x—x?

Evaluate the double integral / v x? + y?2dydx, by recognizing the
o Jo
region and converting it to polar coordinates.

Solution. Hint: D = {§ = 0..7/2, r =0..2cosf}

Ans: 16/9
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'Volume of n-Ball|: The unit interval [—1, 1] can be rewritten as

M fr |22 <1} CR (15.20)

Similarly, the unit circle and the unit sphere (of radius 1) read

By &L {(z,y) | 2®+12 <1} CR? and Bs £ {(z,y,2) | 2®+1>+2° < 1} C R®,

(15.21)
In general, an n-dimensional ball (or n-Ball) of radius r is defined as

Bnm — {(xlaan? o 7xn) | aj% +x§ + o —l—x% S TQ} C Rn (1522)

It is possible to define volume of n-Ball of radius r, V, ,; in R it is length,
in R? it is area, in R? it is ordinary volume, and in R", n > 4, it is called a
hypervolume. For example,

4
Viy =V (Bi,) =2r, Vo, =V(Bsy,) =mr? Vi, =V(Bs,) = §7T7’3. (15.23)

Note that V,,, = V,,1 - 7", n > 1.

Challenge 15.32. Let B,, = B, and V,, = V(B,1). Use polar coordi-

nates to find V.., the volume of the unit n-Ball B,,, n > 4.

Solution. See the figure.

s 1
T3, .., Tn n—2
4 s V, = / / Vn_g (V1—r2) } rdrdf
n-ball of radius
(n — 2)-ball of 27
radius m — n ) / / ’I’L 2 /2 Td?" de

T2

(r,0) = Vp_o-2m- /(1—r2)("_2)/2rdr
0

I

Figure 15.11: The unit n-Ball, B,, ;.
Ans: 'V, = 27“ Vi —2. (You will solve this problem differently in P.6, p. 722.)

21 47 2w w2
:2 = = — = — = — = —
Vi , Vo=m, V3 3V1 3’ Vi 4V2 5




15.3. Double Integrals in Polar Coordinates 489

Exercises 15.3

1. Use polar coordinates to evaluate the double integral, or the volume of the solid.
(a) ff " tv* dA, where D is the region bounded by the semi-circle x = /1 — y? and the
D

y-axis.
(b) The solid that lies above the cone z = \/22 + 32 and below the sphere z2 + 3 + 22 = 8.
Ans: (a) (e — 1)m/2; (b) 20207

2. A swimming pool is circular with 60—t diameter. The depth is constant along east-
west lines and increases linearly from 2 ft at the east end to 8 ft at the west end. Find
the volume of water in the pool, using a double integral in polar coordinates. Hint:
V = [[,(56+ 5)dA, where D is the circle of radius 30 and centered at the origin.

3. Use polar coordinates to evaluate

jf eV A, (15.24)
Dg

where D, is the disk of radius a centered at the origin. ,
Ans: (1 —e %)

4. We may define the improper integral (over the entire plane R?)

[:= ge—x?—deA: /_ Z /_ Z eV dvdy = lim ge—xZ—deA. (15.25)

(a) Use the result from the previous problem (Problem 3, Exercises 15.3) to conclude

/ T e g — V. (15.26)

o0

(b) Let 0 > 0. Use the change of variable © = ot to evaluate

/ e do. (15.27)



490 Chapter 15. Multiple Integrals

15.4. Applications of Double Integrals

Objectives. Find the mass and center of mass of a planar lamina
and moments of inertia, using double integrals. Then, apply them for
probability and mean values.

Density and Mass

A N

¥ /
// }Z \\
[ \
\ L pl)
N AT
0 X =

Figure 15.12

Let a lamina occupy a region D in xy-plane. Then its density is defined as

. Am
Ao = B aa (o289

where Am and AA the mass and the area of a small rectangle that contains
(x,y). Thus, the mass of the lamina over D approximates

By increasing the number of subrectangles, we obtain the total mass of the
lamina

m = mlTllIiloo Z Z p(ry;,yi) AA = £f p(x,y) dA. (15.29)

i=1 j=1
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(0,0), (2,2), and (0,4), given that the density at (z,y) is p(z,y) = 2z + v.
Solution.

Ans: 40/3

Definition} 15.34. The moment of a particle about an axis is the prod-
uct of its mass and its directed distance from the axis. Say, M, = m -y,
M, =m- .

'Theorem | 15.35. The moments (first moments) of the entire lamina
about x- and y-axes:

M, = ([ yplz.y)dd, M, = [{ zp(z,y)dA. (15.30)
D D

When we define the center of mass (z,y) so that mz = M, and my =
M., then

M, 1 M, 1
T="t=—[[pep(@y)dd §T=""=—[[yp(z,y)dd.  (1531)

m m
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‘Problem' 15.36. (Revisit of Problem 15.33). Find the center of mass
for the triangular lamina with vertices (0, 0), (2,2), and (0, 4), given that the
density at (z,y) is p(z,y) = 2z + v.

Solution. We know m = 40/3.

Ans: (Z,y) = (4/5, 11/5)
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Probability

Recall: The probability density function f of a continuous random
variable X is a function such that

f(z) >0, Vx € R, and /OO flx)dx = 1.

The probability that X lies between a and b is

P(angb):/bf(x)dx.

Definition}, 15.37. The joint density function of a pair of random
variables X andY is a function f such that

f(z,y) >0, V(z,y) € R? and J] f(z,y)dA = 1.
R2

The probability that (X,Y) lies in a region D is

P((X,Y) e D) = ﬂf(:c,y) dA.

**********

_ ) kGBr —2%) (2y —y7), if (2,y) €(0,3] x [0,2],
fw,y) = { 0, otherwise.

find the constant k. Then, find P(X <2,V > 1).
Solution.

Ans: k=1/6; P(X <2,Y >1)=10/27
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Expected Values of X and Y

Recall: If f is a probability density function of a random variable X,
then its mean is

u:/ooxf(x)dx.

oo

Definition} 15.39. Let f(z,y) be a joint density function of random vari-
ables X and Y. We define the X-mean and Y -mean, also called the
expected values, of X and Y, to be

= ﬂxf(x,y) dA, pp = ffyf(w,y) dA.

. i 4=222-2¢7  Sp 02 4 2 o
‘Problem' 15.40. Let f(x,y) = woo Uz + =l
********** 0, otherwise.

(a) Verify f is a joint density function.
(b) Find P(X <0,Y >0).
(c) Find the expected values of X and Y.

Solution.

Ans: (b) 1/4;(c) uy = p2 =0
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Exercises 15.4

1. Find the mass and center of mass of the lamina that occupies the region D and has the
given density function p.

(a) D is the triangle with vertices (0,0), (4,0), and (2,2); p(z,y) =y
(b) D is the part of the disk 22 + y? < 4 in the first quadrant; p is proportional to its
distance from the origin Hint: Set p(z,y) = k\/2? + y? and use polar coordinates for the

integrals.
Ans: (a) m =8/3, (z,y) = (2,1); (b) m = 4kn /3, (z,y) = (3/m,3/m)

2. Use a computer algebra system (Maple, Mathematica, etc.) to find the mass and
center of mass of the lamina that occupies the region D and has the given density func-
tion.

() D={(z,y) |0<a<ye?, 0<y<1}; p(z,y)=(1+2>)cosy
Ans: m ~ 0.2167, (7,7) ~ (0.1507,0.5697)

(b) D is the region closed by the right loop of the four-leaved rose » = cos 26 (as shown
in Figure 15.10 on page 485); p(z,y) = /22 + y?

3. Suppose X and Y are random variable with joint density function

k(z+1)y, if0<z<2 0<y<1,
0, otherwise.

e =4

(a) Find the value of the constant k.
(b) Find P(z <1,y <1)
(¢) Find P(x —y > 1)
(d) Find X-mean and Y-mean.
Ans: (a) k=1/2;(c) 11/48
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15.5. Surface Area

iZ

Figure 15.13

Chapter 15. Multiple Integrals

We may define the surface area of
S to be

A(S)= lm Y S AT, (15.32)
m,n—00
i=1 j=1

where
A,_TZ] = |a X bl

Here,
a = <A.§C,0,fx(XU)Ax>,

Since
i ]

axb=det |[Ax 0 f,Azx
0 Ay f,Ay

we have (AA = AzAy)

k

= <_fx> _fya 1> ASUA?J, (1533)

ATy = lax b= /f2+ f2+ 1 AA. (15.34)

where V f is continuous, is

Definition} 15.41. The surface area of S with z = f(z,y), (z,y) € D,

A(S) = [[ \/Folw.v) + f(w,y)? + 1dA. (15.35)

Recall: For y = f(x), « € [a, ], the arc length is obtained as

L= /b\/1 ()] da. (15.36)

Note: The surface area will be considered again when we learn Para-
metric Surfaces and Their Areas; see §16.6.2.




15.5. Surface Area 497

lies under the plane z = 9.
Solution. (See Problem 16.89 on p. 588.)

Ans: Z(37V/37— 1)

within the cylinder 22 + 3> = 1.
Solution.

Ans: Z(2v2 1)
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Exercises 15.5
1. Find the area of the surface.

(a) The part of the plane 2z + y + 5z = 10 that lies in the first octant
(b) The part of the sphere 22 + y? + 22 = 2 that lies above the plane > = 1
Ans: (b) 2271 (V2 - 1)

2. Find the area of the finite part of the paraboloid z = z? + y? cut of by the plane z = 9.

3. Use your calculator (or, a computer algebra system) to estimate the area of the
surface correct to four decimal places.

The part of the surface z = sin(z? + y?) that lines in the cylinder z? + ¢y* = 4.
Hint: If you use Maple for numeric integration for f; f(z) dz, the command looks:

int (f (x),x=a..b,numeric)
Ans: 27.7291
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15.6. Triple Integrals

t/‘ﬂ‘”
X

Figure 15.14: A rectangular box.

* Let’s begin with a function of three variables defined on a rectangu-
lar box:

w= f(x,y,2), (x,y,2) € B:=[a,b] X [c,d] x [r,s].

* In defining a triple integral, the first step is to divide B into sub-boxes.

* For some positive integers ¢, m,n > 0,

szb—a’ Ay:d—c’ Az:s_r.
l m n

Let B;j;; be the (ijk)-th sub-box:

Bijk = [%—1,%‘] X [yj_l,yj] X [Zﬁ—l,zﬁ]Q

each sub-box has volume AV = AzAyAz.

Definition}, 15.44. The triple integral of f over the box B is

{ m n
fgf fp2)dV = Tm 33T f(x)AY. (15.37)

i=1 j=1 k=1

x ok % N
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\Theorem\ 15.45. (Fubini’s Theorem for Triple Integrals). If f is
continuous on B = [a,b] X [c,d] X [r, s], then

b d s
Y, = Y, dy dx; (15.38)
fj!ff(x y,z)dV /a /c 4/7~ f(z,y, 2)dzdy dx

the integration order can be changed for five other choices.

‘Problem' 15.46. Evaluate the triple integral JfJzzyz*dV, where B =

[0,1] x [-1,2] x [0, 3].
Solution.

Ans: 27/4

1 Recogmze (V1suahze in your brain) the domain F.
2. Separate the domain, e.g., E = D X [ui(,y), us(x,y)], D C R
Then, [[[,. f(z,y,2)dV = [, ff(;yy) f(x,y, z)dz dA.

The principle: You must find a scheme to cover the whole domain
E (without missing, without duplicating).

Let’s go on a journey!!
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by the four planes + =0,y =0,z=0,and x +y + z = 1.
Solution. £ = D x [0,1 — = — y|, where D is the unit right triangle in the
xy-plane.

Ans: 1/24
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‘Problem ' 15.49. Evaluate [z V&% + y? dV, where E is the region bounded
by the paraboloid z = 2> + y?> and the plane z = 4.

Solution. £ = D x [2? + 12, 4], where D is the disk of center the origin and
radius 2.

Ans: 1287/15
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*****************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

of f over E represents the volume of E:

V(E) = ﬂ 1dV. (15.39)
E

dron 7 bounded by the four planes v+ =0, y =2, z=0,andz +y + 2 = 2.
Solution.

Ans: 2/3
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
|
|

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -

/o1 /y1 /Oy f(x,y, z) de dz dy

Hint: Change the order for adjacent two variables in the integral, keep-
ing the other the same. For example, start with = «+> z or z <> .

Solution.
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Exercises 15.6

1. Evaluate the iterated integral.

2 1 Inz T 2 \/@
(a) / / / ze ¥ dydr dz (b) / / / zcosxdydz dx
0 0 0 0 0 0

Ans: (a) —1;(b) 0
2. Evaluate the triple integral.

@ [[[eav, BE={@y2)|0<e<1,2<y<1,0<2<a)
E

(b) fjf ydV, E is determined by the paraboloid y = 2? + 22 and the plane y = 4
E

Ans: (a) (e — 1)/6; (b) 647/3
3. Fill the lower and upper bounds appropriately for the triple integral.

/1/1/1f(:€,y,2)dxdydz = @ f@ ® Flory. ) dodzdy
0 z y @ @ @
1)

- @ @ j@ f(x,y,2)dzdx dy

Ans: ®: y; ®: 1;@: 0; ®: 1 10): 0; 12): y
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15.7. Triple Integrals in Cylindrical Coordinates

Recall: (Equation (15.14)). The conversion between the Polar Coor-
dinates and the Rectangular Coordinate system reads

(z,y)r « (r,0)p

(r,0)p < (z,y)r

T =1rcosb

y = rsinf

r? =z 44 (15.40)
tanf = 2
x

Definition}, 15.53. In the cylindrical coordinate system, a point P
in the 3D space is represented as an ordered triple (r,0, z), where r and
0 are polar coordinates of the projection of P onto the xy-plane and = is
the directed distance from the xry-plane to P.

Definition} 15.54. The conversion between the Cylindrical Coordi-
nates and the Rectangular Coordinate system gives

(I’, Y, Z)R — (Ta (97 Z)C'

(Ta 97 Z)C <~ (I’, Y, Z)R

T =rcosf
y =rsinf
z2=2z

2 _ .2 2
=y (15.41)
tanf = =
T
zZ =2z

E =D X [ui(z,y), ua(z,y)],

Note: The triple integral with a Cylindrical Domain F can be carried
out by first separating the domain like

where D is a polar region.
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‘Problem ' 15.55. (a) Plot the point with the cylindrical coordinates (2, Z e
and find its rectangular coordinates.

(b) Find cylindrical coordinates of the point with rectangular coordinates
(3,—=3,7)g.

Solution.

Ans: (a) (—1,v/3,1)g; (b) (3v/2, —7/4,7)c.

Via—a?

/ (z* 4+ *) dz dy dz.
Vi—a2 2+y
Hint. Change the triple 1ntegra1 1nto cylindrical coordinates.

Solution.

Ans: 167/5
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cylinder 22 + y> = 1 and the sphere 2% + 3> + 22 = 4.
Solution.

Ans: 47(8 — 3V/3)
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Exercises 15.7

1. Identify the surface whose equation is given.

(a) r2+422 =4 (b) r =2cosb
Hint: (b) It can be rewritten as r? = 2r cos f, which in turn reads z2 + 3> = 2z.

2 V4—z2 2
2. Evaluate / / / x dzdydx, by changing the triple integral into cylindrical
0 J—Va—a2 J\/x24y2

coordinates.
Ans: 8/3

3. Use cylindrical coordinates to find the volume of the solid F that is enclosed by the cone
2z = /22 + y2 and the sphere 22 + y? + 22 = 2.
Ans: 3m(vV2—1)
4. Use cylindrical coordinates to evaluate JJJ ydV, where E is the solid that lies between
E

the cylinders 2%2+%? = 1 and 2%2+3? = 9, above the zy-plane, and below the plane z = y+3.
Ans: 20w
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15.8. Triple Integrals in Spherical Coordinates

U Definition};, 15.58. The spher-
P(p.0.0) ical coordinates (p,0,¢) of a
point P is shown in Figure 15.15,
where p = |OP| = /22 + 2 + 22,
0 is the angle from the x-axis to
y the line segment OP’, and ¢ is the
angle between the positive z-axis
and the line segment OP.

P(x,y,0)

Figure 15.15: Spherical coordinates of P.

Note: By observing the definition, we can see the following inequalities:

p>0 0<60<2m, 0<op <.

For a convenient conversion formula, consider first
Z = pcos¢, T = p sinag, (15.42)

then use .
x =rcosf, y =rsiné.

Definition} 15.59. The conversion between the Spherical Coordi-
nates and the Rectangular Coordinate system gives

(xayaz)R — (p797¢>5 (p797¢)5 — (x,y,Z)R

x =1rcosf =psinpcosh | p? = x? 4+ y* + 2°

y =1rsinf = p sin¢sinf Cos¢:E (15.43)
x

2= p Ccos¢ COS@:psirmﬁ
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and find its rectangular coordinates.
(b) Find spherical coordinates of the point with rectangular coordinates

(0,2v/3, —2) .

Solution.

Ans: (a) (1/3/2,1/3/2,1)r; (b) (4,7/2,27/3)s

Figure 15.16: A small spherical wedge E;j;,
of volume AV, = r p Ap AG Ag.

************************************************

Triple Integral with Spherical Coordinates

| |
| |
L e e o e e e e e e e e e e e e e e e e e e e e e e e e e e = -

In the spherical coordinate system, the counter part of a rectangular box is
a spherical wedge

E={(p,0,0) R’ |a<p<ba<i<B,c<o<dl,

where a > 0, f — a < 27, and d — ¢ < 7. We divide smaller spherical wedges
{Ei;r} by means of equally spaced p;, 0;, ¢i. Figure 15.16 shows that £;;; is
approximately a rectangular box, of which the volume approximates

AVijr = Ap - 1A - pAp = rp Ap A Ap = p? sin ¢ Ap A Ag. (15.44)
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'Theorem | 15.61. (Triple Integral on Spherical Wedges).

ffff(x,y,z)dv = /Cd/j/abf(psin¢cos€,psinqﬁsin@,pcosqﬁ)
) x p? sin ¢ dp db d,

(15.45)
where FE is a spherical wedge given by

E={(p,0,¢) eR’ |a<p<ba<f<pe<o<d}

Note: The scaling factor |p? sin¢ = rp

************

2, .2, .2)\%?
'Problem' 15.62. Evaluate jffe(x *+")" gV, where B is the unit ball
B

B={(zy,2)] 4yt < 1}.
Solution.

Ans: 3m(e—1)
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'Theorem |15.63. (Spherical Fubini’s Theorem). We can extend The-
orem 15.61 to regions defined by

E={(p,0,0) €R*| g1(0,0) < p< g2(0,0),a <O < B,c < ¢ < d},

in such a way:

g2 (97¢)

d 8
jﬂ Fz,y,2)dV = / / / f(psin ¢ cosd, psinpsin b, pcos ¢) p* sinpdpdf dp.  (15.46)
% ¢ Ja Jai(0.0) —

that lies above the cone z = /22 + y? and below the sphere 22 4 y? + 2% = 2.

Solution. Sphere: p? = pcos ¢ = p = cos ¢.
Cone: pcos¢ = r = psin ¢ = cos ¢ = sin ¢. So, ¢ = 7/4. Therefore,

w/4 27 pcoso
V:/ / / p?sin ¢ dp df d¢
0 0 0 -

Figure 15.17

Ans: 7/8
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Exercises 15.8

1. Write the equation in spherical coordinates.

(a) 22 +9y2+22=1 (¢) 222 + 292+ 22 =4
(b) z =22+ 42 (d) z = a2 —?

Hint: (c) 222 + 2y + 2% = (2?2 + % + 22) + (2® + ¢?)

2. Sketch the solid whose volume is given by the integral; evaluate the integral.

w/4  pm 2 w/2  p2w pcos¢
(a) / / / p*sin ¢ dpdf do (b) / / / p*sin ¢ dp df do
0 o Jo 0 o Jo

Ans: (b) /6

3. Use spherical coordinates to to find the volume of the solid that lies above the cone
2 = v/2? + y? and below the sphere 22 + 3% + 22 = 1.
4. Use spherical coordinates to evaluate fjj 2 e(# 7 +2°)" g where B is the portion of the
B

unit ball 22 + 3? + 22 < 1 that lies in the first octant.
Ans: (e —1)7/16



15.9. Change of Variables in Multiple Integrals 515

15.9. Change of Variables in Multiple Integrals

15.9.1. The Key Idea

We have done changes of variables several times in the past. Dating
as far back when we learned integration with the “u-substitution”, we
started using changes of variables (we made u = g(x).) Indeed,

b g(b)
/ F(9(0)d (@) do = /() f)du, g:lab] = g(a).g®).  (15.47)

Another way of the change of variables is

/ f(z)de = / f(z —du (15.48)

where x = z(u) : [¢c,d] —

*************

7777777777777 d
Solution. D u = 2?> = du = 2xdr = xdr = 7u; u(0) = 0, u(2) = 4.

Therefore

9 4 4
d 1 1
/I€x2dl’:/ e“—u:—/ e du = —e"
0 0 2 2 Jo 2

*************

,,,,,,,,,,,,,

as in double integrals in polar coordinates. For a polar region R, we have
used the conversion:
x=rcosf, y=rsinb,

which is a transformation from the rd-plane to the xy-plane. Then,

ﬂ fla,y)dA = H f(rcos,rsind) rdr df, (15.49)
R Q

where () is the region in the rf-plane.
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Goal: The goal of this section is to write a general form for a change of
variables, which turns the integral easier.

Definition} 15.67. A change of variables is a transformation T : Q —
R (from the uv-plane to the xy-plane), T'(u,v) = (z,y), where x and y are
related to u and v by the equations

T = g(u,v), W= h(U,U)- [Or7 r(u,@) - (g(u,v), h(uvU»]

We usually take these transformations to be C'-Transformation,
meaning g and h have continuous first-order partial derivatives, and
one-to-one.

A A

v y
T
o —
(u,v) 4
T
-_—
h\“_-_-—-—_—_
0 e 0 0

Find the image of the unit square @ = {(u,v) |0 <u <1,0<v < 1}.
Solution.

Ans: A rectangle of vertices (0,0), (2,1), (1,2), (—1,1).



15.9. Change of Variables in Multiple Integrals 517

] )

AV Q

w@y,v) Au

-

0 i 0 X

Figure 15.19: A small rectangle in the uv-plane and its image of 7" in the zy-plane.

Now, let’s see how a change of variables affects a double integral.
¢ See Figure 15.19, where T : () — R given by
r(u,v) = (z,y) = (g(u,v), h(u,v)) . (15.50)
* The tangent vectors at r(u, vy) w.r.t the u- and v-directions are
ry (o, v0) = (Gu, hu) (w0, v0),  To(uo, v0) = (go, ho) (o, vo)-

* We can approximate the image region R = T(()) by a parallelogram
determined by the scaled tangent vectors. Therefore,

AA = A(R) = |(r,Au) x (r,Av)| = |ry X r,| AuAv. (15.51)

¢ Computing the cross product, we obtain

i j k
r, xXr,=det | z, y, 0 | =det [ Tu Yu ] k (15.52)
Ty Yo

Ty Yo O

Definition} 15.69. The Jacobian of T : x = g(u,v), y = h(u,v) is

8(x,y) def [xu Ly

— det = Ty Yo — Ty Yu (15.53)
(u7 /U) yu y’U

S5
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,,,,,,,,,,,,,,

byr(u,v) <x(u,v),y(u,v)>,

o(z,y)
d(u,v)

AA =~ | Au Av. (15.54)

'Theorem |15.71. Suppose that T is a C'-transformation whose Jaco-
bian is nonzero, and suppose that'I’ maps a region () in the uv-plane onto
a region R in the xy-plane. Let f be a continuous function on R. Suppose
also that T is an one-to-one transformation except perhaps along the
boundary of the regions. Then

o(x 9y)

ﬂf(w y)dA = H f(z(u,v), y(u, v))| dudv.  (15.55)

*************

,,,,,,,,,,,,,

tion from ) = [a,b] X [a, (] in the rf-plane to R in the xy-plane is given
by
T: x=g(r,0) =rcosf, y=~h(r,0)=rsinb.

The Jacobian of 7" is

d(x,y) _ det [cos@ —rsin

) = rcos’0 +rsin’f = r.
sinf rcos6

Thus Theorem 15.24 (p. 483) gives

)

J]; flz,y)dA = f f(rcos(0),rsin(d ))‘a((i:‘g))

_ /a/af(rcos(@),rsin(&))rdrd@.

dr db

(15.56)
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15.9.2. Multiple Integrals by Change of Variables

787171}11”1}}.‘31{377‘ 15.73. In order to evaluate the double integral [[, f(z,y)dA

by change of variables, you should first find a region (Q and an one-to-
one transformation 7" such that

T(Q) = R. (15.57)

We will call the region () a predomain of R. The scaling factor from
the predomain () to the domain R is the absolute value of the deter-
minant of the Jacobian matrix.

‘0(% |
8w, v)

with vertices given by (0,0), (3, —3), (6, 0), and (3, 3), using the transforma-
tion r = u + 3v and y = u — 3.
Solution.

Ans: 54
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‘Problem ' 15.75. Evaluate the integral [[¢@**¥/(*%) A where R is the
R
trapezoidal region with vertices (1,0),(2,0), (0, —2), and (0, —1).

Solution.

Ans: 2(e — e 1)
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first quadrant bounded by z? + 4y> = 4.

Solution. Consider the transformation: = = 2u, y = v.

Ans: Z(1 —cos4)
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Definition}, 15.77. (Higher order Jacobian). The Jacobian of T,
given by

r=g(u,v,w), y=hlu,v,w), z==ku,v,w),

is the following determinant:

AYDE _det | vy v v | - (15.58)
O(u, v, w) L

'Theorem | 15.78. Under hypotheses similar to those in Theorem 15.71,

we have the following formula for triple integrals:

jjf flz,y,2)dV = jff f (@ (u,v,w),y (u,v,w), 2 (u,v,w)) ’g((zi/’;))
R Q -

du dv dw. (15.59)

,,,,,,,,,,,,,,

dV = p*sin ¢ dp db de. (15.60)

Recall. x = psin¢pcosf,y = psingsinf, and z = pcos ¢.
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Exercises 15.9

1. Use the given transformation to evaluate the integral.

(a) ff y* dA, where R is the region bounded by 422 + 9y? = 36; (z,y) = (3u, 2v)
R

(b) ff(?)x —y) dA, where R is the triangular region with the three vertices (0,0), (2, 1),
R
and (1,3); (z,y) = (2u + v,u + 3v)
Hint: (a) [[,y* dA = [|, 4v* - 6 dudv, where Q = {(u,v) | u® +v* <1}

Hint: (b) [[,(3z — y) dA = HQ 5u - 5 du dv; figure out Q by yourself
Ans: (a) 6; (b) 25/6

2. Make an appropriate change of variables to evaluate the integral
jf sin(z? + 4y?) dA,
R

where R is the region in the first quadrant bounded by the ellipse 2% + 4y? = 1.
3. Make an appropriate change of variables to evaluate ff 2(x— y)e””2_y2 dA, where R is the
rectangle enclosed by the lines: t —y =0, z —y =1, :cRJr y=0, x+y=2.
4. Make an appropriate change of variables to evaluate the integral jf "V dA, where R is
R

given by the inequality |z| + |y| < 1.

Ans: e —e !
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CHAPTER 16

Integrals and Vector Fields

In this chapter, we study the calculus of vector fields. In particular, you will

learn
Subjects Applications
Line integral Work done by a force vector field
in moving an object along a curve
Surface integral The rate of fluid flow across a surface
Fundamental theorem | Green’s theorem, Stokes’s theorem,
of calculus, in 2/3-D and Divergence theorem

Contents of Chapter 16

16.1.Vector Fields . . . . . . . . . . . . . e 526
16.2.Line Integrals . . . . . . . . . . .. e e 534
16.3.The Fundamental Theorem for Line Integrals . . . .. ... ... ... ......... 548
16.4.Green’s Theorem . . . . . . . . . . . . . . e e e e e 560
16.5.Curl and Divergence . . . . . . . . . . . . . e e e e 570
16.6.Parametric Surfaces and Their Areas . . . . . . ... .. ... . ... . ... ...... 577
16.7.Surface Integrals . . . . . . . . . . . ... e 591
16.8.Stokes’s Theorem . . . . . . . . . . . . . e e e e 600
16.9.The Divergence Theorem . . . . . . . . . . . . . . . . . . it i e 604
F.1. Formulas for Chapter 16 . . . . . . . . . . . . . . . e e 608

525



526 Chapter 16. Integrals and Vector Fields

16.1. Vector Fields

16.1.1. Definitions

Definition}, 16.1. If D is a region in R* , a (2D) vector field on D is
a function F that assigns to each point (r,y) € D a two-dimensional
vector F(x,y). If D is a solid region in R?, a (3D) vector field on D is
a function F that assigns to each point (x,y, z) € D a three-dimensional
vector F'(z,y, z).

Expressions for vector fields:

F(I’,y) = <P(.’I),y), Q($7y)>
= P(z,y)i+Q(z,y)],

F(z,y,z) = (P(z,y,2), Q(z,y,2), R(z,y,2))
= P(z,y,2)i+ Q(x,y,2)j+ R(x,y, 2) k.

‘Example 16. 2 F(z,y) = (x x — y) is a vector field in R%. G(x,y,z2) =

F(I,y)— <CE, x_y>
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vectors F'(z,y).

Solution.
(xay) F(x7y) - <_y7 $>

(1,0)

(0,1)
(_17 0)

(07 _1)

Note:

* x-F(x)=(z,9) (~y,v) = —zy + zy = 0.
Thus, F(x) = (—y, x) is perpendicular to the position vector x.

* |F(x)| = Vy* + 22 = [x].

Therefore, F'(x) has the same magnitude as x.
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Figure 16.1: The vector field F' = (—y, =), showing directions only.
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Vector fields in R3

Figure 16.2: Airfoil simulation, showing the velocity field.
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16.1.2. Conservative Vector Fields and Potential Func-
tions

* Suppose that f(x,y) is a differentiable function on D. Earlier we de-
fined the gradient V f of f:

Vf(z,y) = (fo(z,9), fy(x7y)> = fe1+ fy].

We now see that V f is a two-dimensional vector field on D.

e Similarly, if f(x,y,2) is a differentiable function on a solid D C R?,
then Vf(xz,y, z) is a three-dimensional vector field on D.

From now on, we will refer to the gradient of a function f as the gradient
vector field of f.

************

flzy) =2y — .

Solution.

Ans: (2ry, z* — 3y?)

Definition}, 16.7. A vector field F is conservative if there is a differ-
entiable function f such that

Vf=F.

The function f is called a potential function of F', or simply potential.

,,,,,,,,,
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F—————————
|
S

3y?). Then F is conservative.
Solution. Let’s try to find f such that Vf = F'.

Ans: f(x,y) =2y — >  + K
Note: Not every vector field is conservative, and it is not difficult to give an
example of a vector field that is nonconservative.

conservative.

Proof. Assume that F' is conservative. Then, there exists f such that

Vf = <fmfy> = F'
fz:x2+ya fy:yg-
Then
fiy=1 and f, =0. (16.1)

Since both mixed partials are constants, they are continuous everywhere.
Thus, by the Clairaut’s theorem, we must have

f:ry = fym

However, in (16.1), they are not equal. Contradiction! 0

We will study properties of conservative vector fields in Section 16.3
below, in detail.
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in a velocity field v(z,y) = (xy — 2, y* — 10), find its approximate location at
t=1.05.
Solution. Clue: r(t) ~ r(ty) + r'(to) - (t — to), where 1’ is the velocity vector.

Ans: (1.05,2.95)
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Exercises 16.1

1. Match the vector fields F' with the plots labeled (I)—(IV). Give reasons for your choices.

(@) F = (e, 5y) () F=(r+y,y)
(b) F = (sin(z + y), ) @ F = (z,—y)
(I) (II)
NS VYN N N st vt r A AAATTT
LN N N N R I I
el 7 4 4 bV N N N N ES U R R N I B N O B
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Figure 16.3: Maple fieldplot.

Hint: Let’s see Figure (III), for example; arrows are directing up for x > 0 and down for z < 0,
which implies that the second component of F is closely related to z. Now, what can you say
about Figure (IV)? Arrows never look the west direction, which implies that the first component

of F' is nonnegative.

2. Use a CAS (fieldplot in Maple and PlotVectorField in Mathematica) to plot

F(z,y) = (y° — zy®) i+ 22y — 227) .

Explain the appearance by finding the set of points (z,y) such that F(z,y) = 0. (Attach

the figure.)
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3. Find the gradient vector field V f/ and sketch it.

(z —y)? z — P

(@) f(z,y) = 5 ©) f(z,y) = 3

Match the functions f with their gradient vector fields plotted with labels (I)—(IV). Give

reasons for your choices.
(@ f(x,y) = ze’
() f(z,y) ==z(z—2y)

(b) f(z,y) =2+
(d) f(z,y) = cos(z® + y?)

Figure 16.4: Maple fieldplot for Vf.

(D (I1)
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Ans: (a) I1
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16.2. Line Integrals

Recall: In single-variable calculus, if a force f(x) is applied to an object
to move it along a straight line from x = a to x = b, then the amount
of work done is given by the integral

W = /abf(x) dx (: Jirgoif(xf)Aaﬁ (16.2)

Up to this point, our intervals of integration were always either bijective
function or a closed interval [a,b]. In this section, we will be integrating
over a parametrized curve instead of a nice interval as before.

Goal: To integrate functions along a curve, as opposed to along an inter-
val.

Definition}, 16.12. A plane curve C is given by the vector equation

r(t) = (z(t), y(t)), a<t<b, (16.3)
or equivalently, by the parametric equations

r=g(t), y=nh(t), a<t<hb. (16.4)

Recall: You have learned

=/ Az + Ay} = \/ Aml A‘Z’) At

Y _ dx\ 2 dy\ 2
N L

= V(@) + (y(t)2dt = |'(t)] dt.
Thus the arc length of C can be computed as

/ds_/ V(2! ()2 dt.

and therefore
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16.2.1. Line Integrals for Scalar Functions in the Plane

Now, suppose that a force is applied to move an object along a path
traced by a curve C. If the amount of force is given by f(z,y), then the
amount of work done must be given by the integral

W:/f(x,y)ds, (16.5)
C

where s is the arc length element, i.e., ds = /dz? + dy?.

Figure 16.5: A function defined on a curve C.

Assumption. The curve C is smooth, i.e., r'(¢) is continuous and r'(¢) # 0.

Definition}, 16.13. If f is defined on a smooth curve C given by (16.3),
then line integral of f along C' is

/fxy )ds = hm Zf x;,yl) As;, (16.6)

if this limit exists. Here As; = \/Ax? + Ay:.
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The line integral defined in (16.6) can be rewritten as

Jo f(zy)ds = /f(x(t),y(t)) V(@ () + (' (1) dt

b (16.7)
_ / F(x(t), y(8) ()] dt.

'Problem ' 16.14. Evaluate / (2 + 2%y)ds, where C is upper half of the unit

circle 22 + 3 = 1.

Solution. Clue: Find the parametric equation for C' and then follow the formula (16.7).

Ans: 2w + %
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Definition} 16.15. C' is a piecewise smooth curve if it is a union of a
finite number of smooth curves C4, Cs, ---, C,. That is,

C=CUCU---UCGC,.

In the case, we define the integral of f along C as the sum of the inte-
grals of f along each of the smooth pieces of C"

/f(x,y)ds = flx,y)ds + f(x,y)ds+ - / f(x,y)ds. (16.8)
c Gy

2

‘Problem 16.16. Evaluate / 2x ds, where C' consists of the arc ] of the

c
parabola y = 22 from (0, 0) to (1,1) followed by the vertical line segment C,
from (1,1) to (1,2).

Solution. Clue: Begin with parametric representation of C; and C,. For example,
Crix=t,y=t3,0<t<landCy:z=1,y=1t 1<t <2

Ans: 1(5v/5—1)+2



538 Chapter 16. Integrals and Vector Fields

Application to Physics: To compute the mass of a wire that is shaped
like a plane curve C, where the density of the wire is given by a function
p(x,y) defined at each point (z,y) on C, we can evaluate the line integral

m=/p(:1:,y) ds. (16.9)
c

Thus the center of mass of the wire is the point (7,7), where

1 1
T = —/xp(a:,y) ds, Y= —/yp(;r:,y) ds. (16.10)
g mJjc

and its density is proportional to the distance from the line y = 1. Find the
center of mass of the wire.

Solution. Clue: First parametrize the wire and use p(z,y) = k(1 — y).

Ans: (7,7) = <0, Sy 0.38), where m = k(7 — 2)
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16.2.2. Line Integrals with Respect to Coordinate Vari-
ables

Definition}; 16.18. Line integrals of f along C with respect to z
and y are defined as

[ 1@ LIS SHERY

n (16.11)
/Cf(af,y) dy = lim »  f(af,5)Ay;.
P
Note that
r=ux(t), y=y(t), = dv=2(t)dt, dy=1y'(t)dt.
Thus )
[ rawd = [ feo.ye)xrd
% g (16.12)

b
[ sy = [ sy
c a

************

and y occur together. When this happens, it is customary to abbreviate
by writing

/OP(%y)dx+/CQ(fc,y)dy=/OP(af,y)d:HQ(%y)dy.

Let F(z,y) = (P(z,y), Q(z,y)) and r = (z,y) = (z(f),y(t)) represent the
curve C. Then, since dr = (dz, dy), we can rewrite the above as

/P(:I:,y) dx + Q(z,y) dy = / F . dr, (16.13)
c c

which is a line integral of vector fields. We will consider it in detail in
§ 16.2.3 below (p. 544).
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'Problem ' 16.20. Evaluate / y? dx + x dy, where

(a) C =C;: the line segment from (-5, —3) to (0, 2)
(b) C =Cy: thearcof z =4 — 3 from (-5, —3) to (0,2)

Solution. Clue: C, :r(t) = (1 —t)ro+tr;, 0<t<land Ch:ax =4 —t> y=1t -3 <t <2

Ans: (a) =2 (b) 402
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Orientation of curves: It is important to note that the value of line inte-
grals with respect to x or y (or z, in 3-D) depends on the orientation of C,
unlike line integrals with respect to the arc length s. If the curve is traced
in reverse (that is, from the terminal point to the initial point), then the
sign of the line integral is reversed as well. We denote by —C the curve
with its orientation reversed. We then have

/ Pda::—/Pda:, / Qdy:—/Qdy. (16.14)
-C C -C C

N, .
a b 3 a b {

Figure 16.6: Curve C and its reversed curve —C.

Note: For line integrals with respect to the arc length s,

/ fds:/fds. (16.15)
—-C C

is the line segment from (0, 2) to (—5, —3):

r(t) = (1 — ){0,2) + t{(—5, —3) = (—5t, 5t +2), 0<t < 1.

5)
Thus we must have / y?dr 4+ x dy = 5
—C,

Solution.
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*******************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

First, the definition for the line integral (with respect to arc length) can be
generalized as follows.

Definition} 16.22. Suppose that C' is a smooth space curve given by

r(t) = (z(1),y(t), 2(t)), a<t<b

Then the line integral of [ along C is defined in a similar manner as
in Definition 16.13:

flz,y,z)ds = lim flxl yr, 27) As;. (16.16)
|RCYe LIS DRI

It can be evaluated using a formula similar to (16.7):

mewwzlﬂmmmw

b (16.17)
:/ Fa(®), (1), 2(1) v/ ()2 + () + (/)2 dt.

Note:
* When f(x,y,2) =1,

b
/ds :/ It'(t)|dt = L : arc length
C a

* When F = (P,Q, R),

/F-dr:/de+Qdy+Rdz.
c c
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‘Problem ' 16.23. Evaluate / ysin z ds, where C'is the circular helix given

by r(t) = (cost,sint,t), 0 <t < 2.

Solution. Hint: You may use one of formulas: sin?t = (1 —cos 2t)/2, cos®>t = (1-+cos 2t) /2.

Ans: \/2n
‘Problem' 16.24. Evaluate / zdx + xdy + ydz, where C' is given by z =

2, y=t3 2=, 0<t<l1.
Solution.

Ans: 2
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16.2.3. Line Integrals of Vector Fields

Recall: Earlier we have found that the work done by a constant force
F, in moving an object from a point P to another point () in the space, is

W =F.D, (16.18)

-\
where D = P(), the displacement vector. [

In general: Let C' be a smooth space curve given by
r(t) = (z(t), y(t), 2(t)), a<t<b

Then the work done by a force F in moving an object along the curve
Cis

W = lim g F(z},y, z) - [T(x;,yf, 2) Asi] = / F -Tds, (16.19)
o=ll

where r(t;) = (x;, i, z;), As; = |r(t;) — r(t;_1)|, and T is the unit tangen-
tial vector

Tt = 28 (16.20)

Since ds = |r'(t)| dt, we have

b r’(t) b
W:/F-Tds:/ F. |r'(t)\dt:/ F-r'(t)dt:/F-dr. (16.21)
C a ‘I"(t)‘ a C

A T(t)As,
4

Y

/ -""
X ra)

Figure 16.7
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Definition}; 16.25. Let F be a continuous vector field defined on a
smooth curve C given by r(t),a < t < b. Then the line integral of F
along C' is

b
/F-dr def /F-Tds = / F(r(t)) - r'(t) dt. (16.22)
C C a

We say that work is the line integral with respect to arc length of the
tangential component of force.

Note:
* The last term in (16.22) gives a calculation formula.

¢ Although @ / F -dr = / F - T ds and (2) integrals with respect
C

C
to arc length are unchanged when orientation is reversed, it is still
true that
/ F-dr:—/F-dr.
—C C

[Problem] 16.26. Evaluate | F -dr, where F(x,y,2) = zyi+yzj+ z2xk and

C
C'is given by r(t) = (¢,¢*,t%), 0 <t < 1.
Solution.

.27
Ans: BT
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/F-dr:/de+Qdy+Rdz. (16.23)
C C

Foomzmo- - : T Yy
'Problem' 16.28. Let F'(z,y) = < : > and C the parabola
SEREEEEEE . Vrr+y? 2 +y?

y =1+ 2 from (—1,2) to (1,2).

(a) Use a graph of F and C' to guess whether [ F - dr is positive, negative,
or Zero.

(b) Evaluate the integral.

Solution. Hint: (b) C : r(t) = (t,1+1%), —1 <t < 1;use Eqn.(16.22).

Ans: 0
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Exercises 16.2

1. Evaluate the line integral, using the formula [ f(z,y)ds = ff f(r(t) |’ (t)] dt.
(a) / 1%y ds, where C'is given by r(t) =< cos2t,sin2t >, 0 <t < 7 /4
c

(b) / 2zye™* ds, where C'is the line segment from (0,0, 0) to (2,1, 2)
c
Ans: (a) 1/3; (b) e* — 1

2. Let F be the vector field shown in the Fig- ¥

ure 0. N e e R R
//r-—-—c—z'a—c—v—-w..\\

(a) If ¢, is the horizontal line segment A AR ] Al ~ N
from P(3,2) to Q(—3,2), determine SRS B

i - L T |
whether F'-dr is positive, negative, $ oy a0 12 a1 tx

c

or zero. LR a4
NI

(b) Let C5 be the clockwise-oriented circle Ny e
of radius 3 centered at the origin. De- N Y
N — =B ——b— —_F T

termine whether F - dr is positive,
Cy .
negative, or zero. Figure 16.8

3. Use (16.22) to evaluate the line integral / F - dr, where C' is parameterized by r(t).
c

(@) F(z,y) = 2*y*i+ 2*y?j, (b) F(x,y,z2) = (—y,z,zy)

r(t) =t —20)i+ (#+2t)j, 0<t<1 r(t) = (cost,sint,t), 0<t<m

Ans: (a) —9; (b) 7

4. A thin wire is bent into the shape of a semicircle 22 + > = 4, y > 0. If the linear
density of the wire is p(z,y) = ky, find the mass and center of mass of the wire. Hint:
C:r(t)=(2cost,2sint), 0<t<m

Ans: 8k, (0,7/2)
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16.3. The Fundamental Theorem for Line Inte-
grals

Recall: Part 2 of Fundamental Theorem of Calculus (FTC2) is

b
[ 1@z = 1) - f(a). (16.24)

Goal: It would be nice to get a generalization of the FTC2 (16.24) to line
integrals.

16.3.1. Conservative Vector Fields

' Theorem | 16.29. Suppose that F is continuous, and is a conservative
vector field; that is, F' = V [ for some f. Then

/F-dr:/Vf-dr:f(r(b))—f(r(a)). (16.25)
C C

Proof. By the Chain rule and the FTC2,

b / b d
/CF-dr:/a Vf(r(t)).r(t)dt:/a (for)()at
= (for)®)], = f(r(b) — f(r(a)). O

Theorem 16.29 is the Fundamental Theorem for Line Integrals,
which is a generalization of the FTC2. The function f is called a po-
tential function of F', or simply potential.
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(a) Find a function f such that Vf = F.
(b) Evaluate [ F - dr, where C : r(t) = (cost,2sint), 0 <t <.

Solution.
Ans: (a) f(z,y) =3z +2%y* — 4y + K (b) —6
Problem! 16.31. (Revisit of Problem 16.28). Let F(z,y) = —— i+
T4 +y
Yy

ﬁj and C the parabola y = 1 + 2% from (—1,2) to (1,2). Find a poten-
Tt +y

tial of F' and evaluate [, F - dr.
Solution.

Ans: f(x,y) =+/2?+y?and [, F -dr = 0.
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*****************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Definition}; 16.32. We say the line integral / F . dr is independent of
@
path if

F - dr = F - dr,
01 C(2
for any two paths C; and C, that have the same initial and terminal
points.

lem 16.20, p. 540.) However, Theorem 16.29 says that when F = V[,

F .dr = Vf-dr = f(r(b) — f(r(a)) = Vf-dr = F . dr.
Ch Ch Co Cy

Thus line integrals of conservative fields are independent of path.

Conservativeness = Independence of path

Definition}; 16.34. A curve C is closed if its terminal point coincides
with its initial point, that is, r(b) = r(a). A simple curve is a curve that
does not intersect itself.

DB

closed not closed closed not closed
simple simple not simple not simple

Figure 16.9
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' Theorem | 16.35. / F . dr is independent of path in D if and only if
c

/ F - dr = 0 for every closed path C in D.
C

Proof. (=) For a closed curve C, choose two points A and B to decompose
C into two parts: C = C; U (5. Then
/F-dr: F - dr + F -dr = F -dr — F -dr =0,
c Cy Cy Cy —Cy
because C; and —C5 have the same initial and terminal points.
(<) Let ¢ and (5 have the same initial and terminal points. Then
O:/ F -dr = F -dr + F - dr = F - dr — F - dr,
01U(—Cg) (& —Cy (&) Cy
where the first equality comes from the assumption. [

Independence of path <—- Zero Line Integral on closed paths

Pictorial Definitions

not open open not open
disconnected connected connected
disconnected disconnected connected

Figure 16.10: Pictorial definitions for D.
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Definition}; 16.36. A set D is said to be open if every point P in D has
a disk with center P that is contained wholly and solely in D.
Note. D cannot contain any boundary points.

Definition}; 16.37. A set D is said to be connected if for every two
points P and () in D, there exists a path which connects P to ().

'Theorem | 16.38. Suppose that the line integral of a vector field F is
independent of path within an open connected region D, then F is
a conservative vector field on D.

Proof. (sketch). Choose an arbitrary point (a,b) € D and define

(z,y)
f(xa y) = F -dr.
(a,b)
Since this line integral is independent of path, we can define f(z,y) using
any path between (a,b) and (z,y). By choosing a path that ends with a
horizontal line segment from (z1,y) to (z,y) contained entirely in D, z; < z,
we can show that

(Z‘l,y) (m,y) x
8f/8a:(a:,y):8/8x[/(b) F-dr+ ( )F-dr}zO—k@/&c‘/ F - (dz,0) = P.
a, r1,Y Tl

Similarly, we can prove that 0f/0y(z,y) = Q. O
It follows from Observation 16.33 and Theorem 16.38:

Conservativeness <—- Independence of path
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16.3.2. Clairaut’s Theorem for Conservative Vector Fields

Section 16.3.1:
Conservativeness <—- Zero Line Integral on closed paths
<— Independence of path (D: open connected)

'Theorem| 16.40. (Clairaut’s Theorem for conservative vector
fields). If F(xz,y) = (P(x,y), Q(z,y)) is a conservative vector field, where
P and () have continuous first-order partial derivatives on D, then

oP _ 00
oy Oz’

(16.26)

throughout the domain D.

Quesiton. Does (16.26) imply conservativeness of F?
Ans: No, in general. But, almost!

J U B

simply-connected  not simply-connected not simply-connected

Figure 16.11: Simply-connectedness of D.

Definition}, 16.41. D is a simply-connected region if it is connected
and every simple closed curve contains only points in D.

' Theorem | 16.42. Let F = (P, Q) be a vector field on an open simply-
connected region D. If P and () have continuous first-order partial
derivatives throughout D,

OP  9Q

- 16.2
oy  Ox’ Qe

then F is conservative.
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When the vector field F' = (P, Q) is differentiable over D
: oP ' aQ
Conservativeness <— — = —
oy ox

(3 + 2xy, 2? + x — 3y?) is conservative.
Solution. Hint: Check if P, = Q, is satisfied.

Ans: no

ycosx, xe¥ 4+ sinx) is conservative.

Solution.

Ans: yes
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,,,,,,,,,,,,,,,,,,,,,,,, ~
|

,,,,,,,,,,,,,,,,,,,,,,,, |

Recall: When F is conservative, we know from (16.25) on p.548 that

/F-drz/Vf-dr:f(r(b))—f(r(a)), (16.28)
C C

which is easy to evaluate when the potential f is known.

(a) Find a potential.

(b) Evaluate [, F - dr, where C' is parameterized as

r(t) = (e’ cost,e'sint), 0 <t <.

Solution.

Ans: (a) f(x,y) =zeV +ysinz + K (b) —e™ — 1
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************

Vf=F.
Solution.

Ans: f=xy? +ye¥* + K

Recall: The Fundamental Theorem for Line Integrals
(Theorem 16.29, p.548) Suppose that F' is continuous, and is a con-
servative vector field; that is, F = V f for some f. Then

/ F - dr = / Vf-dr= f(r(b)) — f(r(a)). (16.29)
C C
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P, ), R have continuous first-order partial derivatives. Then,

Py=Q,, P.=R, Q.=R, (16.30)

Solution. Hint: Use Clairout’s theorem.

[
[Pflzbﬁlféirﬁﬂ 16.48. Show that [,y dz+x dy+yz dz is not independent of path.
Solution. Hint: Use (16.30) to check if it is conservative.
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Exercises 16.3

1. The figure shows a curve C' and a contour map of a function f whose gradient is contin-

uous. Find / Vf-dr.
c

3_

Figure 16.12

2. Determine whether the vector field F' is conservative or not. If it is, find its potential.

(@ F(r,y)=(r+y,z—1y) (©) F(z,y) = (2zy*, 2°y°)
(b) F(v,y) = (2zy, 2* + 2xy) (d) F(z,y) = (ye", e” — 2y)

3. (i) Find the potential of F' and (ii) use part (i) to evaluate | o F - dr along the given curve
C.

(@) F(x,y) = (e¥, ze¥ +siny), C:r(t) = (—cost,e'sint), 0 <t <7
(b) F(x,y,2) = 2y + 2,22 + z,x + y), C is the line segment from (1,0,0) to (2,2, 2)
(¢) F(x,y,z) = (sinz, —siny, xcosz), C :r(t) = (cost,sint,t), 0 <t <m/2

Ans: (a) 2; (b) 16; (c) cos(1) — 1
4. Show that the line integral is independent of path and evaluate the integral.

(a) / xdr —ydy, C is any path from (0, 1) to (3,0)
c

(b) /(siny —ye *)dx + (eF + xcosy) dy, C is any path from (1,0) to (0, 7)
c
Ans: (a) 5; (b) =
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5. The figure below depicts two vector fields, one of which is conservative. Which one is it?
Why is the other one not conservative?

(a) (b)
—— =~ N NN ) l l l l l L YV 8V S =
e - N vl J J J l | R AN R
it B W U S A AR N N ittt
A e - AP VAP S B R R

3 X ] x

-3 -2 -1 0 1 2 -3 -2 -1 1 2 3
VA B - e e e - - vt S
P B IR T S SR O T A Y Y
LTS S b N S S B |
Tt \ NN e — —— —— — o n N R \ 1 T
%T TR RN N ——e— e . UL UL O | T %

Figure 16.13: Two vector fields, one of which is conservative.



560 Chapter 16. Integrals and Vector Fields

16.4. Green’s Theorem

Green’s Theorem gives the relationship between a line integral
around a simple closed curve C' and a double integral over the plane
region D bounded by C.

Definition}; 16.49. The positive orientation of a simple closed curve
C refers to a single counterclockwise traversal of C' (with keeping the
domain on the left). The other directional orientation is called the neg-
ative orientation.

D S

A

y

—

X

Figure 16.14: &-orientation and S-orientation of a simple closed curve C.

'Theorem | 16.50. (Green’s Theorem). Let C be a positively oriented,
piecewise-smooth, simple closed curve in the plane and D be the region
bounded by C. If F = (P,()) has continuous partial derivatives on
an open region including D, then

ygpdx +Qdy= [ (% _ %—1;) dA. (16.31)
D
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Note: The proof of Green’s Theorem on simple regions is based on the
following identities

oP 50
550 Pdz = — ga—ym, ;ﬁc Qdy = g%m (16.32)

positive orientation of the closed curve C by

ngda:Jery, %de+@dy, or §I§Pda:+Qdy.
C c c

We denote line integrals calculated by using the negative orientation
of the closed curve C by

§I§Pdm+@dy.
C

[Problem] 16.52. Evaluate 55 z*dr + xydy, where C is the triangular curve

consisting of the line segmen(is from (0,0) to (1,0), from (1,0) to (0,1), and
from (0, 1) to (0,0).

Solution. Although the given line integral could be evaluated by the meth-
ods of Section 6.2, we would use Green’s Theorem.

Ans:

D=
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************

the circle (x — 3)% + (y + 4)* = 4 oriented clockwise.
Solution. Hint: Check the orientation of the curve.

Ans: 4w
16.4.1. Application to Area Computation
Recall
A(D) = [[1dA.
D
If we choose P and () such that
0Q/0x — 0P /0y = 1, (16.33)
then the area of D can be computed as
A(D) = ﬂ 1dA = 7§ Pdz + Qdy. (16.34)
I Joi
The following choices are common:
_ _ _ _y
P(z,y) =0 P(z,y) =~y P(z,y) i 2 (16.35)

Then, Green’s Theorem give the following formulas for the area of D:

A(D) = %xdy = —%yda: = %ygardy—ydx (16.36)
C C C
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2 2

e T . . T .

‘Problem' 16.54. Find the area enclosed by — + Z—Q =1, an ellipse.
””””” a

Solution. Clue: The ellipse has parametric equations = = acost and y = bsint, 0 < t <

2m. Hint: You may use sin? z = 1=5%2% or cos? g = 140522,

Ans: abm

‘Problem' 16.55. Use a formula in (16.36) to find the area of the shaded

,,,,,,,,,, o

region in Figure 16.15.
Solution. Hint: For the slanted edge (Cs) -z =t, y =3 —t,1 <t < 3.

y
4 ! ! :
3p------ beooos docoooc boccooe
! ' D!
2p------ SRREEE R Peeoe-
(| SEEEEE R STEEE
0 1 2 3 4 x

Figure 16.15

Ans: 14
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‘Problem' 16.56. Using the identity (an application of Green’s Theorem)

A(D) = ff dA = }éDxdy,
D

we will try to show that the area of D (the shaded region) is 6.

¢ First, observe that the line integrals on AY
vertical and horizontal line segments
of the figure are all zero.

* Thus the area must be the same as the
line integral on the slant side, the line 0 1 2 3 q
segment from P(4,0) to Q(2,2), which
we denote by Cs.

Figure 16.16

(a) Evaluate / x dy, where C5 is parametrized by
= (1—OP+10, 0<t<1.

(b) Evaluate / x dy, where C5 is parametrized by
“ r(t) = (t, 4 —t), with ¢t moving 4 \ 2.

(c) Find “the mid value of =” and “the change in y”, on 5. Multiply the
results to see if it is the same as the output in (a) and (b).!

Solution.

'The method introduces an effective algorithm for the computation of area. See P.4.5,
p.713.
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16.4.2. Generalization of Green’s Theorem

Green’s Theorem is proved for vector fields FF = (P, () defined in simple
regions D; we can extend it to the cases where D is either a finite union
of simple regions or of holes.

(2,6)

(7,-1)

0,-5)
Figure 16.17: Regions having holes.

For example: For the right figure above,

I G- = [ (G -5 aa IS (52 - 5p) s

(16.37)
= §I§ Pda:+Qdy+§£ Pdx + Qdy.
8D1 aD2

Along the common boundary, the opposite directional line integral will be
canceled. Thus

H (2- g—];) - ép Pdz +Qdy, (16.38)

where 0D is the collectlon of all boundaries of D.
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'Theorem | 16.57. (Generalized Green’s Theorem). Let D be either a
finite union of simply-connected regions or of holes, of which the bound-
ary is finite and oriented. If F = (P, ()) has continuous partial
derivatives on an open region including D, then

;éD Pdr + Qdy = H (g—g — g—];> dA, (16.39)
D

where 0D is the boundary of D positively oriented.

'Problem ' 16.58. Evaluate §l§ (1—y*)dz + (z°+¢¥)dy, where C is the bound-
c

ary of the region between the circles 22 + y? = 4 and 2 + y* = 9, having the
positive orientation.

Solution.

AnS' 1957
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Problem!16.59. Let F(x.y) = (P.Q) = (5 5, —5——)- Then

aQ (9P y2 — xZ y2 . 332
N pr— . — f . 1 .4
ox 83/ ($2 + y2)2 (:UQ T y2)2 0, or (X, y) 7é (0’ 0) (16.40)

Show that ) F - dr = 0 for any simple closed path C that does not pass

C
through or enclose the origin.

Solution. You may use Green’s Theorem.

——————————— —y T
,,,,,,,,,,, x2+y2’$2+y2

example. Show that () F - dr = 27 for any positively oriented simple closed

), the same as in the above

c
curve C that encloses the origin.

’ Warning: You CANNOT use Green’s Theorem for this problem. Why? ‘

Solution. Clue: Choose C' : 22 + y? = a2, for small a. Then,

90 OP
y%DF-dr: ygF.err ) Fodr = £f<%_a_y>dA:0’

where D is the region bounded by C' and —C". Thus we have
jﬁ F-dr=@Q F-dr (16.41)
c cr

By introducing parametric representation of C’ : r(t) = (acost,asint), 0 <
t < 27, we can conclude
27 2 2 1.2 2 2
t t
F.dr= | F(x(t) r'(t)dt :/ TGS =9 O
c 0 0 a
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Let’s try to solve another problem before closing the section.

semiannual region D in the upper half-plane between the circles 2> +y> = 1
and 2% + 1y = 4.
Solution.

Ans: 14/3

ép Pdr+Qdy = || (g—f _ %3) dA (16.42)
D

is applicable when

1. The boundary of D is finite and oriented.

2. The vector field F = (P,()) has continuous partial derivatives
over the whole region D. (It is about quality of the vector field.)
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Exercises 16.4

1.

Evaluate the line integral % y* dx + 3zy dy, where C is the triangle with vertices (0,0),
c
(2,0), and (2,2):

(a) directly (b) using Green’s theorem

Hint: For (a), you should parametrize each of three line segments.
For example: Cs5 : r(t) = (t,t), t =2\, 0.
Ans: 4/3

Use Green’s Theorem to evaluate the line integral along the given positively oriented

curve.

(a) / (2y +1In(1 + 2?))dz + (62 + y*)dy, where C is the triangle with vertices (0, 0), (3,0),

(b) / —y* +y)dz + (2° + = — y*)dy, where C is the circle 2? + y? = 4
Ans: (b) 247

Use Green’s Theorem to evaluate / F - dr. (Check the orientation of the curve before
c
applying the theorem.)
(a) F(x,y) =< y?cosz,x + 3y*sinz >, C is the triangle from (0,0) to (8,0) to (4,4) to
(0,0)

(b) F(x,y) =< 5y — 203022 + siny, y*> + zcosy >, C consists of the three line segments:
from the origin to (0, 2), then to (2,0), and then back down to the origin

(¢) F(r,y) =<y+y?—cosy,rsiny >, C is the circle z* + y*> = 4 oriented clockwise
Ans: (a) 16; (¢) 47

Use the identity (an application of Green’s Theorem)

:fD dA:/andy

to show that the area of D (the shaded region) is 6. You should compute the line integral
for each line segment of the boundary, first introducing an appropriate parametrization.
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16.5. Curl and Divergence

16.5.1. Curl

We now define the curl of a vector field, which helps us represent rotations
of different sorts in physics and such fields. It can be used, for instance, to
represent the velocity field in fluid flow.

Definition}; 16.63. Let F = (P,Q, R) be a vector field on R® and the
partial derivatives of P, (), and R all exist. Then the curl of F is the
vector field on R? defined by

OR 9Q OP OR aQ_aP>
oy 0z 0z Ox Ox Oy/

(16.43)

curl F = <

Definition}; 16.64. Define the vector differential operator V (“del")

as
o 0 0
V - <%7 a_ya £> - <ax7 8@/7 az>
Then
i j k
VxF = det| |0, 0, O,
P Q R (16.44)
= (Ry—Q:, P.—Re, Q:—F))
curl F
So, the easiest way to remember Definition 16.63 is
curl F =V x F. (16.45)

Note: If F represents the velocity field in fluid flow, then the particles in
the fluid tend to rotate about the axis that points in the direction of V x F;
the magnitude |V x F'| measures how quickly the fluid rotates.

Quesiton. Why do tornado evolve? What is the change in the air
after a tornado? Answer: Energy consumption
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derivatives, then
curl F = 0. (16.46)

(See also Problem 16.47 on p.557.)

'Theorem | 16.66. If f is a function of three variables that has continu-
ous second-order partial derivatives, then

curl (Vf) =V x (Vf) = 0. (16.47)

Proof. Use Clairout’s Theorem.

servative.
Solution. Clue: Check if curl F +# 0.
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'Theorem | 16.68. If F is a vector field whose component functions have
continuous partial derivatives on a simply-connected domain and
curl F = 0, then F is conservative.

Note: The above theorem is a 3D version of Theorem 16.42, p. 553.

F—————————
|
L

(a) Show that F' is conservative.
(b) Find f such that F' = V.

Solution.

Ans: (a) curl F =0, (b) f(x,y) = 2y*2* + K
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16.5.2. Divergence

Definition}; 16.70. Let F = (P, Q, R) be a vector field on R? and its
partial derivatives exist. Then the divergence of F is defined as

oP N 0Q N oR
or Oy 0z

divF = V.- F.

'Theorem |16.71. Let F = (P, , R) whose components have continuous
second-order partial derivatives. Then

V.- (VxF)=0. (16.48)

Note: The above theorem is analogous to a- (a x b) = 0 for all a, b € R3.

vector field.
Solution. Clue: Check if V- F = 0
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,,,,,,,,,,,,

stood in the context of fluid flow. If F' is the velocity of a fluid, the div F’
represents the net change rate of the mass per unit volume. Thus,
if divF = 0, then F is said to be incompressible. Another differential
operator occurs when we compute the divergence of a gradient vector
field V f:

div(Vf) =V - (Vf) = Vif = Af.

The operator V? = V - V = A is called the Laplace operator, which is
also applicable to vector fields like

AF = A(P, Q, R) = (AP, AQ, AR).

************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Recall: Green’s Theorem (p.560): Let F' = (P, ). Then

51% F.dr = y%de + Qdy = g (g—g _ g—];) dA. (16.49)

Now, regard F as a vector field in R? with the 3rd component 0. Then

i j k
V x F=det | |9/0x 0/0y 8/0z| | =(0,0,Q, — P,).
P Q0

So we can rewrite the equation in Green’s Theorem as

§1§F-dr = §[§F~Tds = [[(vx F)-kaa, (16.50)
C C D

which expresses the line integral of the tangential component of F along
C as the double integral of the vertical component of curl F over the
region D enclosed by C.
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Line integral of the normal component of F

‘Example 16.74. Let F = (P, Q). What is F nds?

Solution. Let r = (z(¢), y(t)) define the curve C'. Then

/

roo o
r _ <37 7y> and n — M’ (16.51)
SR &

T —

where n is the outward unit normal vector, 90° clockwise rotation of T'.
Thus we have

1
F-nds = (P, Q>-<yi l|x>\r’|dt
r
= (Py - Q) dt
— —Qdx+ Pdy.

Figure 16.18

It follows from Green’s Theorem that

y%F-nds = 55 Qd:c+de_ﬂ ,) dA
= ﬂ (P +Q,) dA = Hv FdA.

when P and ) have continuous partial derivatives over D. [

(16.52)
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Exercises 16.5

1. Find (i) the curl and (ii) the divergence of the vector field.
(a) F(x,y,2) = 2%yzj + y*2%k (b) F(x,y,z) = (zsiny, ysinz, zsinzx)
Ans: (b) Vx F = —(ycosz,zcosz,xcosy), V- F =sinx + siny + sin z
2. The vector field F' is shown in the zy-plane and looks the same in all other horizontal
planes. (That is, F' is independent of z and its third component is 0.)
(a) Is div F positive, negative, or zero? Explain.

(b) Determine whether curl F' = 0. If not, in which direction does it point?
(¢) Use Theorem 16.68 to conclude if F' is conservative.

Hint: The vector field in (I): You may express it as F = (P(x),0,0), where P is a decreasing
function of x only. Thus divF < 0. The vector field in (II): Let F = (P(z,y),Q(x,y),0). Then
divF = P, + Qy and curl F = (0,0,Q, — P,). For example, P, < 0 in (II), because the horizontal
components of the arrows () become smaller as y increases. What can you say about P, Q,

and Q,?

(I (IT)

+ =

H—b —> —>

—tb—b—b —>
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Figure 16.19

3. Determine whether or not F' is conservative. If it is conservative, find its potential.

(@) F = (yz*, z2* + 2y, day2?)
(b) F = (sinz, 1,z cosz)
Ans: (b) f =y +axsinz+ K
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16.6. Parametric Surfaces and Their Areas

16.6.1. Parametric Surfaces

Earlier you studied curves parametrized as a function of ¢ in [a, b]. Surfaces
can be parametrized as a function of two variables (u, v), in a 2D region D.

Goal: This section will aim to describe parametric surfaces, in a similar
fashion as for curves.

Definition}; 16.75. A parametric surface is the set of points {(z,y, z)}
in R? such that the components are expressed by a vector function of the
form

r(u,v) = (z(u,v), y(u,v), 2(u,v)), (u,v) € D C R

Figure 16.20: Examples of parametric surfaces.

Maple Script

with(plots): with(plottools):

plot3d([(44+2*cos(p))*cos(t), (4+2*cos(p))*sin(t), 2*sin(p)], p = 0..2*Pi, t = 0..2*P;,
axes = none, lightmodel = lightl, scaling = constrained, orientation = [30,55]);

r = z/2+sin(z):
plot3d([r, t, z], t = 0..2*Pi, z =0..10, coords = cylindrical,
axes = none, lightmodel = lightl, scaling = constrained, orientation = [30,55]);

[ IR T N O N R
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Solution. Clue: 22 + 22 = 4.

Figure 16.21

ESelf-studyﬂ: 16.77. Sketch r(s,t) = (scos3t, ssin 3t,s?), when (s,t) € [0,2] x

____________ -

[0, 27]. Discuss what the effect of the “3" is.
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Quesiton. Given a surface, what is a parametric representation of it?

passes Py(1,1,1) and contains a = (1,2,0) and b = (2,0, —3).
Solution. Clue: r(u,v) = P, +ua+vb.

‘Problem' 16.79. Find a parametric representation of z2 + y? + 22 = a2.

,,,,,,,,,, ]

Solution. Clue: Use the spherical coordinates; the parameters are (6, ¢).

Ans: r(0,¢) = (asin ¢ cosf, asin ¢sinb, acos ¢), D?
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'Problem ' 16.80. Find a parametric representation of the cylinder 22 + 12 =

4,0 < z<1.

Solution. Hint: Use cylindrical coordinates (r = 2,0, z).

[Problem1‘ 16.81. Find a vector representation of the elliptic paraboloid

z =+ 2%

Solution. Hint: Let 2,y be parameters.

Ans: r(z,y) = (z,y,2° + 2y°)



16.6. Parametric Surfaces and Their Areas 581

In general, for z = f(z,y),

r(z,y) = (v, y, f(x,y)) (16.53)

is considered as a parametric representation of the surface.

Note: Parametric representations are not unique.

Clue: A representation is as in (16.53), while another one can be formulated using (r, ) as with

polar coordinates. Also, recall that when polar coordinates are considered, x = rcosf, y = rsinf.

Solution. 1)

Figure 16.22



582 Chapter 16. Integrals and Vector Fields

Surfaces of Revolution

Figure 16.23: Surface of revolution

Let S be the surface obtained by rotating
y=f(x), a<z<h,
about the z-axis (where f(z) > 0). Then, S can be represented as

r(z,0) = (x, f(x)cosh, f(x)sinh),
(2,0) € [a,b] x [0, 2n]. (16.54)

[Problem1' 16.83. Find parametric equations for the surface generated by
rotating the curve y = sin(z), 0 < z < 27, about the z-axis.

Solution.
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16.6.2. Tangent Planes and Surface Area

Here we will find a formula for the area of parametrized surfaces. A
bounded surface can be approximated by a collection of planar patches,
parts of tangent planes.

Recall: The plane passing x, = (¢, ¥, 20) and having a normal vector
v = (a, b, ¢) can be formulated as

v (x—x%9) =0,

or equivalently
a(x — xo) + by — yo) + c(z — 29) = 0. (16.55)

Now, we will find the tangent plane to a parametric surface S traced out by
r(u,v) = (z(u,v), y(u,v), z(u,v))

at a point P, with position vector r(ug, v).

r, X T,.

peﬁnitionﬁ 16.84.

1. A surface S represented by r is smooth ifr, x r, # 0 over the whole
domain.

2. A tangent plane is the plane containing r, and r, and having a nor-
mal vectorr, X r,.
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Problem ' 16.85. Find the tangent plane to

-
|
S o

2

S:ox=u’ y=v% z=u+2v; at(l,1,3)

Solution.

Ans: —2(x —1)—4(y—1)+4(z—3)=0
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A(S) = [[ as. (16.56)

Letr: D C R? —» S C R,

Figure 16.25: Approximating a patch by a parallelogram.

The area of the patch S;; can be approximated by

AS;; ~ A(parallelogram)
= |(Aur,) X (Avr,)| = |ry X ry| Aulv

(16.57)
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Definition},; 16.86. If a smooth surface S is represented by

r(u,v) = (x(u,v), y(u,v), z(u,v)), (u,v) € D,

and S is covered just once as (u,v) ranges throughout the parameter
domain D, then the surface area of S is

AS) = [[ as = [[ Iru x x| da. (16.58)
S D

That is, dS = |r, X r,| dA.

[Problemj‘ 16.87. Find the area of the surface given by parametric equa-

,,,,,,,,,, 4

tionsx:u2,y:uv,z:%v2,0§u§1,O§v§1.

Solution.

Ans: 1
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***************************

Recall: (Summary 15.70 in § 15.9, p.518). For a differentiable trans-
formation T : Q C R? — R C R? given by r(u,v) = (z(u,v), y(u,v)),
A~ [2EY Ay Ay (16.59)
J0(u,v)
where J(z,y)/0(u,v) is the Jacobian of 7" defined as
9z, y) —det | v | = Ty Yo — Ty Yu- (16.60)
a(“? U) Yu Yo

Now, consider R as a flat region embedded in R3. Define
R=Rx{0} CR®

Then, T : Q — R is represented by T(u, v) = (z(u, v), y(u,v), 0);

i j k
r,x1,=det | |z, vy, O = (0,0, 2, Yp — Ty Yu) - (16.61)
Ty Yo 0
Therefore 8(z.y)
~ ~ x,y
[Ty X T ‘8(%1}) ( )

,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,

'Summary 16.88. Letr : D ¢ R? — S C R3 be a parametric repre-

,,,,,,,,,,,,,,

sentation of the surface S. Then

1. The map r can be viewed as a change of variables.

2. The quantity |r, x r,| is simply the scaling factor for r.
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As a special case, consider the surface S made by the graph of

< :g(x7y)7 (i,y) cD.

Then the surface S can be represented by

r(z,y) = (z,y,9(x,y)).

Since
r, = (1,0,¢g,) and r, = (0,1, g,),
we obtain
ij k
r, xr,=det| [1 0 g, = (—Gz, =Gy, 1) (16.63)
01 gy

Thus we conclude the following.

Let S be made by the graph of z = g(z,y), (z,y) € D. Then the surface
area of S is
AS) = [[ /o2 +g2+1d4 (16.64)
D

'Problem' 16.89. Find the area of the part of paraboloid z = 22 + 42 that

,,,,,,,,,, 4

lies under the plane z = 9.
Solution. (See Problem 15.42 on p. 497.)

Ans: Z(37V37—1)
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Exercises 16.6

1. Identify the surface with the vector equation.

(@) r(u,v) = (u—3,u+v,4u+ 3v — 2) (b) r(s,t) = (2cost,s,2sint), 0<t<m

2. Match the parametric equations with the graphs labeled (I)—(III) and give reasons for
your choices. Determine which families of grid curves on the surface have u constant
and which have v constant.

(a) r(u,v) = (ucosv,usinv,v)
(b) r(u,v) = (v,2cosu,2sinu)

(¢) r(u,v) = (vsinu,v cosu, cosvsinv)

(I I (I1D)

Figure 16.26

3. Find the parametric representation for the surface.

(a) The part of the sphere 2 + 3> + 2> = 4 that lies above the plane z = 1.

(b) The part of the plane y + z = 1 that lies inside the cylinder 2% + 22 = 1. (See
Figure 16.27.)

Hint: For (a), use the spherical coordinates
(with p = 2) to specify the values of ¢ appro-
priately. Of course, 0 < # < 27. For (b), use the
polar coordinates for the region in the zz-plane;
that is, z = rcosf, z = rsinf. Then, you may
set y = 1 — 2. You have to specify the domain,
values of r and 6, appropriately.

0 3 2

Figure 16.27
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4. Find an equation of the tangent plane to the given surface at the specific point.

@) r(z,y) = (z,y,2° —=y?), (2,1,3)
(b) r(u,v) = (ucosv,usinv,v), (u,v)=(1,7/2)
Ans: (b)ry, xr,(1,7/2) =(1,0,1)=1-(z—-0)4+0-(y—1)+1-(z—7/2) =x+2—7/2=0

5. Find the area of the surface.

(a) The part of the paraboloid y = 2% + 22 cut off by the plane y = 6
2
(b) The surface parametrized by r(u,v) = (u?, uv, %), defined on {(u,v) | u* +v* < 1}

Ans: (a) %2%; (b) 37 /4



16.7. Surface Integrals 591

16.7. Surface Integrals

This section deals with surface integrals of the form

ﬂf(x,y,z)ds or JF-ngf F-ndS
S S S

16.7.1. Surface Integrals of Scalar Functions
Suppose that the surface S has a parametric representation

r(u,v) = (xz(u,v),y(u,v), z(u,v)), (u,v) € D.

Then, from the previous section, we have

dS = |ry x ry| dA

Thus we can reach at the formula

{[ £@.y,2)ds = [[ ()l x ro| dA. (16.65)
S D

**********

,,,,,,,,,,,,,,,,,,,,,,,,,

reads

**********************************************************

b
e Similarity: For line integrals, / f(z,y,2)ds :/ f(x(®)) |r'(¢)| dt.
C a
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[Problem7 16.91. Compute the surface integral jf xy dS, where S is the

S
triangular region with vertices (1,0,0), (0,2,0), and (0,0, 2).

Solution. Clue: The surface S (triangular region) can be expressed by % + % + % =1.
Thus 2z = 2 — 22 — y. Now, what is D?
.1
Ans: %
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given by the cylinder 22 + y> = 1, whose bottom S, is the disk 22+ y?> < 1 in
the plane z = 0, and whose top Ss is the disk 22 + ¢ < 1 in the plane z = 1.
Solution. Clue: S, : © = cosf, y = sinf, z = z; (0,2) € D = [0,27] x [0,1]. Then

lrg X r,| = 1.

Ans: 7+ 0+ 7 =27
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16.7.2. Surface Integrals of Vector Fields

r- - - -~~~ Z - . T T, T~~~ a
| |
L

Oriented Surfaces

,,,,,,,,,,,,,,,,,,,,,, .}

Figure 16.28: Oriented surface and Mobius strip.

Definition}; 16.93. Let the surface S have a vector representation r.

® A unit normal vector n is defined as

r, Xr,

(16.67)

n———.
T, X 1]

* The surface S is called an oriented surface if the (chosen) unit
normal vector n varies continuously over S.
(A counter example: Mobius strip.)

* For closed surfaces, the positive orientation is the one outward.

Is it confusing? Then, consider this:

Definition}; 16.94. A surface S is called orientable if it has two sepa-
rate sides.
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A Historic View, for Surface Integrals of Vector Fields

The illustration implies that if the
vector field is tangent to S at each
point, then the flux is zero because
the fluid just flows in parallel to S,
and neither in nor out.

Thus, if v has both a tangen-
tial and a normal component, then
only the normal component
Suppose that S is an oriented sur- contributes to the flux. Based on
face. Imagine we have a fluid flow- this reasoning, to find the flux, we
ing through 5, such that v(x) deter- need to take the dot product of v
mines the velocity of the fluid at x. with the unit surface normal n to S,
The flux is defined as the quantity which will give us a scalar field to

of fluid flowing through S per unit pe integrated over S appropriately.
time.

Figure 16.29: A vector field on a surface.

Definition}; 16.95. Let F be a continuous vector field defined on an
oriented surface S with unit normal vector n. The surface integral of

F over S is f F.gs ffF-ndS. (16.68)
S S

This integral is also called the flux of F' across S.

In order to evaluate the flux more conveniently, the right side of (16.68),
we may utilize
r, XTI,

and dS = |r, X r,|dA, (16.69)

n —
T, X 1y

when S is parametrized by r : D — S.
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Surface Integrals of Vector Fields
Let r be a parametric representation of S, from D C R?. The flux across
the surface S can be measured by

jF-dS At ([ F-nds
S é:r* r, Xry,
- [[Fo) (m) Ity X 1| dA (16.70)
D foy
— F(r)- (r, xr,)dA.

D

Note that F-n and F(r)-(r, x r,) are scalar functions.

‘Remark 16.96. Line integrals of vector fields is defined to measure
quantities along the curve. That is,

/F-dr def /F.Tds
c ¢ (16.71)

— [ FC®) i KOl = [ Fa) o,

where C' is parametrized by r : [a,b] — C.

Solution. Hint: r, x r, = (sinv, — cos v, u).

Figure 16.30

Ans: 27
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Solution. First, consider a vector representation of the surface:
r(¢,0) = (singcosf,sinpsinf, cosp), 0 <o <m 0<6< 2.

Then,
F(r) = (cos¢,sin¢sinf, sinpcosh),

ry X1 = (sin”¢cosf,sin’ ¢sin ), sin ¢ cos ),

from which we have
F(r) - (rs x rg) = 258in® ¢ cos ¢ cos O + sin® ¢ sin* 6.

Thus
Flux = HF s = HF +(ry x 1) dA

2m
= / / (2sin? ¢ cos ¢ cos @ + sin® ¢ sin? 0) dpdl

2
= / / Sm3¢sm 0) dpdb
3 4
= sin” §db singdp=m-—-. [
0 0 3

Note: The answer of the previous example is actually the volume of the
unit sphere. In Section 16.9, we will study the so-called Divergence
Theorem (formulated for closed surfaces)

ELIF-dSzf}!jV-FdV

The above example can be solved easily using the Divergence Theorem;
see Problem 16.108, p. 605.
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* A vector representation: r(z,y) = (z,y, g(z,y)).

e Normal vector: r, X r, = (—g,, —g,, 1) <O V(z — g(:c,y))
* Thus, when F = (P, Q, R),

f F-dS = U F(r)- (v, xr,)dA= [[(-Pg.—Qg,+ R)dA. (16.79)
S D P

boundary of the solid region F enclosed by the paraboloid z = 1 — 2% —y? and
the plane z = 0.

Solution. Hint: For S, (the upper part), use the formula in (16.72). For S5 (the bottom: z = 0),
you may try to get F' -n, where n = —k.

Ans: 5 +0= 7
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'Formula 16.100. Let F =< P,Q, R >.

,,,,,,,, -

o [[ #w.y.2)dS = [[ Fxtu,0))iry x o] aA

jff(m,y,z) ds = fj f(x,y,9(x,y))\/92 + g2 + 1dA, when S is given by z = g(z,y)
S D

¢ [[F-ds=[[F-nds=[[Fx)-(x. xr,)dA
S S D

ij -dS = jj(—ng — Qg, + R) dA, when S is given by z = g(z,y)
S D

* Note: When S is given by z = g(z,y), t, X ry = (— gz, —gy, 1)

Exercises 16.7

1. Evaluate the surface integral ff f(z,y,2)dS.
S

(a) f(z,y,z) =z, Sisthehelicoid given by the vector equation r(u,v) = (ucosv, usinv, v),
0<u<l1l 0<wv<w/2 (Hint:r, xr, = (sinv,—cosv,u).)

(®) f(z,y,2) = (#* +y*)z, S is the hemisphere 2> + > + 22 =1,2 >0
Ans: (a) (2v2 —1)/3; (b) ©/2
2. Evaluate the surface integral ff F.ds.
S

(@) F(z,y,z) =xi+yj+ 22k, S is the part of the paraboloid z = 2? + y?, 2 < 1

(b) F(z,y,z) = (z,x — z,y), S is the triangle with vertices (1,0,0), (0,1,0), and (0,0, 1),
oriented downward

() F = (y,—x,z), Sisthe upward helicoid parametrized by r(u,v) = (ucosv, usinv, v),
0<u<2 0<v<m (Hint:r, xr, = (sinv,—cosv,u).)

Ans: (a) 0; (b) —1/3; (¢) 27 + 72

3. Use a CAS to find the integral, either [[, f(z,y,2)dS or [[,F - dS. First try to
find the exact value; if the CAS does not work properly for the exact value, then try to
estimate the integral correct four decimal places.

(@) f(x,y,2)=22%+2y?+ 2%, Sisthe surface z = zcosy,0 <2 <1,0<y<1

(b) F(x,y,z) = (x*+y? y*+22, 2?), Sisthe part of the cylinder 22+ 2% = 1 that lies above
the zy-plane and between the planes y = 0 and y = 1, with upward orientation
Hint: You may use r(6,y) = (cosf, y,sin ), for a representation of S.

Ans: (b) 2/3
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16.8. Stokes’s Theorem

Stokes’ Theorem is a high-dimensional version of Green’s Theorem studied
in § 16.4.

Recall: (Green’s Theorem, p.560). Let C be a positively oriented,
piecewise-smooth, simple closed curve in the plane and D be the region
bounded by C. If F = (P,() has continuous partial derivatives on
an open region including D, then

y%F-dr & ) Pdo+Qdy = g (a—Q—a—P)dA:g(curlF)-de.

or 0Oy
(16.73)
(For the last equality, see (16.50) on p.574.)

'Theorem |16.101. (Stokes’s Theorem) Let S be an oriented piecewise-
smooth surface that is bounded by a simple, closed, piecewise-smooth
curve C with positive orientation. Let F = (P, (), R) be a vector field
whose components have continuous partial derivatives on an open
region in R? that contains S. Then

F .dr = 1 F)-dS (16.74)
51% r Lf(cur )

**********

* See Figure 16.28(left) on p. 594, for an oriented surface of which the
boundary has positive orientation.

* Computation of the surface integral: forr : D — S,

[[(curlF)-ds == ([ (curlF)-ndS = [[(curl F) - (r, x r,) dA.
S S D

(16.75)

* Green’s Theorem is a special case in which S is flat and lies on the
xy-plane (n = k). Compare the last terms in (16.73) and (16.75).
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Solution. Hint: 515 F.dr = ﬂ (V x F)-dS = H (Vx F)-(ry x ry)dA.! You may start with

the computation of V x F and con81der a vector representation for S: 2= g(x,y) =2 —y.

Ans:
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* Stokes’s Theorem gives H(v x F)-dS = §I§ F -dr.
S C

b
 In evaluation, we use [[(V x F)- (r, x r,) dA = / Fr)-r'(t) dt.
D a

® Thus, you should first recognize the surface S and its boundary C' and
then find a transformation: r(u, v) from D or r(t) from [a, b].

Problem' 16.105. Use Stokes’s Theorem to compute the surface integral

-
|
S o

IJ(V x F)-dS,where F = (xz,yz,ry) and S is the part of sphere 2> +y?+2% =
S

4 that lies inside the cylinder 22 + 3?> = 1 and above the zy-plane.

e k
Solution. Hint: lﬂ(VxF)-dsz %F-dr— / F(r)-r'(t)dt.; A vector representa-
3 C a !

tion of C'is r(t) = (cost,sint,v/3), 0 <t < 2m.

Ans: 0
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Exercises 16.8

1. A hemisphere H and a part P of a paraboloid are shown in the figure below. Let F be a
vector field on R* whose components have continuous partial derivatives. Which of the
following is true? Give reasons for your choice.

A. ([(curlF)-ds < ([ (curl F)-ds C. [[(curlF)-ds > [[(curlF)ds

B. ff(curIF) . dS — jf(curIF) .dS D. cannot compare
H P

Figure 16.31

2. Use Stokes’s Theorem to evaluate JI curl F - dS, where F(z,y) =< —y,r,2° + y*> > and
S

S is the part of the sphere 22 +y? + 22 = 8 that lies inside the cone z = /22 + 42, oriented
upward. (Clue: The boundary of S can be parametrized as r(t) = (2cost,2sint,2), 0 < t < 27.)

Hint: Use the formula given in the hint of Problem 16.105.
Ans: 87

3. Use Stokes’s Theorem to evaluate / F . dr. For each case, let C be oriented counter-
c

clockwise when viewed from above.

(@) F(x,y,2) =< 2> +x,2° +y,y° + 2z >, C is the triangle with vertices (1,0,0), (0,1,0),
and (0,0,1)

(b) F(x,y,z) =< z,y,z —x >, C is the curve of intersection of the plane 2y + z = 2 and
the cylinder 22 + % = 1

Hint: }thF -dr = [[geurl F -dS = [, curl F - (r, x ry)del. (a) curl F = (2y,2z,2z) and r, X

r, = <1,L 1,1). Figure out yourself what S, D, and r are.
Ans: (a) 1; (b) 27



604 Chapter 16. Integrals and Vector Fields

16.9. The Divergence Theorem

Recall: Line Integrals versus Area Integrals
Let F = (P, ). In §16.5.2, we considered vector forms of Green’s The-
orem, including

ygF-nds:£jV-FdA. (16.76)

(See (16.52), p. 575.)

The Divergence Theorem is a generalization of the above.

**********************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

' Theorem | 16.106. (Divergence Theorem) Let £ be a simple solid
region and S be the boundary surface of I/, given with positive (outward)
orientation. Let F = (P, (), R) have continuous partial derivatives
on an open region that contains E. Then

ﬁiF . dS = fbﬂv FdV. (16.77)

,,,,,,,,,,,,

§16.7.2 (p. 594), we know

HF-ds aef HF-nds - HF-(ru X 1,) dA, (16.78)
S S D

whether or not S is closed. [

Note: The Divergence Theorem is developed mainly for closed surfaces;
however, it can be applied for unclosed surfaces. We will consider prob-
lems in Chapter Review.
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F = (z,y,2) over the unit sphere 22 + y* 4 2> = 1.
Solution.

Ans: 3, the volume of the unit sphere

F(x,y,2) = (cosz 4+ xy®)i+ze *j+ (siny + 2%2) k

and S is the surface of the solid bounded by the paraboloid z = 2> + y*> and
the plane z = 4.

Solution.

Ans: 271
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#F-dsd:ef HF-ndS:va-de. (16.79)
S S E

'Problem 16.111. Use the Divergence Theorem to evaluate

,,,,,,,,,, o

ff(xQ + 2y? + ze") dS, where S is the unit sphere 22 + > + 2% = 1.
5

Solution. Hint: Find n and express the integrand as F - n; then try to use the formula (16.79).

Ans: 47
Problem ' 16.112. Assume that S and F satisfy the conditions of the Diver-

-
|
S o

gence Theorem and functions have all required continuous partial deriva-
tives, first or second-order. Prove the following.

1. jf a-ndS = 0, where a is a constant vector.
S
1
2. V(E) =3 ﬂ F - dS, where F(z,y,2) = (2,9, 2).
S

3. ﬂ curl F - dS = 0.
S
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Exercises 16.9
1. Verify the Divergence Theorem is true for the vector field F' defined on the region E.

F(z,y,z) = (2x,yz,xy), £ =10,1] x [0,1] x [0, 1], the unit cube
Clue: For the computation of [[ F - dS, you should evaluate it on each of the six sides.

2. Use the Divergence Theorem to evaluate the total flux ff F -ds.
S

(a) F(x,y,z) = yi+xj+ 22k, S is the boundary of of the solid region E enclosed by
the paraboloid z = 1 — 2% — y? and the plane z = 0
(b) F(x,y,2) = (v +y* + cosz)i+ [sin(rz) + ze?]j + 2k, S is a part of the cylinder
22 + 9% = 1 that lies between 2 =0 and z = 1
(c) F(z,y,2) = (z%° aye”, xy*z — xe”), S is the boundary of the box bounded by the
coordinate planes and the planes z =1,y =3,and 2 =4
Ans: (b) 2m; (c) 54

3. As a variant of Problem 16.111, let’s consider the following problem:
Evaluate H(mg + 2y% + 322 + 2z¢%) dS, where S is the unit sphere 2> 4 3> + 2> = 4.
S

Ans: 1287
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F.1. Formulas for Chapter 16

equatwn r(t) z(t)) a <t <b, then line integral of  along C is

/f (x,y,2)ds = / fr@) Y/ ()| dt = / f(x 2(0) V()2 + ()2 + (2)2 dt. (16.80)

curve C given by r( ), a § t <b. Then the line integral of F along C is
b
/ F-ar & [ F.Tds = / F(x(t))-1'(t)dt. (16.81)
C C a

vector ﬁe]d that 18, F V f for some scalar-valued functmn f. Then

/ F.dr = / Vf-dr= f(r(b)) — f(r(a)). (16.82)
c c

Note: If F = (P, Q) satisfies P, = ), over an open simply-connected domain, then F is
conservative

closed curve in the plane and D be the region bounded by C. If F = (P, Q) have
continuous partial derivatives on an open region including D, then

55 Fodr &L ) Pde +Qiy = H (% _ ‘2—5) dA. (16.83)

'Surface Integrals‘

r(u,v) = <x(u,v) y(u v), z(u v)), (u,v) € D. Then

jf f(z,y,2)dS = fff(r(u,v))h’u X 1y| dA. (16.84)
S D

‘Formula 16.118. (16.66) When - = g(z,y), ro X vy = (—¢gz, —gy,1). Thus the

formula ( 16. 84) reads

([ £y, 2148 = [[ £(o.y, 9w, 9))1 /92 + g3+ 1dA. (16.85)
S D
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surface S with unit normal vector n. The surface integral of F = (P, Q, R) over S

1S
/F-dr def /F-Tds
C ¢ (16.86)

, b
~ [ Py S old= [ Pao)

<_g$7 _gya 1> and

[[F-as = ([ F-(.xr)da= [[(-Pg.—Qg,+ R)dA. (16.87)
S D D

Stokes’ Theorem

i Ep;@gl@] 16.121. (16.75) Let S be an oriented piecewise-smooth surface that is

bounded by a simple, closed, piecewise-smooth curve C with positive orientation.
Let F = (P, Q, R) be a vector field whose components have continuous partial
derivatives. Then

5& F -dr = Jj(cur]F) .ds 2L H(cur]F) ‘ndS = ff(curIF) (ry X 1y)dA. (16.88)
¢ S S D

,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
!
!

,,,,,,,,,,,,,,,,,,,,,,,,,,,, ]

surface of E, given with positive (outward) orientation. Let F = (P, , R) have con-
tinuous partial derivatives on an open region that contains E. Then

ﬁgzr -dS = fbﬂv .FdV. (16.89)
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C.1. Functions

=
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Definition1.26: An angle is the figure formed by two rays sharing a
common endpoint, called the vertex of the angle.

The angle can be defined with the unit circle, the circle of radius 1.

“The angle is 6 (radian), when the corresponding arc length is 6.”

* The angle of the whole circle is
27 (radian).

\\\9
& O — 3600 / O (radian) \V\
Figure C.1: Geometric definition of the an-
gle.

»

e T=180° = %=

*******************************************************************

Geometric interpretation of trigonometric functions

| |
| |
L o o e e e e e e e e  mm— - E

A
1
1
A/
IL—F
1 1
1 1=
2\
=)
1 \!
1 1
0 1
i
P Eppp——— > 1 >
cosf

Figure C.2: Geometric interpretation of trigonometric functions.

Formula 1.35. Frequently Used Trigonometric Formulas:
For all angle z,

sin &

sinz + cos’z = 1 tanx = = slope

COS T
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Fe——————————
!
!

L e e - - - - -~ -

and sketch its graph.
Yy = —2c0S (g—l—W) +1

Solution.

-
|
|

L e e e - - - - -

admit a unique solution ¢ in [0, 7].

sin?0 = acos0.

Solution.

Ans: a #0
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Definition 1.52. Let f be a one-to-one function with domain X and
range Y. Then its inverse function f~! has domain Y and range X and
is defined by

iy = 2 = f(z) =y, (C.1.1)

for any y € Y.

Strategy 1.57. How to Find the Inverse Function of a One-to-One
Function f: Write y = f(x).

Step 1: Solve this equation for x in terms of y (if possible).

Step 2: Interchange x and y; the resulting equation is y = f~(x).

Example 1.59. Find the inverse of the function f(x) = 2% + 2, expressed as
a function of z.

Solution. Write y = 23 + 2. v,

Step 1: Solve it for z: /

3 3 if
r=y—2 = x=Jy—2. /
Step 2: Exchange x and y: | 0 .
X
y=+vx— 2. . /ir._'|

Therefore the inverse function is

F ) = Yz =2.

Observation 1.60. The graph of f~! is obtained by reflecting the graph
of f about the line y = .

Definition 1.62. The logarithmic function with base a, written y =
log, =, is the inverse of y = a” (a > 0, a # 1). That is,

log,x =y < a’ = . (C.1.2)
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**********************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Product Rule: log,xzy = log,x + log,y

Quotient Rule: log,— = log,z —log,vy
C.1.3
Power Rule: log,z¢ = alog, = ( )
1
Reciprocal Rule: log,— = —log, =
,,,,,,,,,,,,,,,,,,, Tt

Claim 1.69.

(a) Every exponential function is a power of the natural exponential

function.
ot = e*ne, (C.1.4)
(b) Every logarithmic function is a constant multiple of the natural log-
arithm.
log, ©x = hq_x) (@>0,a#1) (C.1.5)
Ina

which is called the Change-of-Base Formula.

Example 1.68. Solve for z.

(a) "3 =3,
(b) logs z + logz(z —2) =1
(¢) In(Inz) =0

Solution.
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Example 1.72. Is it correct? If not, why?

(a) arcsin (Sin g—ﬂ) _ I (b) cos(arccos?2) = 2
4 4

Solution.

Self-study 1.76. Use a geometric manipulation to simplify the expres-
sion sin(tan™! ).
Solution.
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C.2. Limits and Continuity

Definition 2.22. Let f(z) be defined on an open interval about a, except
possibly at a itself. We say that

the limit of f(x) is L as « approaches a,

and write

lim f(z) = L, (C.2.1)

Tr—a
if, for every number ¢ > 0, there exists a corresponding number 6 > 0

such that
|f(x) — L| < e whenever 0 < |z — a| < 0. (C.2.2)

Strategy 2.26. The process of finding a § > 0 such that
|f(x) — L| < e whenever 0 < |z —a| <
can be accomplished in two steps.

1. Solve the inequality |f(x) — L| < ¢ to find an open interval (c, d)
containing a.

2. Find a value of a 6 > 0 that places the open interval (a — §,a + 9)
inside the interval (c, d).

c=1. That 18, ﬁnd a ) such that
|vV2r +1—3| <1 whenever 0 < |z — 4| <.

Solution.

Ans: § = 2.5.
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Definition 2.36. A function f is continuous at a if

lim f(z) = f(a). (C.2.3)

Tr—a

Definition 2.40. One-Sided Continuity

* A function f is right-continuous at o (or continuous from the
right) if
lim f(z) = f(a). (C.2.4)
r—a’t
* A function f is left-continuous at a (or continuous from the left)
if

lim f(z) = f(a). (C.2.5)

Tr—a—

Example 2.47. For what value of the constant c is the function f continuous
everywhere?

cx? +2x, if z <2
-

I s g if ©>2

Solution.
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Theorem 2.50. If lim f(z) = b and ¢ is continuous at b, then

T—a

lim ¢(f(2)) = g (lim f(x)) — ¢(b) (C.2.6)

Tr—a (I—)O,

Note: Continuity and limit are commutative, when the limit exists.

Theorem 2.52. Intermediate Value Theorem (IVT)

Suppose that f is continuous on a closed interval [a, b] and let N be
any number between f(a) and f(b), where f(a) # f(b). Then there exists
a number ¢ € (a, b) such that f(c) = N.

W -* —
ficr v = flx] fler

- t t I t t
1
. L ¢ h o I ) 1 bt

Figure C.3: There is at least one such c that f(c) = N.

Remark 2.53. Consequences of the IVT

* Connectedness of the Graph: The IVT implies that the graph of
a continuous function cannot have any breaks over the interval. It
will be connected — a single, unbroken curve.

* Root Finding: We call a solution of the equation f(x) = 0 a root of
the equation or a zero of the function f. The IVT tells us that if
f is continuous, then any interval on which f changes sign contains
a zero of the function.
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Fe—————————
!
!

e e - - - = - = -

a root of the given equation in the specified interval.

4+ 3P =242, [0,1].

Solution.

******************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,, ) 2 _
'Example ' C.5. Define f(3) in a way that extends f(z) = 23_1;—912 to be
e - a’/‘ x —_—

continuous at x = 3.
Solution.
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*****************************************************************
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Definition 2.59. The line y = L is called a horizontal asymptote of
the curve y = f(x) if either

lim f(x) =L or lim f(x)=L. (C.2.7)

T—00 T——00

Definition 2.73 A line v = a is a vertical asymptote of the graph of a
function y = f(z) if either

lim f(z) =400 or lim f(x)= £oo. (C.2.8)

z—at T—a~

,,,,,,,,,,,,,

of each curve, if any.

r—1 x2 — 2

(b) g(z) = ——

(a) f(z) =

x2 — 2x
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C.3. Derivatives

*******************************************
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Definition 3.13. The derivative of the function f(x) with respect to the
variable zx is the function f’ whose value at z is

fo) — iy LEER) = £)

h—0 h

(C.3.1)

provided the limit exists.

Remark 3.14. The domain of f’ may be either the same as or smaller
than the domain of f.

Theorem 3.21. Differentiability Implies Continuity:
If f has a derivative at x = ¢, then f is continuous at = = c.

*************

(a) Use the definition of derivative to find f’.
(b) Find the tangent line to the curve y = f(x) at x = 1.

Solution.
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*********************************

Theorem 3.45. The Chain Rule: If f(u) is differentiable at the point
u = g(z) and g(z) is differentiable at =, then the composite function
(fog)(z)= f(g(x)) is differentiable at =, and

_df(g(z)) dg(x)

(fog)(z)=f(9(x)) g(z) = To@) do (C.3.2)

Letting y = f(u) and © = g(x), a simpler form of Leibniz’s notation
reads ; P
y_ 4y au
de  du dz’ (€.3.3)
where dy/du is evaluated at u = g(x).

Example 3.50. Find the value of (f o ¢g)’ at the given value of x. Use this to
find an equation of the tangent line to the curve at the given point.

fw)=v"+1, u=g®)=vr, =1

Solution.
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Let f be differentiable and have inverse f .

e Then
f(fHx) ==

* Applying Chain Rule results in
fIU @) [ (@) =1 (C.3.4)

and therefore

1
[f Y (z) = -, (C.3.5) 7T

(@)
. . Figure C.4: The derivative of the inverse
which can be interpreted geomet- function.

rically as in the figure.

,,,,,,,,,,, . —1
[E{(E{I}R@ C.8. Let f(z) =2> - 22— 1,2 < 1. Find dc];x (7).

Solution.
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¢ It follows from the definition of log that

y=log,t < z=a¥ =" =evne (C.3.6)

* Apply implicit differentiation to the right side of (3.36) to get

1 1
1=e"%. ¢/Ing = ¢ = = : (C.3.7)
eyma.lng  zlna

Summary 3.59. We may apply above arguments and Chain Rule to get
the following formulas.

d 1 B 1 d 1 B 1
dx 0a® = xlna dx = x
i x — 41 iex — "
d f(x) d 1
—1 — —1 - _
dx n f(z) f(x) dx nel x

Algorithm 3.63. Logarithmic Differentiation

1. Take natural logarithms of both sides of an equation y = f(z) and
use the Laws of Logarithms to conveniently reform the right side.

2. Differentiate implicitly with respect to x.
3. Solve the resulting equation for y’.
4. Replace y with f(x).
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(a) y = xlnx (b) ya: — Y

Solution.

'Example C.10. (Exercise 3, §3.8).
Suppose that the function f ans its derivative have the following values at
r=0,1,2,3,4.

0 1 2 3 4
flxy, -4 3 -1 2 1

filz)! 3 2 5/4 2/3 1/5

Assuming the inverse function f! is differentiable, find [f~!]'(z) at
(a) z=1 (b) x =2 (c)z=3

Solution.

Ans: (¢) 1/2
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**********************************************************

Definition 3.78. If f is differentiable at x = a, then the approximating
function

L(z) := f(a) + f'(a)(x — a) (C.3.9)

is the linearization of f at a. The approximation
f(z) = L(x) (C.3.10)

of f by L is the linear approximation (or, tangent line approxima-
tion) of f at a. The point = = a is the center of the approximation.

Definition 3.83. Let y = f(z) be a differentiable function. The differen-
tial dx is an independent variable. The differential dy is a dependent

variable, defined as
dy = f'(x)dz. (C.3.11)

Remark 3.84. What is dy?
Often the variable dz is chosen to be Az, the change in x. Then the
differential dy is the change in the linearization of f at x = a, AL.

*************

,,,,,,,,,,,,,

(a) Find the linearization L(z) of f(z) at x = 1.
(b) Use L(z) to approximate f(1.1). (The exact value is 4.0282.)
(c) Find the value of dy when = = 1 and dz = 0.1.
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C.4. Applications of Derivatives
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Definition 4.22. The graph of a differentiable function y = f(x) is

(a) concave up (convex) on an open interval [ if f’ is increasing on I;

(b) concave down on an open interval [ if f’ is decreasing on /.

The Second Derivative Test for Concavity
Let y = f(x) be twice-differentiable on an interval /.

(a) If /” > 0 on I, the graph of f over I is concave up.
(b) If /7 < 0 on I, the graph of f over I is concave down.

Definition 4.23. A point (c, f(c)) where the graph of a function has a
tangent line and where the concavity changes is a point of inflection.

Theorem 4.27. Second Derivative Test for Local Extrema

Suppose f” is continuous on an open interval that contains = = c.
(a) If f'(¢) =0 and f"(c) < 0, then f has a local maximum at z = c.
(b) If f’(¢) =0 and f"(c) > 0, then f has a local minimum at x = c.

() If f'(¢c) = 0 and f"(c) = 0, then the test fails. The function f may
have a local maximum, a local minimum, or neither.
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Strategy 4.29. Procedure for Graphing y = f(x)

1. Identify the domain of f and any symmetries the curve may have.
2. Find the derivatives f’ and f”.

3. Find the critical points of f, if any, and identify the function’s be-
havior at each one.

4. Find where the curve is increasing and where it is decreasing.

5. Find the points of inflection, if any occur, and determine the con-
cavity of the curve.
6. Plot key points, such as the intercepts and the points found in

Steps 3-5, and sketch the curve together with any asymptotes
that exist.

Example 4.28. Sketch a graph of the function f(z) = z* — 42° + 10. Identify
the coordinates of any local extreme points, inflection points, and concavity.

Solution.

x 0 2 3

f'() 0 0
FEO o ol N
f@ ] N o .
‘Behaviorof f| | N o .
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Theorem 4.33. Hopital’s Rule (Bernoulli’s Rule)

Assume that f and g are differentiable and ¢'(z) # 0 on an open interval
I containing a (except possibly at a). Suppose that

lim f(z) =0 and limg(z)=0 (C4.1)
r—a r—a
or that
lign f(x) = 00 and lign g(z) = £o0. (C.4.2)

. ) 0
(In other words, we have an indeterminate form of type 5 or E.) Then
00

TR ACO R 4 C) (C.4.3)

r—a g(:[j) r—a g’(gj)'

(% 4+ 1)(e* — 1) . cos’h—1
e 2r— 1 b
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************************************

'Other Indeterminate Forms:

(@) lim zlnz® (0-oc0) (b) lim [In2z —In(z +1)] (00— o0)
r—0* T—00
(¢) lim (1+2)** = (d) lim 2'/V" ()

z—07F T—00
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Strategy 4.41. Solving Applied Optimization Problems

1. Read the problem. Read the problem until you understand it.
What is given? What is the unknown quantity to be optimized?

2. Introduce variables. List every relevant relation in the problem as
an equation. In most problem it is helpful to draw a picture.

3. Write an equation for the unknown quantity.
Express the quantity to be optimized as a function of a single
variable. This may require considerable manipulation.

4. Test the critical points and endpoints in the domain of the function
found in the previous step. Use what you know about the shape of
the function’s graph. Use the first and second derivatives to identify
and classify the function’s critical points.

Note: Mostly, the optimization problem will be formulated with two
quantities and two variables; the quantity to be optimized can be
expressed as a function of a single variable.

Example C.14. The U.S. Postal Girth = distance
Service will accept a box for domes- v hers
tic shipment only if the sum of its J'J
length and girth (distance around)

does not exceed 108in. What dimen-

sions will give a box with a square

end the largest possible volume? 2 HL
ength V" Square end
/

Solution.

Ans: Length = 361in, Side = 181in (182 - 36 = 11664 in?)
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* Given an initial approxima-
tion x, the point-slope equation
for the tangent to the curve at
(0, (z9)) 18

y = f'(x0)(x — x0) + f(0).
(C.4.4)

¢ We can find where it crosses the
x-axis by setting y = 0:

f(wo)(x — 20) = — f(20),

which implies

) — f (o)

(o)
when f’(xy) # 0.

(C.4.5)

r =2

* This value of x is the next ap-
proximation x;.

* Repeat the steps to find new ap-
proximations.

.\I

(2. filag))

(s, _}"{.r; )]

Root
sought

AN

=
X3 X x)

_ 2
Fourth  Third Second
APPROXIMATIONS

1]
First

Algorithm 4.48. Newton’s Method

1. Guess a first approximation to a solution of the equation f(z) = 0.
A graph of y = f(z) may help.

2. Use the first approximation to get a second, the second to get a third,
and so on, using the formula

f(zn)

C.4.6
Flan) ( )

f,(xn) # 0.

Tp+1 = Tp —
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(v/5 ~ 1.7099759466766968.)

(a) Use the Intermediate Value Theorem to show that there is a zero of
f(x) =2 —5in [1,2].

(b) Run two iterations of the Newton’s method to find z» when zy = 1.5.

Solution.

47
Ans: x, = 77 ~ 1.7407407407, x5 = 1.7105164618
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C.5. Integrals

Definition 5.16. Let f(x) be a function defined on a closed interval [a, b)].
We say that a number J is the definite integral of f over [a,b] and that
J is the limit of the Riemann sums:

J = lim Zf cr)Axy (C.5.1)

if the following condition is satisfied:

Given any number ¢ > 0 there is a corresponding number § > 0 such
that for every partition P = {z, 21, --- ,z,} with | P|| < § and any
choice of ¢;, € [z}_1, z1], we have

’ zn: flew)Azy, — J ‘ <e. (C.5.2)

v = fix)

o/

Ops JCE
A |
kth rectangle - |
|
|
|
|
|
0.
ok
/-".t 1 Xy Xy

/

T e T T

a
-

/

/

a))

4
i {--------1 T

The Definite Integral as the Limit of Riemann Sums
If the definite integral exists, then instead of writing J we write

b n n
[ f@dz = lm > f)An = lim 3 fle)dn  (€53)
“ k=1

|1P[|=0 7=
k=1
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Definition 5.17. When the definite integral exists, we say that the Rie-

b
mann sums of f on [a, b] converge to the definite integral J = / f(z)dx

and that f is integrable over [a, b].

Theorem 5.18. Integrability of Continuous Functions:
If a function f is continuous over the interval [a,b], or if f has at
most finitely many jump discontinuities there, then the definite integral

b
/ f(x)dx exists and f is integrable over [a, b].

Example 5.20. Express the limit as a definite integral.

n

lim Z(ci — 3ci) Axy,

P||—=0
IPI=0 4=

where P is a partition of [-7, 5].
Solution.

Recall: Definite Integral as the Limit of Riemann Sums (C.5.3):

b n n
/ f(x)dx = ||]lji|1|rr_1>02f(ck)AXk = nli_)IglOZf(Ck)AXk
a Pl k=1
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**********************************
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Example 5.22. Express the limit as a definite integral.

i3 [0+ %) a5+ 2) )

Note that the expression is not unique!
Solution.

Ans: /2[(3 +2)? + 43+ 2)|dr = /5(x2 + 4x)dx.

***********************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Example 5.24. Suppose f and g are integrable and that

9 9 9
/1 f(x)de = —1, /7 f(x)dx =5, /7 g(z)dw = —4
Find

(a) / 2f(x) - 3g(x)] da
(b) /7f(x) dx
© / 9() — f(a)] da
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***************************************************************
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Deﬁmtlon 5.28. If f is integrable on [a, b], then its average value on
la, b], which is also called its mean, is

b
av(f) = - a/ f(x) dx. (C.5.4)

Solutlon
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********************************************************************

Theorem 5.30. (F'TC1) If f is continuous on [a, b], then
F(z) = / f(t)dt (C.5.5)

is continuous on [a, b] and differentiable on («, b) and its derivative is f(x):

F(z) = % / "R dt = f(x). (C.5.6)

That is, F' is an antiderivative of f.

Theorem 5.32. (FTC2) If f is continuous over [a,b] and F' is any an-
tiderivative of f on [a, b], then:

f(z)dex = F(b) — F(a). (C.5.7)
Note:
d g() d g(x) d
), 0t = & FO),, | = Fe@) - Fh@)] g

= fl9(x)) - g'(x) — f(h(z)) - h'().

1 2
¢
©) y— / dt
y sinz V 1 —|— t2
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Theorem 5.36. The Mean Value Theorem for Definite Integrals.
If f is continuous on [a, b], then at some point ¢ € [a, b,

1 b

f(@) d. (C.5.9)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ~
|
|
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The position of an object moving along a line at time ¢, denoted s(t), is
the location of the object relative to the origin.

(a) The velocity of an object at time ¢ is v(t) = §'(¢).
(b) The Net Change Theorem says that

s(b) — s(a) = /bv(t) dt, (C.5.10)

so the integral of velocity is the displacement of the object over the
time interval [a, b).

(c) The distance traveled over the time interval [a, b] is

b
Distance traveled = / lu(t)| dt, (C.5.11)

where |v(t)| is the speed of the object at time ¢.

Fe—————————
!
!

e e e o - - =~ -

particle moving along a line, as
o(t) =1t —4t+3, te€[2,5].
(a) Find the displacement. (b) Find the distance traveled.

Solution.
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§5.6. Definite Integral Substitutions and the Area be-
tween Curves

***********************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Theorem 5.48. If u = g(x) is a differentiable function whose range is
an interval I, and f is continuous on I, then

/ F9(@)) - g'(x) dex = / £(u) da, (C.5.12)

where du = g'(x) dx.

*******************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Theorem 5.55. If ¢'(x) is continuous on the interval [a,b] and f(x) is
continuous on the range of ¢g(z) = u, then

b g(b)
/ f(g(x)) - ¢'(x)dx = / f(u) du. (C.5.13)
a g(a)

1 /2
(a) / (6:1:2 + 4x)\/ 23 + 22 dx. (b) / sin’ z cos z dz.
0 0

Solution.

Ans: (a) 8v/2/3. (b) 1/3.
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ro- - - TS -T . TT T TT T T T T T T ST T T T T ‘1
| |

Areas between Curves

g -

Upper curve
v = fix)

Lower curve

v = glx)

Definition 5.61. If f and ¢ are continuous with f(z) > g(x) throughout
[a, b], then the area of the region between the curves y = f(z) and y = g(z)
from over [a, b] is the integral of (f — ¢) from « to b:

n

A= lim > [f(er) — g(cr)] Ay = / [f(x) — g(z))d. (C.5.14)

1P| =0 7=
k=1

Solution.
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C.6. Applications of Definite Integrals

Proposition 6.1. Suppose that we want to find the volume of a solid S
like the one pictured in Figure C.5 (a).

* At each point = € [a,b], we form a cross-section S(x) by intersect-
ing S with a plane perpendicular to the z-axis through the point z,
which gives a planar region whose area is A(x).

(a) (b)
.;JI [T CloE 8
|t a Alx
il
5 I,a’:// : T
;"f
IL /
1 !
o

Figure C.5: (a) A cross-section S(x) of the solid S. (b) A thin slab in the solid S.
* Riemann sum:

— Partition [, b] into subintervals
— Approximate the thin slab by a cylindrical solid.
— Then a Riemann sum for the function A(z) on [a, b] reads

k=1 k=1

where ¢, = z;.

This method is known as the method of slicing for computing volumes.



644 Appendix C. Chapter Reviews

Definition 6.2. The volume of a solid of integrable cross-sectional area
A(x) for x € [a,b] is the integral of A over [a, b]

n b
V = nh_g)lOZA(xk)AIk = / A(zx) dx. (C.6.2)
k=1 “

Strategy 6.3. Calculating the Volume of a Solid

(a) Sketch the solid to understand.
(b) Find the limits of integration, [a, b].

(c) For each z € [a, ], find a formula for A(x),
the area of a typical cross-section.

(d) Integrate A(x) to find the volume.

Example 6.5. A curved wedge is cut from a circular cylinder of radius
3 by two planes. One plane is perpendicular to the axis of the cylinder.
The second plane crosses the first plane at a 45° angle at the center of the
cylinder. Find the volume of the wedge.

Solution. Note that A(z) =z - 2v/9 — 22.

—
Y = 1~

Ans: 18.
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***********************

Volume by Disks for Rotation About the z-Axis

V= /bA(a:) dx = /b7T[R(95)]2 dx, (C.6.3)

where R(x) is the radius.

***********

|
|
L e e e — - - - o

region between x = y? 4+ 1 and x = 5 about the line z = 5.

Solution.
Ans: 2.
'The Washer Method,
Volume by Washers for Rotation About the x-Axis
b b
V= / A(z)dx = / m([R(x)]* — [r(2)]?) du, (C.6.4)
where R(x) is the outer radius and r(z) is the inner radius.

*************

,,,,,,,,,,,,,

line y = —x + 3 is revolved about the z-axis to generate a solid. Find the
volume of the solid.

Solution.

Ans: L.
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* Consider the region bounded by the graph of a function y = f(z) and
the z-axis over the closed interval [a, b]; see Figure 6.3(a).
* We assume L < a. We generate a solid S by rotating the region about
the vertical line x = L.
(a) (b)
Wertical axis

of revalution Vertical axis

of revolution
[
=L

‘ -’f/f/

—_ A L ¥
| Rectangle
7 L | ""'\.H he My )
I s AN i I\
Ag Lg

5 Texp

X = L

Figure C.6: A region is resolved about the vertical line y = L.

Partitioning. Let P be a partition of the interval [a, b] by the points
a=xpg<x1 <<z, =>.

* Approximation. We approximate the region in Figure 6.3(a)
with the collection of rectangles based on this partition.

Rectangles. As usual, choose a point ¢;, € [z)_1, z1], e.g., the midpoint
of the subinterval. A typical approximating rectangle has

helght = f(Ck) and width = A(L‘k =T — Tk—1-

Rotation: Cylindrical shells. If such a rectangle is rotated about
the vertical line y = L, then a shell is swept out, as in Figure 6.3(b).

* Riemann sum. We approximate the volume of the solid S by sum-
ming the volumes of the shells swept out by the n rectangles:

Ve AVi=) 21 (c— L) f(er) - Ay (C.6.5)
k=1 k=1
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Formula 6.11. Shell Formula for Revolution About a Vertical
Line. The volume of the solid generated by revolving the region between
the z-axis and the graph of a continuous function y = f(z) >0, L <a <
x < b, about a vertical line x = L is

b
V = / 2m(shell-radius) - (shell-height) dx. (C.6.6)

N

‘Example’ C.24. The region bounded by the curve y = vz, the r-axis, and

the line x = 4 is revolved about the x-axis to generate a solid. Use the shell
method to find the volume of the solid.

Solution.

Ans: 27,
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P e e e et

§6.4. Areas of Surfaces of Revolution

Note: From Section 6.3, the differential of arc length reads

= Vi dy = 1+ (2 e = 14 <§—§>2dy. (C6.7)

Formula 6.25. Curved Surface Area of a Frustum

R+r
Frustum Surface Area = 27 - - L (C.6.8)
‘Surface Area for Revolution about the z-axis’
(b) (c)
Segment length:

p L j \*’((;_\_rka + (Ay, )2 P 0
A_].\: v = fx) v;
_‘1'_ T

| |

| | .

! 1hr, = flx,
| |

| |

X1 R
fe—Ax,——

Figure C.7: Surface area for revolution about the x-axis.

We will find the area of the surface generated by revolving the graph
of y = f(x), a <z < b, about the z-axis, as in Figure C.7(a).

* Partitioning = Approximation = Riemann sum

22 [z +f ) T o BAz,

(C.6.9)

~ Z 2 f(cr) - I+ [f (cr) LAz
k=1

* See details on page 282.
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Definition 6.26. Surface Area for Revolution about the z-axis

If the function y = f(x) > 0 is continuously differentiable on [a, b], the
area of the surface generated by revolving the graph of y = f(x) about
the xz-axis is

S = ‘/ab277y\/1+<%>2d:1:: /ab2ﬁf(x)\/Wdaz. (C.6.10)

Definition 6.27. Surface Area for Revolution about the y-axis

If the function = g(y) > 0 is continuously differentiable on [c, d], the
area of the surface generated by revolving the graph of x = ¢(y) about
the y-axis is

d d
S = / 2mxy |1+ (Z—g)Qdy = / 2mg(y)v 1+ [g'(y)]? dy. (C.6.11)

Claims 6.31 and 6.33 . Curves, Revolved About the Other Axis

* Let y = f(z) be a monotone function defined on [a, b, a > 0, such that

f
[a,b] —— e d]. (C.6.12)
g=f1

* Then, for example, the area of the surface obtained by rotating the
curve y = f(x) about the y-axis reads, with (radius = ),

b d
Sz/27rrd5:/ 27ra:\/1+[f’(.r)]2dx:/ 2mg(y)v/ 1+ [¢'(y)]? dy

(C.6.13)
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y =z, 0 <z <2, about the y-axis.

Solution.
(a) z-integration: (b) y-integration:

Ans: %(17\/?— 1)

rotating the curve about the y-axis.

xt 1
) 8x .
Hint: Use the formula in (6.26).
Solution.

Ans: 2537 /20.
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C.7. Integrals and Transcendental Functions

§7.2. Exponential Change and Separable Differential
Equations

In many real-world situations, the rate of change of a quantity vy is
proportional to its size at a given time ¢.

dy dy
A i a— C.7.1
Y — o y ( )

¢ Examples of such quantities include the size of a population, the
amount of a decaying radioactive material, and the temperature dif-
ference between a hot object and its surrounding medium.

* Such quantities are said to undergo exponential change.

Solution. Divide (C.7.1) by y to get

l.@:]{:> /l-ﬂdt:/kdt
y dt y dt

= Inly|=kt+C = |yl = ekttc (C.7.2)

= y==e" " = AcM

The solution of the initial value problem

d
d_y = ky, y(0) =y, (C.7.3)
t
18
y = yo et (C.7.4)
1 dy 1 . . 1 .
Note: [ —- Em dt = [ —dy, the integration of — with respect to y. That
Y

Yy Yy
is, the first line in (C.7.2) and (C.7.3) can be written as

1
— dy = kdt (C.7.5)
Yy
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*******************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

* More general differential equations are of the form

Y~ f(,y) = flz,y(x). (C.7.6)

dx
* The differential equation (C.7.6) is separable if f can be expressed as
a product of a function of x and a function of y:

dy _

o= g(x) h(y). (C.7.7)

* We can solve (C.7.7), using the same arguments introduced in Exam-
ple C.27 (separate the variables and integrate):

——dy=g(z)dz = /@dy:/g(az) dx. (C.7.8)

r- - -~ -~ -~ - .- - - T - -T - al
| |
| |

Population Growth

,,,,,,,,,,,,,,,,,,,,,,,,,,
Fm-—---Z-Z-ZZ-CoC

!

!

L - - - - = -

tially 20 grams. After 30 minutes the mass is 40 grams. Assuming that the
equation for unlimited population growth gives a good model for the growth
of the yeast (v = ky) when the mass is below 100 grams, how long will it
take for the mass to triple from its initial value?

Solution. Begin with y = y; €.

Ans: k= 35 In(32) ~ 0.0231, ¢t = 23 ~ 47.55.
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*******************

,,,,,,,,,,,,,,,,,,,

* Some atoms are unstable and can spontaneously emit mass or ra-
diation. This process is called radioactive decay.

e Experiments have shown that at any given time the rate at which a
radioactive element decays is approximately proportional to the num-
ber of radioactive nuclei present: proportional to the number of ra-
dioactive nuclei present.

* Modeling: Thus the decay of a radioactive element is described by the

equation
dy
— — —k k>0 C.7.9
7 y, k>0, ( )
of which the solution reads
y=1yoe . (C.7.10)

* The half-life of a radioactive element is the time expected to pass until
half of the radioactive nuclei present in a sample decay:

1

5% = Yo e M.
Thus the half-life reads
Half-life — 1%2 (C.7.11)

Example 7.10. (Plutonium-239) The half-life of the plutonium isotope is
24,360 years. If 10 g of plutonium is released into the atmosphere by a nu-
clear accident, how many years will it take for 80% of the isotope to decay?

Solution.

Ans: 24360 - L‘:—g /2 56562.
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§7.4. Relative Rates of Growth and Convergence: Big-oh
and Little-oh

****************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Definition 7.28. Let f(x) and g(z) be positive for x sufficiently large.

(a) f grows faster than g as x — oo if

or, equivalently, if

We also say that ¢ grows slower than f as © — ~c.

(b) f and g grow at the same rate as r — oo if

. flx)
Ay =D

where L is finite and positive.

*********************

,,,,,,,,,,,,,,,,,,,,,,,,,,,

lim —— = 0. (C.7.12)

We indicate this by writing f = o(g) (“f is little-oh of ¢”).

Definition 7.32. Let f(z) and g(x) be positive for z sufficiently large.
Then f is of at most the order of g as + — oo if there is a positive
number M such that

@ < M, for x sufficiently large. (C.7.13)

9(x)
We indicate this by writing f = O(g) (“f is big-oh of ¢”).
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****************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Definition 7.34. Suppose }lllr% G(h) =
—

(a) A quantity F'(h) is said to be in little-oh of G(h) as h — 0, if

hmM = 0. (C.7.14)

In this case, we denote F'(h) € o(G(h)) or F'(h) = o(G(h)).

(b) A quantity F'(h) is said to be in big-oh of G(h) as h — 0, if there is a
positive number K such that

|F'(h)|
|G (h)|
In this case, we denote F'(h) € O(G(h)) or F(h) = O(G(h)) .

< K, for h sufficiently small. (C.7.15)

***********

palrs under the given conditions

{f 9} /= olg) /= 0ly)
{f(z) =tan'z, g(z) =2 -2z}, as z =0
{f(z) =2 —sm3x g(z) =2}, as v = o0
{f(h)=1- h)=h}, as h—0
{f(n):n n):n3},asn—>oo
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C.8. Techniques of Integration

Formula 8.8. Integration by Parts:

/u(x)v'(a:) dx = u(x)v(zr) — /u'(az)v(az) dx, (C.8.1)

whose differential version reads

/udv = uv — /vdu. (C.8.2)

Remark 8.9. Integration by Parts: Alternative Form
Let v, is the antiderivative of v with C = 0. Then

/u(az)v(w) dx = u(x)vi(x) — /u'(az)vl(a:) dx. (C.8.3)

Remark 8.14. Tabular Integration by Parts:

While the aforementioned recursive definition is correct, it is often
tedious to remember and implement. A much easier visual representa-
tion of this process is often taught to students and is called the tabular
method or the tic-tac-toe method.

* Let vi,1 be the antiderivative of v, with C = 0, where v = v.

Then
/ / "
/uv = uvl—/uvl = uvl—(uvg—/um)

/ 1
= uvy; —uvsy+ u vo

(C.8.4)

/ 1 "
= uvy —uvs+u V3—/U_ V3

— uvy — U./V2 4+ u”V3 . u///V4 n /u////v4 _ ..

Note: u is involved in the form of (—1)*u(*).
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(a) /x(lnx)2 dx (b) /cos\/fdx

Solution.

\/_lnx and the z-axis from z = 1 to x = 4.
Solution.

I 1 512
Ans: —v’lnu — —u’| .
3 9 I
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********************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Integration by parts leads to a rule for integrating inverses that usually
gives good results:

/ fH@)de = / yf'(y) dy y= "), z= f(y),
dz = f'(y)dy

— yfly) - / £() dy (C.8.5)
— 2 a) - / f(y) dy

Note that y = f~1(x) (on the first line) can be viewed as a substitution.

Formula 8.18. Integrating Inverses of Functions:

[ =ar @)~ [10dy. v=1 @) (C8.6)
Example C.32. Evaluate the integrals, using the formula in (C.8.6).
(a) /arcsinaz dx (b) /18 Inxdx
Solution.

Ans: (a) x arcsin x + cos(arcsinz) + C. (b) 1.
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ~
|
|

.

Table C.1: Trigonometric substitutions.

Expression Substitution Identity
/2 2 T T 2 P
a*+x r=atand, —§<9<§ 1+ tan“ 6 = sec” 0
a? — x? x = asinb, —%g@gg 1 —sin®f = cos2 4
2 _ 2 T i 2 P
T4 —a r = asec, 0§9<§ or§<9§7r sec“f — 1 = tan“0

7
£~

4]

X & tan # X et sim X o0 osec

= = = ] = T N
Wt oot = alsec @ Woas — 1= alcos f Yot — g = g|tan &

Figure C.8: Reference triangles for the three basic trigonometric substitutions.

Remark 8.29. With the substitution z = asec?,
2% —a® = a*sec’ 0 — a® = a*(sec’§ — 1) = a*tan? 6. (C.8.7)

The substitution requires

S
N
>
Vv
—_

o
= =
QIR (R

(C.8.8)

5 NN

6 = sec™ (f) with

a

A
D
N A
IN
1

N
o

For sec™!, see Figure 1.25, p. 54.
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You may have to use the formula [secfdf = In|sec + tand| + C.

2 2

w/4
Ans: In|secf + tanf| — sin .

V3/2 3

22)5/2

Ans: 4/3.
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§8.5. Integration of Rational Functions by Partial Frac-
tions

Strategy 8.36. Method of Partial Fractions
When f(x)/g(x) is Proper

1. Linear factors of g:
Let (z — r) be a factor of g(z) with (z — )™ being its highest power.
Then, to this factor, assign the sum of the m partial fractions:

+ 4+ (C.8.9)

2. Quadratic factors of g:
Let (2° + pz + q) be a factor of g(x) with (22 + px + ¢)" being its highest
power. Then, to this factor, assign the sum of the n partial fractions:
Bix + C N Byx + Cy B,x + C,

. C.8.10
a2 A e A @) (:1:2+1051:+q)2Jr +(:U2+p:c+q)" ( )

3. Combine all the partial fractions:
Set the original fraction f(x)/g(x) equal to the sum of all these partial
fractions.

4. Determine the coefficients:
Equate the coefficients of corresponding powers of = and solve the re-
sulting equations for the undetermined coefficients.

General Description of the Method

Success in writing a rational function f(x)/g(x) as a sum of partial frac-
tions depends on two things:

* The degree of f(x) must be less than the degree of g(x).

— That is, the fraction must be proper.
- Ifit isn’t, divide f(z) by ¢g(z) and work with the remainder term.

1@ _ oy 4 1)
o)~ Q@ (C.8.11)

* We must know the factors of g(x).
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Example 8.38. Evaluate the integrals.

x—1 10
@ [ Gt ® | e

Example 8.39. Evaluate the integrals.

2492 1 VI +1
(a) / M dx (b) T dx (Hint: Letu =z + 1)
(22 4 1)2 x

Ans: (@) In(z® +1) - 25 +C. M 2[Ve + T - sn(Ve + 1+ 1)+ 5In|[yz +1-1]+C.
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Expansmn 8.49. Definite Integrals

¢ Up to now, we have required definite integrals to satisfy two proper-
ties:

1. The domain of integration [a, ) must be finite.
2. The range of the integrand must be finite on this domain.

* In practice, we may encounter problems that fail to meet one or both
of these conditions.

* In either case, the integrals are said to be improper and are calcu-
lated as limits.

Definition 8.51. Integrals with infinite intervals are improper inte-
grals of Type L.

1. If f(x) is continuous on [a, c0), then

b
/ f(x)dx = hm f(x) dx. (C.8.12)
2. If f(x) is continuous on (—oo, b], then
b b
/ f(z)dx = 1_1>m f(z)dx (C.8.13)
3. If f(z) is continuous on ( o0), then

/f dx—/ f(z dm+/ f(z (C.8.14)

where c is any real number.

In each case, if the limit exists and is finite, we say that the improper
integral converges and that the limit is the value of the improper inte-
gral. If the limit fails to exist, the improper integral diverges.
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*d
Example 8.54. For what values of p does the integral / —f converge?
1 T

When the integral does converge, what is its value?
Solution. Consider cases: D p=1, 2 p # 1

Ans: When p > 1, the improper integral converges to 1/(p — 1).

rE}i:ample C.34. Determine whether the integral converges or diverges.

Evaluate if it converges.

o 2
d
/1 212z

Solution.
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Deﬁmtlon 8.59. Integrals of functlons that become infinite at a point
within the interval of integration are improper integrals of Type II.

1. If f(z) is continuous on (a, b] and discontinuous at a, then

b b
/f(x) dr = lirqr/ f(x) dx. (C.8.15)

2. If f(x) is continuous on [a, b) and discontinuous at b, then

b c
/a f(z)dx = 615?_ / f(x) de. (C.8.16)

3. If f(z) is continuous on [a, b] except at ¢, a < ¢ < b, then

/f d:c—/f da:+/f (C.8.17)

In each case, if the limit exists and is finite, we say the improper integral
converges and that the limit is the value of the improper integral. If
the limit does not exist, the integral diverges.

*************************

Ldx
The Integral —
Efiﬁﬁiﬁfé C.35. For what values of p does the integral — converge?

When the integral does converge, what is its value?
Solution.

Ans: When p < 1, the improper integral converges to 1/(1 — p).
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' 142 /OO 1
— (b) ——d
@ ), st o GrnvE"

Solution.

Ans: (a) V3. (b) 7.

Fm——————————
|
|

e e e e - - - =

Evaluate if it converges.

|
——=d
J, o

Solution.
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‘Tests for Convergence and Divergence

Remark 8.63. When we cannot evaluate an improper integral directly,
we try to determine whether it converges or diverges.
e If the integral diverges, that’s the end of the story.

e If it converges, we can use numerical methods to approximate its
value.

* The principal tests for convergence or divergence are the Direct
Comparison Test and the Limit Comparison Test.

Theorem 8.64. Direct Comparison Test
Let f and g be continuous on [a,00) with 0 < f(x) < g(z) for all z > a.
Then

1. If / x) dx converges, then / f(z) dz converges.

2. If / f(z) dz diverges, then / g(x) dx diverges.

Theorem 8.66. Limit Comparison Test
If the positive functions f and g are continuous on [a, ), and if

lim —= =L, 0<L <oo, (C.8.18)

/aoo f(z)dx and /aoog(:z:) dx

either both converge or both diverge.

then
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© ]
fffffffffff |

Solution.

dx converges.

Fe—————————
!
|

L e e e — - - o -

Comparison Test to investigate the convergence of
2 00 o0
1 1 1
b —d d
(a)/1 xlnxdm ( )/e o (c)/4 Y R
Solution.

Ans: (b) diverge. (c) converge.
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C.14. Partial Derivatives

*************************************************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Definition} C.40. Given z = f(x,y), the linear (tangent plane) ap-
proximation of f near (a,b) is

L(z,y) = 20+ fu(a,b) (x —a) + fy(a,b) (y —b), (C.14.1)

where 2y = f(a,b).

Note: The equation of the tangent plane is
z =20 = fo(a,b) (x = a) + fy(a,0) (y = b),
or equivalently
—fo(a,b) (x — a) — f,(a,b) (y —b) + (2 — z9) = 0. (C.14.2)
A level surface form of = = f(z,y) can be rewritten as

F(I‘,y,Z)ZZ—f(SU,y)ZO;

its gradient becomes
VF = {(—fz, —fy, 1). (C.14.3)

Erevealﬂ C.41. (§16.6. Parametric Surfaces and Their Areas): Let a
surface S be formed by the graph of z = f(z,y) and parametrized by
r(z,y) = (z,y, f(z,y)). Then, as in (16.63) on p. 588,

ry X ry = (—fy, —fy, 1). (C.14.4)

Theorem| C.42. If f, and f, exist near (a,b) and continuous at (a,b),
then f is differentiable at (a,b).

Definition} C.43. For a differentiable function z = f(x,y), the (total)
differential is

dz = fo(z,y) dx + fy(x,y) dy, (C.14.5)

where dr and dy represent the change in the x and y directions, respec-
tively.




670 Appendix C. Chapter Reviews

parab0101d z = x* + 4y* at the point (1,1, 5).
Solution.

,,,,,,,,,,, Ans: z—5=2-(x —1)+8-(y—1) & 2z =22+ 8y — 5.
rExample C.45. Let f(x,y) = In(x+ 1) +cos(z/y). Explain why the function

is differentiable at (0,2).

V1ded that f(2 5) =6, f(2,5) =1, and f,(2,5) =
Solution.

Ans: 6.3
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***********************************************************************************

*********

|
Loocoocooo

for a differential function f is

def f(x+ha7y+hb)_f(xay)

Duf(x7y) — }llli% h :Vf(l',y)u
'Theorem | C.48. Let f be differentiable. Then,
max Dy, f = |V f] (C.14.6)

Note: The gradient vector V f is directing the fastest increasing direc-
tion.

*****************************************************

Suppose S is a surface given as F'(z,y, z) = k and x¢ = (xg, 0, 20) is on S.
Then the tangent plane to S at x is

VF(xp) - (x —%0) = Fi(x0)(x — 20) + Fy(%0) (¥ — Yo) + F2(X0)(z — 20) = 0.
(C.14.7)
The normal line to S at x; is

T — Xy Y—Y Z— 2
= = ) (C.14.8)
Fy(x0) Fy(x0) F.(xo)
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Fe—————————
!
!

Example | C.49. Let f(z,y) = « + sin(zy).

e e o - - - - -

1. Find the directional derivative of f at the point (1,0) in the direction
given by the angle 6 = 7/3.

2. In what direction does f have the maximum rate of change? What is
the maximum rate of change?

Solution.

Ans: (a) (1+/3)/2 (b) v2

Solution.

Ans: (@ zr+y+z=1Db)r=y=2-1
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Consider the optimization problem

max / min f(x)
subject to g(x) = ¢

values of the opt1m1zat1on problem,
(a) Find all values of z, v, z, and )\ such that

maximum area that has a give perimeter p is a square.



674 Appendix C. Chapter Reviews

(y—l) ontheclrclex +y? = 4.

1 5 20 = \x @
Solution. Vf = \Vg — [2( v 1)] =A 2x . Therefore, ¢ y—1=\y @
Y v ?+yP=4 ®

From @), x =0 or A = 2.

Ans: min: £(0,2) = 1; max: f(£v/3,—1) = 10

(y— 1)? 0nthed1skx2+y < A4,
Solution. Hint: You should check values at critical points as well.

Ans: min: f(0,1) = 0; f(£v3,-1) =10
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C.15. Multiple Integrals

Multiple integrals can be computed with iterated integral where the

given domain must be covered once-and-only-once, without missing

and without overlap. Furthermore, you should be able to change the
order of integration properly.

by the line y = 22 and the parabola y = 22
Solution. Try for both orders.

Ans: 28/5
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tion
42
/ / e’ dx dy
0 Jvy

Solution.

777777777777 Ans: 3(e® —1)
[Self-study] C.57. Sketch the region of integration and change the order of
integration.

/Z/OW J(w,y) dw dy /012/2 f(x,y) da dy

Solution.
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ~
|
|

-

Definition} C.58. (Definition 15.54). The conversion between the
Cylindrical Coordinates and the Rectangular Coordinate system
gives

(nyJZ)R < (T,@,Z)C (T797Z)C < (x7y7Z)R
_ 2 _ 2 2
xr = rcosf r‘=ux —Iy—y (C.15.1)
Yy =rsinf tanf = =
z
2= 7 7= 7

Note: The triple integral with a Cylindrical Domain F can be carried
out by first separating the domain like

E =D x [ui(z,y),us(x,y)], where D is a polar region.

the cylinders 2% + 3> = 1 and 22 + y? = 9, above the zy-plane, and below the
plane z = y + 3.
Solution.

Ans: 207
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solid £ that is enclosed by the cone z = /22 + y? and the sphere 2% +¢%+2% =
8.

Solution.

Ans: r(v2 - 1)
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Definition}; C.61. A change of variables is a transformationT : ) — R
(from the uv-plane to the xy-plane), T(u,v) = (z,y), where x and y are
related to u and v by the equations

r=g(u,v), y=h(uv). J[or, r(u,v)= (g(u,v),h(u,v))]

We usually take these transformations to be C'-Transformation,
meaning g and h have continuous first-order partial derivatives, and
one-to-one.

A A

v ¥
T
%
(u,v) 71
-_—
\\\___
= -
0 i 0 x

Figure C.9: Transformation: R = 7(QQ), the image of 7.

Definitionj C.62. The Jacobian of T : z = g(u,v), y = h(u,v) is

a(gjay) g det Ly Ty
Yu Yo

] = Ty yv — Ty yu (C.15.2)

whose Jacobian is nonzero. Then

Jf #tan = ff ftatuso)ptuno)) [522
R Q ’

du dv (C.15.3)
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fj sin(9z7 + 4y?) dA,
R
where R is the region in the first quadrant bounded by the ellipse 922 +

4o = 1.
Solution.

Ans: m(1—cos1)
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C.16. Integrals and Vector Fields

]I)eﬁmtlonﬁ C.65. If f is defined on a smooth curve C' given by

r(t) = (z(t), y(t)), a<t<b (C.16.1)

then line integral of [ along C' is
[ Hlev)ds = i 3" fat.o) A (C.16.2)
C n—oo i1

if this limit exists. Here As; = \/Ax? + Ay?.

The line integral defined in (C.16.2) can be evaluated as

/ f(z,y)ds = / e V@O T GOR dt
C

:/f (1) dt.

Definition}, C.66. Let F be a continuous vector field defined on a smooth
curve C given by r(t),a <t < b. Then the line integral of F' along C is

/F~d def /F Tds = / F(r t) dt. (C.16.4)
C

We say that work is the line integral with respect to arc length of the
tangential component of force.

(C.16.3)




682 Appendix C. Chapter Reviews

‘Example C.67. Evaluate the line integral | ze¥ * ds, where C is the
*********** C
line segment from (0,0,0) to (2, —2,1).

Solution.

Ans: e — 1
Example C.68. Find the work done by the vector field F(z,y) = (x, ye*) on

the partlcle that moves along the parabola z = y? + 1 from (1,0) to (2, 1).
Solution.

.3 e?—e
Ans: 5 + &
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
|
|

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -

Let C be a curve represented by

r(t) = (z(t),y(t)) or r(t) = (z(t),y(t),2(t)), a<t<b.

'Theorem | C.69.

1. Suppose that F' is continuous, and is a conservative vector field;
that is, F = V f for some f. Then

/ F - dr = / Vf-dr= f(r(b) — f(r(a)). (C.16.5)
c @

2. [, F -dr is independent of pathin D <= [, F -dr =0 for every
closed path in D.

3. Suppose F is a vector field that is continuous on an open con-
nected domain D. If [, F - dr is independent of path in D, then
F is conservative (i.e., there is f such that FF = V f).

4. IfF = (P, Q) is conservative, where P and () have continuous partial

derivatives, then sa
P
— = C.16.6
or Oy ( )
5. When D is a simply-connected domain, the equality (C.16.6) implies
conservativeness of F'.

Roughly speaking: When F = (P, () is smooth enough,

|conservativeness| < |independence of path| < [Q, = P,
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F =2%% + 32./7

in moving an object from A(1,1) to B(2,4).
Solution. First, check if F is conservative: Q, = 3,/y, P, =2-3y/2 =3,/

Ans: 30

(a) Find a potential.
(b) Evaluate [ F - dr, where C is parameterized as

r(t) = (e’ cost,e'sint), 0 <t <.

Solution.

Ans: (a) f(x,y) = zeV +ysinz + K (b) —e™ — 1
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ~
!
!

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -

'Theorem | C.72. (Green’s Theorem). Let C be a positively oriented,
piecewise-smooth, simple closed curve in the plane and D be the region
bounded by C. If F = (P,()) has continuous partial derivatives on
an open region including D, then

yépdx +Qay = [ (% _ %—];) dA. (C.16.7)
D

The theorem gives the following formulas for the area of D:

A(D) = yg:pdy = —ygydx = %ﬁlga:dy—ydx (C.16.8)
c c c

Solution. Hint: Check the orientation of the curve.

Ans: 0
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A(D) = ff dA = yngdy

to show that the area of D (the shaded region) is 6. You have to compute
the line integral for each of four line segments of the boundary. For
the slant line segment, in particular, you should introduce an appropriate
parameterization for the line integral.

AY
2

1 D

0 1 2 3 4 x
Figure C.10
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§16.7. Surface Integrals:
Suppose that the surface S has a parametric representation
r(u,v) = (z(u,v),y(u,v),2(u,v)), (u,v) € D.
Surface Integrals of Scalar Functions give
fff x,Y,2)dS = fff r(u,v))|ry X | dA, (C.16.9)
S D
where dS = |r, X r,| dA.
* For line integrals, /f x,y,z)ds —/ f(r(t))|r'(t)] dt.
—gy, 1). Thus (C.16.9) reads

* When z = g(z,y), we haver, x r, = (—g,,
[ £y 2)as = [[ f@ gty /o2 + g2 +1dA T (C.16.10)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

can be measured by
[[F-as = [

[\

r, Xr,
) [ty X 1[dA (C.16.11)

&
N

)

JJ
D

**********

quantltles along the curve. That is, for C' parametrized by r : [a,b] — C,

/Fdr /FTds
t
£l |dt/F ) dt.

/ Fr
()]
(C.16.12)
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Surfaces defined by z = g(x, y):

* A vector representation: r(z,y) = (z,y, g(z,y)).
* Normal vector: r, X ry, = (—gy, —gy, 1).
* Thus, when F = (P, Q, R),

[[F-as = [[F@)- @ xr,)dAd= [[(-Pg.~Qg,+R)dA.

S
(C.16.13)

5

side S, is given by the cylinder 2% + 4> = 1, whose bottom S, is the disk
22+ y? < 11in the plane z = 0, and whose top S; is the disk 22 + y?> < 1 in the
plane z = 1.

Solution. Clue: S, : 2 = cosf, y = sinf, z = z; (0,2) € D = [0,27] x [0,1]. Then
lrg X r,| = 1.

Ans: 3w+ 37+ 3w =57
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[Self-studyjl C.77. (See Problem 16.97) Find the flux of F = (x,y, 1) across

____________ |

a upward helicoid: r(u,v) = (ucosv,usinv,v), 0 <u <2, 0<wv <.
Solution. Hint: Use (C.16.11). Clue: r, x r, = (sinv, — cos v, u).

Figure C.11

Ans: 27
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[[F-as <= [[ F-ndS = [[ F@x): (&, x,)dA. (C.16.14)
S D

S

ary of the solid region E enclosed by the paraboloid z = 1 — 2> — y? and the
plane z = 0.

Solution. Clue: For S, (the upper part), use the formula in (C.16.13). For S, (the
bottom: z = 0), you may try to get F' -n, where n = —k.

. 3 __ 3
Ans.7—|—0—7
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Stokes’sTheorem iéie;liiéﬂ-aiiri{e;nsional version of Green’s Theorem studied
in § 16.4.

Recall: (Green’s Theorem, p.685). Let C' be a positively oriented,
piecewise-smooth, simple closed curve in the plane and D be the region
bounded by C. If F = (P,() has continuous partial derivatives on
an open region including D, then

%F-drg ) Pda+Qdy — £f(g—§—g—];)dA:J];f(cur1F)-de.

(C.16.15)

'Theorem | C.80. (Stokes’s Theorem) Let S be an oriented piecewise-
smooth surface that is bounded by a simple, closed, piecewise-smooth
curve C with positive orientation. Let F = (P, (), R) be a vector field
whose components have continuous partial derivatives on an open
region in R? that contains S. Then

F . dr = 1 F)-dS C.16.16
;I% r {f(cur ) ( )

* See Figure 16.28(left) on p. 594, for an oriented surface of which the
boundary has positive orientation.

* Computation of the surface integral: forr : D — S,

ﬂ (curl F) - dS £ H(cuﬂF) ‘ndS = H(cuﬂF) (ry X 1) dA.
S S D

(C.16.17)

* Green’s Theorem is a special case in which S is flat and lies on the
xy-plane (n = k). Compare the last terms in (C.16.15) and (C.16.17).
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* Stokes’s Theorem gives ﬂ(v x F)-dS = yﬁ F -dr.
: C

b
* In evaluation, we use ﬂ(v X F)-(ry xry)dA = / F(r)-r'(t) dt.
D a

* Thus, you should first recognize the surface S and its boundary C' and
then find a transformation: r(u, v) from D or r(t) from [a, b].

[Problemj‘ C.83. (Exercise 16.8.2) Use Stokes’s Theorem to evaluate

fj curl F - dS,
S

where F(x,1y) =< —y, z, 2°+y* > and S is the part of the sphere 2%+ +2% = 8
that lies inside the cone z = /22 + 12, oriented upward.

(Clue: The boundary of S can be parametrized as r(t) = (2cost, 2sint,2), 0 < t < 27.)
Solution.

Ans: 87
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -

§16 9. The Divergence Theorem'

' Theorem | C.84. (Divergence Theorem) Let E be a simple solid re-
gion and S be the boundary surface of E, given with positive (outward)
orientation. Let F' = (P, (), R) has continuous partial derivatives on
an open region that contains E. Then

#S F.dS = IEH V. FdV. (C.16.18)

f F -ds, Where

F(x,y,2) = (v +y* +cosz)i+ [sin(nz) + ze *]j+ 2k

and S is a part of the cylinder 22 + y? = 4 that lies between z = 0 and z = 1.
Solution.

Ans: 8
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#F-ds def HF-ndS:fﬂv-de. (C.16.19)
S S E

{j (:c2 +y sinx + %2> as,

where S is the unit sphere 22 + 3% + 22 = 4.
Solution. Clue: What is n?

Ans: 327
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P.1. Newton’s Method for Finding Zeros and Ex-
trema

In this project, you will implement Newton’s method to find zeros and ex-
trema of functions. Consider two functions defined on closed intervals.

f(z) = 32" —42® — 3627 — v +20, [-3,4]
sin(z? — ) (P1.1)

g(ZC) - wav [Oaﬂ]

*****************

,,,,,,,,,,,,,,,,,

your own function to work with.

Definition}; P.1. Let your ID be 123456789. Then the ID function for
you is defined as

7+ 8

I(x) = 1x2* —2x2° +3%2? —4*x+5*sin(x) — 6% cos ( *a:) -9. (P1.2)

For Matlab/Octave implementation, see Example P.4 below.

What You Will Do

,,,,,,,,,,,,

1. To find all zeros, for f, g, and 1.
2. To find local/global extrema, for f and g.

************

'‘Remark' P.3. The Newton’s method is introduced to find ze-

,,,,,,,,,,,,

ros of functions. Thus the method can be used for finding ex-
trema: Apply the Newton’s method for f’(x) = 0, which would result in

critical points.
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Details To Do

1. Implement Newton’s method, Algorithm 4.48, p. 203.
(See newton_diff_iteration.m below.)

2. Zeros. For each of f, g, and I:

(a) Plot the graph.

(b) Guess an initial approximation for each zero.

(c) Apply Newton’s method to approximate the zero, in 10 decimal
accuracy.

(d) Add points to the plot, to see if the computation is correct.

3. Local/Global Extrema. For each of f and g:

(a) Plot and recognize where local extrema are located.
(b) Find the derivative of the function.

(c) With an initial approximation, apply Newton’s method to approx-
imate the zero of the derivative, in 10 decimal accuracy.

(d) Evaluate the function at the resulting point (a critical point).
(e) Add points to the plot, to see if the computation is correct.

4. Report your work and results, including code and plots.

F———————————
|
|

L — - - - - - = |

ID function /. Let your ID be 674029185.

ID =674029185

25

20

15

10

-1 -0.5 0 0.5 1 L5 2

Figure P.1: Graph of the ID function y = /(z), when ID = 674029185.
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You may have to implement a function for the Newton’s method. The
function newton_diff_iteration.m can be used for all other tasks.

project_ID_newton.m
1 ID=([6 7 4 0 2 9 1 8 5]; %if your ID = 674029185

2 | I =0() (ID(1)*x.~4 -ID(2)*x."3 +ID(3)*x."2 -ID(4)*x ...

3 +ID(5)*sin(x) -ID(6)*cos((ID(7)+ID(8))*x/2) - ID(9));

5 | k% Here, you should plot to see where the zeros are

7 tol=1.e-10; itmax=100;
8 for xO0 = [ -0.5 0.5 1 1.4]

9 [x,it] = newton_diff_iteration(I,x0,tol,itmax);
10 fprintf ('x=Y12.10f; it=2d; I(x)=lg\n',x,it,I(x))
11 end

newton_diff_iteration.m
1 | function [x,it] = newton_diff_iteration(f,x0,tol,itmax)

3 | h = sqrt(tol);

4 x = x0;

5 for it = 1:itmax

6 df = (£(x+h)-f(x-h))/(2xh);

7 cor = f(x)/d4f;

8 X = X - cor;

9 if abs(cor)< tol, return; end
10 end

For the implementation:
Output

1 | x=-0.4551039348; it= 4; I(x)=0

2 | x= 0.4440727359; it= 5; I(x)=0
3 x= 1.0584112674; it= 4; I(x)= 2.66454e-15
4 x= 1.4090762364; it= 4; I(x)=-3.55271e-15
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P.2. Numerical Integration

Note: Definite Integrals and Numerical Integration
¢ Often, it is difficult (or, impossible) to find antiderivatives.

— When it is the case, we may approximate the definite integral
using a computational method called numerical integration.

— Numerical integration is a generalization of Riemann sum.
e Numerical integration can be performed as follows:

(1) Approximate the function f by a polynomial p,, € P,,, and
(2) Integrate the polynomial over the prescribed interval.

* That is, numerical integration is carried out as

b b
/ f(z)do ~ / pu(2) de. P2.1)

— The “polynomial approximation and integration” can be ap-
plied for each subinterval or each several subintervals.

' Theorem | P.5. (Polynomial Interpolation Theorem):

If xy, 21, xo, - -+, x,, are (n + 1) distinct real numbers, then for arbitrary
values vy, y1, Y2, - -+ , Yn, there is a unique polynomial p,, of degree at
most n such that

pu(zi) =y (0<i<n). (P.2.2)
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P.2.1. Lagrange interpolating polynomials

Definition}; P.6. Let data points (z;,;), 0 < i < n be given, where z; are
distinct. The nth-degree Lagrange interpolating polynomial p, is a
polynomial of the form

pn(x) = yOLn,O(x) + yan,l(x) +oeee ynLn,n(x) — Z ykLn,i($)7 (P23)
i=0
where L, ;(v) are nth-degree polynomials such that

1 ifi=j,
Ln,i(xj)éij{o i (P.2.4)

Polynomials L, ;(z) of such a property are called the cardinal functions
and J;; is the Kronecker delta.

******************************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

i

three-poirﬁ: table (n = 2)

o | T1| T2

YiY | Y1|Y2

Solution. We should find Lo (), Lai(z), and Las(x) in Ps.
@ Let’s focus on Ly o(xz) € Ps:

¢ It should satisfy Lz,g(wo) = 1 and L2,0(£U1) = L2,0(£C2) = 0.
— From Ly o(21) = Lao(22) = 0, the function L, must be of the form
Lop(x) =a(x —x1)(z — x2), for some a. (P.2.5)

- From Lz,o(iﬂo) = 1,

1
LQ’O(:U()) =a ([130 — 3]1)(560 — 332) =1= a= (ZEO — 1’1)(330 — x2). (P.2.6)
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e It follows from (P.2.5) and (P.2.6) that

(=) (7 — 19)
L270(a’,‘) = (xo — ;El)(ajo — 332) 3 (P27)

(2 Similarly, we can formulate

Lon(z) = (x — xp)(x — 29) L) = (z — x0) (2 — 21) | (P2.8)

(21— 20)(21 — 22) (29 — x0) (22 — 21)

Thus the Lagrange interpolating polynomial p; reads

p2(x) = yoLa2o(x) + y1L21() + y2L22(x)
B (x — z1)(x — x2) (x — xo)(x — x2)
=Y + Y1 (@1 — o) (1 — 72)

(P.2.9)

O(CL‘O(— 5131)(5)10(0 - 5132))
v (z2 — @o) (@2 — 1)

Note: In the following, we assume that the interval [a, b] is partitioned
into n uniform subintervals, for simplicity.
b—a

n

rpi=a+1i-h, 1=01,2---.n, h= (P.2.10)
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P.2.2. Trapezoid Rule

The Trapezoid Rule approximates the function f with a linear poly-
nomial on each subinterval.

Fe—————————
!
!

Examplejl P.8. Find I, € P; which approximates f over [z, 21| and inte-

e e o - - - - -

grate it over the subinterval.
Solution. Let f; = f(z;). The linear polynomial F; € P; must read

Poi(x) = foLio(z) + fili(x), (P.2.11)
where
Lr—T rT—
Lyp(z) = — - Lyi(z) = — v
Z( 1 1 X

Integrating F i(z) over [z, 1] gives

/xl Po’l(x) dSC = fo /wl leo(x) dx + fl /xl Ll,l(:z:) d:v

- f0x1;x0+ fﬁl;’co (P.2.12)
_ ($1—$o)f0—5f1 _ hfo—;fl. 0

Algorithm | P.9. The Trapezoid Rule

/abf(x)dx = z::/xilf(x)dx

Z/ Z Py i(z)dr = hw (P.2.13)
i=1 Y Ti-1 5

= h'(%+f1+f2+"'+fn—l+_>,

of which the error is known to be O(h?).

Q
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P.2.3. Simpson’s Rule

703

polynomial on each two subintervals.

The Simpson’s Rule approximates the function f with a quadratic

_'I-'
r 3

TN
7 Parabola v = f(x)
Yo| ¥i| X2
| h .y

Ma=xy x; x Ieh>l x, x,=b

|
|
L e - - - - -~ |

and integrate it over the subintervals.
Solution. It follows from (P.2.9) that

Poaa(x) = folao(z) + filoi(z) + faloa(z)

- (x — x1)(z — z9) : (x — x)(x — z9)

(ﬂfo<— 331)(;6(0 - xz)) (21 — o) (71 — 22)
T — Tp)\x — 1
12h2 =+ h

(x — xo) (T — 1)
2h?

(x — xg)(z — z2)
2

= fo

+ /2

Integrating P 2(x) over [z, z2] gives

To zo+2h 2 2h
/ Poaa(r)de = / Zfz‘LQ,i(fL') dr = E(fo+4f1+f2)-

1=0

(P.2.14)

(P.2.15)
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Algorithm | P.11. The Simpson’s Rule. Let n be even.

b N2 gy N2 gy
/ fla)yds = )~ fla)de = ) / Pai_2.9i-12i(2) dx
a i=1 2 i=1 v *2i-2
= % (fo+4fi+ fo) + (fo+4afs+ fo) +--
+(fn—2 =+ 4fn—1 =+ fn)} )

of which the error is known to be O(h?).

To;—

(P.2.16)

'Matlab-code | P.12. One of major techniques in computer programming
is looping, which allows a set of selected operations to perform repeat-
edly.

s

* For example, let’s use Simpson’s Rule to approximate / sin z dx,
0
with 10 and 20 subintervals (n = 10, 20). (The exact integral is 2.)

* Below an example code is given.

10

11

12

13

14

15

16

simpson_rule.m

function simp = simpson_rule(f,a,b,n)
% function simp = simpson_rule(f,a,b,n)

if mod(n,2)==1, error('n is odd'); end
h = (b-a)/n;

partition = linspace(a,b,n+1);
y = f(partition);

simp = 0;
for i=2:2:n

simp = simp + ( y(i-1)+4*xy(i)+y(i+1) );
end

simp = simp * (2xh)/6;
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sin_simpson.m

| f = e(x) sin(x);
2 |a =0; b=pi; n = 10;
T R

s | simp = simpson_rule(f,a,b,n);

7 | fprintf('f= '); disp(f)
s | fprintf (! la, b]l=[%g, %gl; n=%d; simpson=%.8g\n',a,b,n,simp)

Output

. | f= @(x) sin (x)
2 [a, b]=[0, 3.14159]; n=10; simpson=2.0001095
3 [a, b]=[0, 3.14159]; n=20; simpson=2.0000068
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What You Will Do

1. Implement the two methods for numerical integration, saved to:

® trapezoid_rule.m

¢ simpson_rule.m (Itis already given.)

2. Select functions and intervals:

4
(1) fi(z) = T2 la,b] = [0,1] = Exact integral: I, =«
x
(2) fo(x) =1/z, [a,b] =[1,¢€] = Exact integral: [, =1
(3) Select another function f; and interval on your own for which the
exact integral (/3) is known.

3. For each function f; and interval, perform numerical integration with

(a) Trapezoid Rule, with n = 4 and 8 (The result are 7; 4, and 7;g)
(b) Simpson’s Rule, with n = 4 and 8 (The result are S; 4, and S; g)

4. Check the error and compare. That is,
* |(Tiu—1)/(Tis— 1;)], fori=1,2,3
® |(Sia—1L)/(Sis — 1;)|,fori=1,2,3
Are the error ratios around 4 or 16?
5. Now, compute RT; = %(4 «T;s —T;4), for e = 1,2,3. Compare accuracy

between R; and S;s. Which one is more accurate?

i 1 .
6. Finally, compute RS; = E(lG *S;s —Sia), for i = 1,2, 3. Are they more
accurate? What are the errors?

Report your experiences, including your code and results.

Note: The technique used in 5 and 6 is called Richardson extrapola-
tion which has been employed for higher-order accurate estimations in
various applications.
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P.3. The Euler’s Number ¢

Recall: The Euler’s number ¢ is introduced in Section 1.5, p.42, and
mathematically formulated in Remark 3.67, p. 154, in Section 3.8.3.

equations
= 1 11"—Ool (P.3.1a)
e—n1_>n(’)10( +ﬁ) = gom ' 3.1a
X " 2 28
e“‘:E —':1+x+§+§+--- (P.3.1b)

You will later learn (P.3.1b) as the Taylor series of ¢*. Here you will
verify it using integration techniques.

Recall: You most likely learned how to formulate compound interest
from your high school. Compound interest is interest on interest.

* Let P be the principal balance and r the annual interest.

* When interest is allowed to compound annually, after = years the
investment will be worth

A=P(1+1). (P.3.2)

* In the real world, interest on an investment is more often com-
pounded than one per year.

* When interest is compound n times per year, after x years the in-
vestment will be worth

A= P(1 + %)" (P.3.3)
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spemal case:
P=1 and r =1 (= 100%). (P.3.4)

* When interest is compound n times per year, after a year (xr = 1) the
investment will be worth

S, — (1 + %)” (P.3.5)

* When interest is compound continuously, after a year (r = 1) the in-
vestment will be worth

1\7
S = lim S,, = lim <1+;> = e. (P.3.6)

n—oo n—oo

terest So When interest is compound continuously, the net value of the
investment in a year (x = 1) can be computed as

1+ /Olldt —|—/01(/Ouldt)du+/ol</OU</Ou1dt>du)dv+---, (P.3.7)

-~ ~

interest on 1 interest on [;'1dt

interest on [ < Iy 1dt> du

where 0 < v <u < 1.
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What You Will Do

1. Verify the second equality in (P.3.1a) by evaluating integrals in (P.3.7).

2. The term e” can be considered as the net value of the investment in
x years. Verify (P.3.1b) by appropriately replacing 1 with = in (P.3.7)
and evaluating the resulting integrals.

3. Use a computer program to find n such that (1 + 1/n)" approximates e
to eight decimal places.
4. Let p,(x) be the nth-order Taylor polynomial of ¢*:
2?2 23 x"
pn($)=1+l‘+§+§+"'+m- (P.3.8)
Plot p,(z), for n = 2, 4,6, together with ¢” over the interval [—3, 3].

5. Let f(z) = €.

0 0

(a) Find f(0), //(0),and | f()dr <= lim | f(x)de
3 o

(b) Find f(1), f'(1),and | f(z)dz <= lim [ f(x)de

—0Q a

b
(c) What can you say about f(b), f'(b), and / f(x) dx, for arbitrary
b € R? Interpret it geometrically. -

6. Recall the Taylor series of ¢* in (P.3.1b). Let x = 0, where i = /—1.
Then
202 i3(93 Z‘404 2'5(95 Z’696

0 : l
I TR e TR R T (P3.9)

It is known that
e’ = cosf + isiné, (P.3.10)

which is called the Euler’s identity. Particularly when 6 = =, the
above equation reads
e 4+1=0, (P.3.11)

which is also called the Euler’s identity.

Find the Taylor series of sin # and cos .

Report your work and results, including code and plots.
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P.4. Area Estimation of A Region: An Applica-
tion of Green’s Theorem

Classification Detection Instance Segmentation  Semantic Segmentation

Figure P.2: A brain tumor example in an MRI scan (Bangert et al., 2021)[1].

Green’s Theorem
Let C be a positively oriented, piecewise-smooth, simple closed curve in

the plane and D be the region bounded by C. If F = (P, Q) has continu-
ous partial derivatives on an open region including D, then

B 0Q OP
}I%Pda: +Qdy = g (% - a_y) dA. (P4.1)
A choice:
{ Qay) = or oy L A(D)—£j1dA_y§dey

,,,,,,,,,,,,,,,,,,,,,,, —
|
|

u

* Derive a numerical method for the line integral §l§ x dy.
c

* Implement a code for the computation of areas.
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saved by a sequence of points: For some n > 0,

(xovyo)v ($1,y1), T (xmyn)a (xmyn) - (on,yo)- (P42)

Figure P.3: A region and its approximation.

Here the question is:

If a sequence of points (P.4.2) represents a region, how can we
compute its area accurately?

(a) Find the area of the rectangle [a, b] X [c, d]. () (b.d)

Solution. We know the area = (b —a) - (d — ¢).
It can be rewritten as

b-(d—c¢)—a-(d—c)=b-(d—c)+a-(c—d)

(a,c) (b,c)
from which we may guess that

Area =) z7- Ay, (P.4.3)

where the sum is carried out over line segments L; and z! denotes the
mid value of z on L;.
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(b) Find the area of the triangle.

Solution. We know the area = 1(b—a) - (d — ). (b,d)
Now, let’s try to find the area using the formula '
(P.4.3):

Area = Z x; - Ay;.

Let Ly, Ly, L3 be the bottom side, vertical side, »
and the hypotenuse, respectively. (axc) (b,c)
Then
b b+b b
Area = a—; -(c—c)+%-(d—c)+ Jra-(c—d)
b
— 0 4+b-(d—0) ¢ e—a)
1
= (- a0 = S0 )

Okay. The formula is correct!

Note: Horizontal line segments makes no contribution to the area.

(c) Let’s verify the formula once more.

The area of the M-shaped is 30. 6
Let’s collect only nonzero values: .
2:3—25-2435-2—-4-3 4 \/
+6 -6
—3.5-2425-2 3
=6—5+7—12 5
+36 \/
—7+5 1
= 30
0

Again, the formula is correct!!
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* Let a region D be represented as a sequence of points
(I'(), yO)a (xla y1)7 Ty (SCTH yn)a (Cl?n, yn) — (LU(), y()) (P44)

* Let L; be the i-th line segment connecting (z;_1,vy;_1) and (z;,v;), n =
1,2,--- ,n. Then the area of D can be computed using the formula

Area(D) =Y - Ay, (P.4.5)

=1

**********************************************************

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

curve C consists of line segments.

Proof. Lect C be the first line segment, connecting from Py(xg, yo) to Pi(x1,y1).

* Numerical Formula. Along C}, the formula (P.4.5) results in

To + X1
2

(y1 — yo)- (P.4.6)

* Exact Evaluation. The line segment (' can be parametrized as

I‘l(t) = (1—t)P0+tP1 = Po-l—t(Pl—PO)

P4.7
= (wo +t(x1 —20), Yo +t(y1 —w)), 0t <1 ( )
Thus
1 1
/ rdy = / x(t)y' (t)dt = / [zo + t(x1 — x0)](y1 — yo) dt

“ ’ 2 70 1 (P4.8)

= — t+t—(ﬂf —I)] :(y-y).xO_i_xl

(y1 — o) {Io o 1 0], 1 0 5

which is the same as (P.4.6).

The above argument can be applied for each of line segments. [
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2
(a) Generate a dataset that represents an ellipse, e.g., % +yf =1
Fori=10,1,2,--- ,n,
: .27
(i,yi) = (2cosb;,sinb;), 6; =1i-—. (P4.9)
n

Note that (z,,,vy,) = (z0, yo).
(b) Analyze accuracy improvement of the area as n grows. The larger n you
choose, the more accurately the data would represent the region.

Solution. You should implement the function area_closed_curve.

Ellipse_Approximate_Area.m

1 close all

3 a=2; b=1; true_area = axbxpi;
4+ | Partition = [10,20,40,80];
5 for n = Partition

6 %h---- Data generation ----------—--—-—--

7 theta = linspace(0,2*pi,n+1)'; % a column vector

8 data = [a*cos(theta),b*sin(theta)];

9

10 %h---- Area computation ----------------

1 area = area_closed_curve(data);

12 fprintf('n = %3d; estimation = %.10f, rel-error = %.10f\n',
13 size(data,1)-1,area, abs(true_area-area)/true_area);
14

15 %h---- Plot & Save ---—----—---—————————-

16 figure, plot(data(:,1),data(:,2),'r-','linewidth',2);

17 daspect([1 1 1]); axis tight;

18 xlim([-a al), ylim([-b bl);

19 title(['Approximate Ellipse: n=' int2str(n)])

20 image_name = strcat('ellipse-n=',int2str(n),'.png');

21 exportgraphics(gca, image_name, 'Resolution',100);

22 end

Output
5.8778525229, rel-error
6.1803398875, rel-error
6.2573786016, rel-error
6.2767276582, rel-error

0.0645107162
0.0163683569
0.0041072648
0.0010277668

= 10; estimation
= 20; estimation
40; estimation
= 80; estimation

w
B B BB
1l
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Approximate Ellipse: n=40

- -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Approximate Ellipse: n=10 1

Figure P.4: Approximate Ellipse: n = 10, 40.

What You Will Do

1. A given dataset: First, download a dataset saved in heart-data.txt:
https:/skim.math.msstate.edu/LectureNotes/heart-data.txt

* Draw a figure for it.
¢ Use the formula (P.4.5) to find the area.

2. Repeat Part 1 for another dataset: For a dataset, you may choose
one of the following.

* Search the internet
* Generate a dataset for, e.g. a cardioid:

0<0<2n, (P.4.10)

r = 2acosf-(1—cosf)
y = 2asinf- (1 — cosb)

of which the area is 67a?.

— The last point must be the same as the first one: (z,,y,) =
(0, o)

— The larger n you choose, the more accurately the data would
represent the region.

— Analyze accuracy improvement of the area as n grows.

Your report should include your code, outputs, and a concluding remark.


https://skim.math.msstate.edu/LectureNotes/heart-data.txt
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P.5. Linear and Quadratic Approximations

This project is designed for students to experience computer algebra, while solving some
calculus problems with computer coding. Although it includes examples written in Maple
only, students can finish the project using Maple, Mathematica, or MathCad.

Getting familiar with Computer Algebra

For a smooth function of one variable, f, its Taylor series about a is given
as

*)(a '"(a "4
f(x)wzf k'( )(x—a)k:f(a)Jrfl(!)(x—a)+f2(! )(:U—a)2—|—~--. (P5.1)
0

k—
As with any convergent series, f(z) is the limit of the sequence of partial

. That i
sums at 1s, f(CL“) — lim Tn<37)7 (P.5.2)

where T, (z) is called the Taylor polynomial of degree n:
" (g
To(z) = Z k'( )(x —a)*,
k=0

”””””””” f(x) = arctan(x) — é (P.5.3)

Then, when it is expanded about a = 1/2, T,,(z) can be obtained using Maple:

a =1/2
Tn := x-> convert(taylor(f(x),x=a,n+1),polynom):

See Figure P.5! (p. 717). For the function in (P.5.3),

Ti(x) = arctan (%) —%—F%([C—%), P54
1 1 4 1 8 1\ 2 e
To(w) = arctan (5) =5+ 5(r-3) ~ 55 (v —3) -

In Maple, taylor(f(x),x=a,n+1) returns a polynomial of (n + 1) terms plus the remain-
der, T,,(z) + O((x — a)"'); while the command convert(g,polynom) converts g into a polyno-
mial form, which is 7,,(x). In Mathematica, Series[f[x],x,a,n] produces the same result as for
taylor (f (x) ,x=a,n+1) in Maple. Now, the Mathematica-command Normal can be used to convert
the result into normal expressions of polynomials.
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fhome/skim/Actions/Books/Calculus_Multivariable_Book/M-Codes/linear_quadratic_approx.mw - [Server 1] - Maple 2C

File Edit View Insert Format Table Drawing Plot Tools Window Help
WEIEIET a4 BTOT E= <@ WI108C @ RAR ! O ~.
[search Alt+5]
[ Palettes | Workbook 1 Text @IES) Drawing  Plot  Animation Hide
P Favorites |~ | 5’ | C 2D Math '|| UnBatang '|| 14 'l B I H Egz: L,ﬂ E;Z
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alculus A ----------------------------------------------------------------------- B
:Zolr'n:nonSymbols g ij AMaple program for "Linear and Quadratic Approximations”
A A 7 I - e
el )l X restart: with(plots) :
w X I fd |V, an(x) 2
L = X _ =
AU > > % n ¥—arctan(x 3
157
F X< gL a::%: taylor(f(x), x=a, 3)
«= - =+l 1) 1.4 1) 8 12 1°
=F € &< arctan[—]——+—[x——]——[x——] +O[[x——] ] (0|
Al 2 3 5 2 25 2 2
| A TI1:= x— convert(taylor(f(x), x=a, 2), polynom) :
AV Y=C | X T2 := x— convert( taylor(f(x), x= &, 3), polynom) :
ENOQZHR X
=1 L ™ p1 = plot({{a)|(f(a))), style = point, symbol = solidcircie, symbolsize = 15, color
| = black) :
— B Ay
t x [ & 7 pz = plot([ f(x), Ti(x), T2(x) |, x=-2..3, color = [ black, blue, red], linestyle
+ ° . = [ solid, dot, dash], thickness = 2, legend = [y = f(x), "T1{(x)", "T2(x)"],
° VI % k o legendstyle = [ font = ["HELVETICA", 12], location = bottom]) :
? ™ display({pl, p2}, labels = [ x, v], labeifont = [ "HELVETICA", "bold", 12])
P Live Data Plats ; 21
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P Matrix
» Units (S1)
B Units (FPS)
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ABTAE
ZHe I K
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ImMp2T7Y [
Y © X W Q
o B ¥ 3 € 55 —y:arctan(x}—%“"'Tl(x)——T2(x)
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UL O T = |y I | Dl

® |Ready | Maple Default Profile [/home/skim/Actions/Books/Calculus_Multivariable Book/M-Codes [Memory: 21.18M |Time: 1.98s ||

Figure P.5: Screen-shot of Maple window, which plots linear and quadratic approximations
of f(x) = arctan(z) — 5 about a = 1/2.
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Maple: 3D Plots

First load the plots package, along with other frequently used packages, using the entry:

with(plots): with(plottools):
with(VectorCalculus): with(Student[MultivariateCalculus]):

1. Plot z = f(z,y) in Cartesian coordinates, using
plot3d( f(z,y),x = a..b,y = c..d, options)

Consider the options
(a) style = patchcontour Puts contour curves on the surface.
(b) axes = boxed Puts the axes on the edges of a box enclosing the surface.
(c) scaling = constrained Makes the scale on the three axes the same.
(d) orientation =[40,70] Orients the viewpoint so it is closer to what you see in your
text.

2. Plot F(z,y,2) = 0 in Cartesian coordinates, using
implicitplot3d( F(x,y,z) = 0,z = a..b,y = c..d, z = s..t, options)

Consider the options listed above along with the following.
(a) grid = [m,n, k] Where m,n, k are positive integers, try [30,30,30] for example.
This plots 30 points in each direction for a smoother surface.
(b) axes = framed Puts axes along the edges of a frame around the plot.
(c) orientation = [—50,60] Another nice viewing angle.

3. Plot r = f(0, ) in cylindrical coordinates, using
plot3d( f(0,2),0 = a..b, z = s..t,coords = cylindrical, options)
To plot z = ¢(r,0), use
plot3d([r,0,g(r,0)],r = a..b,0 = «..3, coords = cylindrical, options)

Options are more or less the same as the above.
4. Plot p = f(6, ¢) in spherical coordinates, using

plot3d( f(0,¢),0 = .., = ~..9, coords = spherical, options)

5. Implicit plots can also be made in cylindrical or spherical coordinates. For ex-
ample, to plot the equation r? + 222 = r cos § in cylindrical coordinates, use

implicitplot3d(r*+2 2> = rcos(#),r = a..b,0 = a..3, 2 = s..t, coords = cylindrical, options)

6. (Contour plots in 2D). For z = f(x,y), use
contourplot(f(z,y),z = a..b,y = c..d, options)
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P.5.1. Newton’s method

As one can see from Figure P.5, the first-degree Taylor series 7)(z) is the tangent line to
the curve y = f(x) at the point (a, f(a)). One of popular applications exploiting the tangent
line is Newton’s method for the problem of root-finding.

Given a differentiable function f(z), find r such that f(r) =0, (P.5.5)

where r is an z-intercept of the curve y = f(x).

The idea behind Newton’s method:
* The tangent line is close to the curve and so its z-intercept must be
close to the z-intercept of the curve.

* Let zy be the initial approximation close to r. Then, the tangent line at
(xo, f(x0)) reads
L(z) = f'(wo)(z — w0) + f(0). (P.5.6)
Let 1 be the z-intercept of y = L(z). Then,

0= f/(l’())(lljl — SU()) + f(SU())

Solving the above equation for z; becomes

f (o)
=129 — b P.5.7
I xo f ; (wo) y ( )
which hopefully is a better approximation for the root r.
* Repeat the above till the convergence.

Algorithm P.22. (Newton’s method for solving f(x) = 0). For x, chosen
close to a root r, compute {z,} repeatedly satisfying

n>1. (P.5.8)

‘Problem ' P.23. Consider the function f(xz) = arctan(x) — % in (P.5.3).

1. Implement a code for Newton’s method to approximate a root of f(x) =
0.
(You can use Maple, Mathematica, or MathCad.)

2. Run a few iterations, starting from xo = 0.5, and measure how the
error decreases as the iteration count grows.
(Note that the exact root » = tan(1/3) =~ 0.34625354951057549103.)
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P.5.2. Estimation of critical points

The second part of the project involves a min-max analysis of a function in
(z,y) that is based on each student’s ID number, so that each student has
his/her own function to work with. If a student’s ID number is 123-45-6789,
then he/she will study the behavior of the function

f(x,y) = Lxsin(z —2)+3*cos(y —4) +5*2” — 6k 2y + T+y* —8xx+9xy, (P.5.9)

where the alternating signs are used to create a little more “action”. We will
call such a function the ID function.

4

-4 -2 0 2 4

'Problem ' P.24. Create your ID function. Then,

1. Include a variety of surface plots with different views and contour plots
with different windows to provide a good picture of the behavior of your
ID function.?

2. Label the figures and refer to them in your write-up, as you discuss
the kinds of critical points you observe. (If you have no or one critical
point, change the signs and/or shuffle the digits in your ID function to
get more action.)

3. Zoom in sufficiently so that you can estimate the coordinates of each of
the critical points.

2In Maple, you can use the commands plot3d and countourplot. In Mathematica, P1ot3D and
CountourPlot are available.
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P.5.3. Quadratic approximations

We have discussed the linear approximation (or, linearization) of a
function f of two variables at a point (a, b):

L(z,y) = f(a,b) + fu(a,b)(x — a) + f,(a,b)(y — b), (P.5.10)

which is also called the first-degree Taylor polynomial of f at (a,b). If f
has continuous second-order partial derivatives at (a,b), then the second-
degree Taylor polynomial of f at (a,b) is

Qr,y) = fla,0) + fula,0)(z —a) + fy(a,b)(y — D)

b D) = 0)? 4 Fuyfa,D)(x — )y — ) + 3 Fy(a, D)y — )’
(P.5.11)
and the approximation f(x,y) ~ Q(z,y) is called the quadratic approxi-
mation of f at (a,b).

1. Verify that the quadratic approximation Q has the same first- and
second-order partial derivatives as f at (a, b). (This is the only portion
of the project that you can finish without using computer implementa-
tion.) Hint: The partial derivatives evaluated at (a, b), appeared in @, are all constant.

2. Use computer algebra to find the first- and second-degree Taylor poly-
nomials L and @ for your ID function f at a critical point C'(x¢, yo)
that you estimated from Problem P.24.

3. Compare the values of f, L, and Q at (x¢ + 0.1, yo — 0.1).
4. Graph f, L, and Q; comment on how well L and Q approximate f.

Report. Submit hard copies of your experiences.
* Solve Problems P.23, P.24, and P.25, using computer programming.
* Make hard copies of your work, and collect them in order.

e Attach a “summary" or “conclusion” page at the beginning of report.

You may work in a small group; however, you must report individually.
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P.6. The Volume of the Unit Ball in n-Dimensions

In this project, we will find formulas for the volume of the unit ball in n-
dimensions (nD). From your high school, you learned volumes of unit balls
forn=1,2,3.

n B, V.,

1| {x| 2 < 1} =1[-1,1] 2 (P.6.1)
2 {(z,y) | 2* +y* < 1} 0

3 {(x,y,2) | 2®*+y?+22< 1} 4rn/3

Define the 4D unit ball (hypersphere) as

By ={(z,y,z,w) | 2* + > + 22 + w? < 1} (P.6.2)

4
Before finding its volume, V, let’s try to verify 13 = % by using a specific
integration technique.

Figure P.7: B; and its projection to R? x R: the volume V; approximates the sum of the
volume of circular slices having radius cosf; and thickness Asinf; := sinf;,; — sinf; =

sin 9i+1 — sin 92 -~
N A =~ cos8; AG.
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The computation of V;: We first partition B; into horizontal circular
slices. Let, for &k > 0,

1

A@:g%and 0, —iN0, i=0,1,-- k. (P.6.3)
One can see from Figure P.7 that the volume V; approximates the sum of
the volume of circular slices. The i-th circular slice S; has radius cos 6;;
its area is 7 7

A(S;) = Vs - cos® 0; = m cos” b;. (P.6.4)

Since S; has thickness Asinf; = sinf, . ; — sin#;, we have
-1

Bl

Va2 (7 cos’ 6;) Asin ;. (P.6.5)
i=0
Therefore,
k-1
Vs = lim 2Y (mwcos6;) Asinb,
SRt (P.6.6)
/2 /2 2
= 27r/ cos? 0 d(sinf) = 27r/ cos’ 0 df = 2 - =
0 0
Note: Equation (P.6.6) can be rewritten as
/2
Vs =2V, / cos® 6 db. (P.6.7)
0

The computation of V,: We are now ready for it! First image B, and
its projection to R? x R. With the same partitioning of the last dimension,
the i-th horizontal piece S; now becomes a spherical slice, rather than a
circular slice, but having the same radius cos 6, and thickness A sin 6;. Thus,
the volume of the i-th spherical slice reads

V(S;) = V3 cos® 0; - Asin6; = Vi cos” 0; AG. (P.6.8)

Recall that Asinf;, = sinf;,; —sinf; ~ cosf; Af. By summing up for i =
0,1,---,k — 1, and multiplying the result by 2 (due to symmetry), we have
k-1
Vim2V3 ) cos’6; AG. (P.6.9)

1=0
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-
|
L

1. Complete a formula for V,, by applying £ — oo to (P.6.9).

Hint: Your result must be similar to (P.6.7).
2. Apply the above arguments recursively to find formulas for V,, n > 2.

3. Use a computer algebra system (e.g., Maple) to evaluate exact values
of V,,forn=1,2,---,20.

4. Plot {(n,V,,) | n=1,2,---,20}.
Hint: You may use Maple-code P.27 and your plot must look like Figure P.8.

1 2 3 4 5 6 7 B 9 10

872

Figure P.8: A plot for V,,, where max(V') = V5 = T 5.263789.

Maple-code | P.27. Assume you have a formula for V,, of the form

Vi =Va19(n). (P.6.10)

Then you may implement a Maple code:

© w 3 o W - w [ =

Hoe
[ = (=1

=
w

Maple Script for the Computation of Vn and Plotting
with(plots): with(plottools):
with(VectorCalculus): with(Student[MultivariateCalculus]):

m := 20:

V := Vector(m):

V[1] := 2:

for n from 2 to m do V[n] := V[n-1]*g(n); end do:
max[index](V); max(V); evalf(%);

X := [seq(n, n = 1..m)]:

pp := pointplot(Vector(X), Vector(V), color = blue, symbol = solidcircle, symbolsize = 12):

pl := plot(Vector(X), Vector(V), color = blue, thickness = 3):

display(pp, pl, scaling = constrained, labels = ["n", V__n], labelfont = ["times", "bold", 13])
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Figure P.8 is constructed using the above code, with m := 10: and g(n)
defined appropriately. [

Report. Submit hard copies of your experiences.
® Derive a formula for V,, of the form in (P.6.10).
* Implement a code to evaluate V,,, n = 1,2,--- , 20, exactly.
* Plot the results.
* Collect all your work, in order.

¢ Attach a “summary” or “conclusion” page at the beginning of report.

You may work in a small group; however, you must report individually.



726 Appendix P. Projects



Bibliography

[1] P. BANGERT, H. MOON, J. W00, S. DIDARI, AND H. HAO, Active learning performance
in labeling radiology images is 90% effective, Front Radiol., 1 (2021), pp. 1-12.

[2] J. HAMMER, Cedar Crest College Calculus IV. (Lecture Notes), 2015.
[3] J. R. STEWART, Calculus, 8th Ed., Thomson Books/Cole, Boston, MA, USA, 2015.

[4] G. THOMAS, J. HASS, C. HEIL, P. BOGACKI, AND M. D. WEIR, Thomas’ Calculus, 15th
Ed., Pearson Education, 2023.

727



728 BIBLIOGRAPHY



Index

e-0 definition of the limit, 73

(CAS) 38, 109, 118, 127, 133, 169, 176,
185, 197, 207, 238, 280, 287, 356,
375, 423, 456, 495, 498, 532, 599

(Challenge| 94 71 75 196, 143, 147, 181,
197, 224, 238, 247, 260, 269, 298,
312, 341

3D plots in Maple, 718

6-Iron, 133

7-Iron, 133

absolute extrema, 455

absolute maximum, 172
absolute maximum value, 451
absolute minimum, 172
absolute minimum value, 451
acceleration, 128

accuracy analysis, 713

ACT test, 374
act_test_2009.m, 374

adjacent side, 25

air resistance, 222

airport waiting time, 375
amplitude, 32, 613

angle, 26, 482, 612

angle sum identity, 134
angle-sum formulas, 33
antiderivative, 208, 240, 248, 639
antidifferentiation process, 210
applied optimization problems, 198
arc length, 27, 277, 496, 534
arc length function, 279

arccos, 55, 156

arccot, 56

arccsc, 56

arcsec, 56

arcsin, 55, 156

729

arctan, 56

area integrals, 604

area problem, 216

area under the curve, 236
area_approx_left_right_mid.m, 219
area_approx_left_sum.m, 217
area_approx_right_x2.py, 220
arithmetic mean, 181

astroid, 280, 287

asymptotes, 14

average height, 223, 242

average rate of change, 62
average slope, 44

average speed, 60

average value, 223, 237, 471, 638
average velocity, 128
average_value.m, 239

baseball, 291
basic integration formulas, 320

basics of computer programming, 70

Bernoulli’s Rule, 192, 630
big-oh, 315, 316, 654, 655
boundary, finite, 566
boundary, oriented, 566
brain tumor, 710

call_gauss_quadrature.m, 354
cancellation equations, 47
Carbon-14, 304

cardinal functions, 700
cardioid, 36, 715

CAS, iii, 347

center of mass, 491, 538, 547
centrality, 370

Chain Rule, 140, 291, 623
chain rule, 437

change of variables, 255, 515, 587



730

Change-of-Base Formula, 53, 615

Chapter Reviews, 611

circle, 395

circular functions, 306

circular helix, 543

circular sector, 27

circular slice, 723

Clairaut’s theorem, 429, 530

closed curve, 550

coefficients, 13

common logarithm, 51

commutative, 87, 619

composite, 18

compound interest, 707

computer algebra, 422

computer algebra system, iii, 38, 347

concave down, 186, 628

concave up, 186, 628

connected set, 552

conservative vector field, 529, 548, 556,
608, 683

Constant Multiple Rule, 119

continuity of compositions of functions, 87

continuity test, 82

continuous, 82, 618

continuous from the left, 83, 618

continuous from the right, 83, 618

continuous function, 421

continuous random variable, 368

contourplot, 456

converge, 232, 358, 362, 636, 663, 665

Convergence of the Newton’s method, 205

convert, in Maple, 716

convex, 186, 628

cos, 25, 28

cot, 25, 28

critical point, 174, 451

critical points, 451

cross product, 399

cross-section, 262, 643

csc, 25, 28

cube root, 12

cubic polynomial, 13

curl, 570

curved surface area, 281

INDEX

curved surface area of a frustum, 281, 648
cylinder, 406
cylindrical coordinate system, 506

decreasing, 9, 182

definite integral, 215, 231, 248, 635, 699

definite integral, review, 464

degree, 13

del, 570

delta-epsilon argument, 417

density, 490

dependent variable, 4, 410

derivative, 106, 112, 622

derivative rule for inverses, 148

derivatives of hyperbolic functions, 307

derivatives of inverse hyperbolic func-
tions, 309

derivatives of trigonometric functions, 135

Descartes, René, 481

difference quotient, 107

differentiability, 114, 301

differentiable, 424, 434, 436

differentiable on a closed interval, 114

differentiable on an open interval, 114

differential, 167, 627

differential equation, 210

differential of arc length, 279, 283, 286,
648

differentials, 435

differentiation, 114

differentiation operators, 114

direct comparison test, 364, 667

directed distance, 491

directional derivative, 443, 671

discontinuous, 82

discrete random variable, 368

disk method, 266, 645

displacement, 244, 640

displacement vector, 544

distance, 394

distance traveled, 130, 221, 244, 640

distance_traveled.m, 221

distribution function, 368

diverge, 358, 362, 663, 665

divergence, 573



INDEX

Divergence Theorem, 597, 604, 609, 693
domain, 4, 410

dot product, 398

double integral, 465

double-angle formulas, 33

dummy variable, 233

e, 42, 154, 294, 707

e, as a limit, 154

Ellipse_Approximate_Area.m, 714

epsilon-delta argument, 417

Eqauality-Constrained Optimization, 457

estimate_e.m, 70

Euclidean inner product, 398

Euler’s identity, 709

Euler’s number, 42, 154, 707

Euler, Leonhard, 42

Evaluation Theorem, 241

even, 10, 255, 256

existence of absolute extrema, 455

expected value, 369

expected values, 494

exponential change, 299, 651

exponential function, 39

exponential regression, 40

exponentially decreasing distributions,
369

exponentially decreasing probability den-
sity function, 369

exponents, laws of, 42

Extreme Value Theorem, 173

ezsurf, in Matlab, 422

fastest increasing direction, 415

fieldplot, Maple, 532, 533

finding a viewing window, 38

Finite Sum Rules, 226

First Derivative Test, 451

First Derivative Test for Local Extrema,
183

first moment, 491

first-order differential equations, 377

flux, 595

foot-pounds, 289

force constant, 289

731

four-leaved rose, 485

free fall, 60

frozen human mummy, 304

frustum of a cone, 281

frustum surface area, 281, 648

FTC1, 240, 639

FTC2, 241, 639

Fubini’s Theorem, 468, 500

function, 4

function of three variables, 415

function of two variables, 410

Fundamental Theorem for Line Integrals,
548

Fundamental Theorem of Calculus, 215,
240, 241, 248, 279, 294, 464, 548

Galileo, 60

Galileo’s law of free-fall, 60

Gauss quadrature, 354
gauss_quadrature.m, 355
Gaussian curvature, 452

general sine function, 32
generalized Green’s Theorem, 566
GeoGebra, 35

geometric manipulation, 57, 616
golf, 291

Golf Ball Carry, 133

gradient, 446

gradient vector field, 529

graph, 5, 411

graphing the derivative, 111
greatest integer function, 8, 97
Green’s Theorem, 560, 604, 608, 685
grow at the same rate, 313, 654
grow faster than, 313, 654

grow slower than, 313, 654

half-angle formulas, 33, 332
half-life, 302, 653

helicoid, 596, 599

helicopter, 222

helix, 543

Hessian matrix, 452

Hooke’s law, 289

horizontal asymptote, 43, 93, 621



732

horizontal line test, 46
horizontal shift, 32
hyperbolic functions, 305, 306
hyperbolic identities, 306
hypervolume, 488
hypotenuse, 25

ID function, 696, 720

identities for inverse hyperbolic functions,
308

identity function, 11

image, 516, 679

implicit differentiation, 144, 427, 440

implicitly defined functions, 144

implicitplot3d, 427

improper integral, 357, 663

improper integrals of Type I, 358, 663

improper integrals of Type II, 362, 665

incompressible, 574

increasing, 9, 182

indefinite integral, 211, 248

independence of path, 550

independent variable, 4, 410

indeterminate form of type 0/0, 192

indeterminate form of type oco/oc0, 192

infinite discontinuity, 82

infinite limit, 98

inflection point, 186, 628

initial value, 210

initial value problem, 210, 253, 298, 299,
651

instantaneous speed, 61

instantaneous velocity, 128

integer ceiling function, 8

integer floor function, 8

integrable, 232, 636

integral sign, 211

integral tables, 347

integrals of hyperbolic functions, 310

integrals of inverse hyperbolic functions,
310

integrals of powers of sin x and cos z, 332

integrals of powers of tan x and sec z, 334

integrals of some trigonometric functions,
252

INDEX

integrand, 211

integrating inverses of functions, 329, 658

integration, 215

integration by parts, 324, 656

integration by parts for definite integrals,
328

integration variable, 211

interest on interest, 707

Intermediate Value Theorem, 88, 242,
619, 634

inverse function, 45, 47, 614

inverse hyperbolic functions, 308

inverse hyperbolic functions in loga-
rithms, 311

inversely proportional, 11

iterated integral, 468, 473, 483, 675

IVT, 88, 619

Jacobian, 517, 518, 587, 679
Jacobian, higher order, 522
joint density function, 493
joules, 289

jump discontinuity, 82

kg, 290
kinetic energy, 291
Kronecker delta, 700

L'Hopital’s Rule, 192, 314, 630

Lagrange form of interpolating polyno-
mial, 700

Lagrange interpolating polynomial, 700

Lagrange multiplier, 457, 673

Lagrange polynomial, 351

Lagrange, Joseph-Louis, 177

land-grant research university, 431

Laplace operator, 574

law of cosines, 33

laws of exponents, 42

least integer function, 8

left-continuous, 83, 618

left-endpoint, 216

left-hand derivative, 114

left-hand limit, 76, 77

Leibniz’s notation, 140, 623

length, 277, 396



INDEX

level curve, 412

level curves, 448

level surface, 415

level surfaces, 457

limit, 63, 417

limit L as = approaches infinity, 92

limit comparison test, 365, 667

limit from the left, 76

limit from the right, 76

limit laws, 67

limits involving sin6/6, 78

limits of continuous functions, 87

line integral, 535, 681

line integral in 3D, 542

line integral of vector fields, 545, 681

line segment, parametrization of, 402

line, parametrization of, 402

linear approximation, 165, 433, 627, 669,
721

linear function, 11

linearization, 165, 433, 627, 721

little-oh, 315, 316, 654, 655

local extrema, 451

local maximum, 172, 451

local minimum, 172, 451

locally linearly, 221

logarithm as an integral, 294

logarithmic differentiation, 152, 625

logarithmic function, 50, 614

looping, 704

lower sum, 219

lower sum approximation, 232

Lunar projectile motion, 133

magnitude, 396

Maple, 36

Maple 3D plots, 718

Maple script for V,,, 725
maple-estimate-e.mw, 70
maple-plot-derivative.mw, 36
maple-tangent-secant.mw, 110
marginal cost, 243

marginal cost of production, 131
mass, 490, 538, 547
Mathematica, 35

733

Matlab, 6, 35

mean, 237, 242, 369, 494, 638

Mean Value Theorem, 177, 182, 276, 282

Mean Value Theorem for Definite Inte-
grals, 242, 640

median, 370

mesh size, 349

method of cylindrical shells, 270

method of Lagrange multipliers, 457

method of partial fractions, 342, 344, 661

method of slicing, 262, 643, 644

method of undetermined coefficients, 249,
343

midpoint, 218

midpoint rule, 224, 348, 354, 466

Mississippi State University, 431

moment, 491

monotonic, 182

MRI scan, 710

multiple integral, 463

multivariable calculus, 393

MVT, 177

n-Ball, 488

n-dimensional ball, 488

n-th derivative, 124

natural domain, 4

natural domains, 84

natural exponential function, 43
natural logarithm, 51, 294
negative orientation of curves, 560
Net Change Theorem, 243, 640
Newton’s Law of Cooling, 303
Newton’s method, 202, 719
Newton’s second law of motion, 291
Newton’s serpentine, 127

Newton, Isaac, 481
newton-meters, 289
Newton-Raphson method, 202
newton_diff_iteration.m, 698
newton_method.m, 203
newton_method2.m, 203
newton_method3.m, 204
newton_method_convergence.m, 206
newtons, 289



734

newtons_serpentine.m, 127
nonconservative, 530

norm, 396

normal distribution, 374

normal line, 126, 146, 449, 671
normal vector, outward unit, 575
normalized sinc function, 79
normals to a parabola, 147
numerical integration, 348, 699
numerical integration — project, 699
numerical methods, 364, 667
numerical_integration.m, 280

O’Hare International Airport, 375
object_fallen.m, 222

oblique asymptote, 98, 621
odd, 10, 255, 256

one-sided continuity, 83, 618
one-sided limit, 76
one-to-one, 516, 518, 679
one-to-one function, 45

open connected region, 552
open set, 552

opposite side, 25

orientable, 594

orientation of curves, 541
oriented surface, 594
oscillating discontinuity, 82
Otzi, 304

outer normal, 415

output value of, 4

parametric equation, 402
parametric equations, 534
parametric surface, 577
partial derivative, 425
partial fractions, 342
partial integral w.r.t =, 467
partial integral w.r.t y, 467
partition, 227

PDF, 368

period, 30, 32, 613

periodic, 30

piecewise smooth curve, 537
piecewise-defined functions, 8

INDEX

plane, 404, 583

plane curve, 534

plot3d, 456
Plutonium-239, 302, 653
point of inflection, 186, 628
point-slope equation, 165
polar point, 481

polar rectangle, 483

polar region, 486
polynomial, 13

Polynomial Interpolation Theorem, 699
population growth, 301, 652
population.m, 40

position, 128, 244, 640

position vector, 396

positive orientation, 594

positive orientation of curves, 560
potential, 529, 548

potential function, 529, 548

power function, 12

Power Rule, 119

predomain, 519

probability, 368, 493

probability density function, 368, 493
Product Rule, 122, 324
project_ID_newton.m, 698

Projects, 722

proper, 342, 661

properties of continuous functions, 84
proportional, 11

Pythagorean theorem, 15

Python, 35

quadratic approximation, 169, 721
quadratic convergence, 205
quadratic formula, 312

quadratic polynomial, 13

quadric surface, 407

Quotient Rule, 123, 134

radicand, 338

radioactive decay, 302, 653
radioactivity, 302, 653
radius, 283

random variable, 368



INDEX

range, 4, 410

rate of convergence, 317

rational function, 14

rationalization, 68

reflecting formula, 21

reflection, 10

region of interest, 711

related rates problem, 160

Related Rates Problem Strategy, 160

removable discontinuity, 82

reverse, 45

Richardson extrapolation, 706

Riemann Sum, 464, 499

Riemann sum, 227, 230, 263, 271, 277,
282, 288, 643, 646, 648, 699

right-continuous, 83, 618

right-endpoint, 218

right-hand derivative, 114

right-hand limit, 76, 77

right-hand rule, 400

Rolle’s Theorem, 177

root, 88, 202, 619

root finding, 88, 619

root of the equation, 88, 202, 619

root-finding, 719

rotation, 10

sample point, 465

sampling function, 79

Sandwich Theorem, 69

scalar multiplication, 397

scaling factor, 255, 519, 587

scaling formula, 21

scatterplot, 6

Schnalstal glacier, 304

sec, 25, 28

secant line, 62

second derivative, 124

Second Derivative Test, 451, 452

Second Derivative Test for Concavity, 186,
628

Second Derivative Test for Local Extrema,
187, 628

second partial derivative, 429

sector, 27

735

sector, arc length, 27
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velocity, 244, 640

vertex of the angle, 26, 612
vertical asymptote, 100, 621
vertical line test, 7

vertical shift, 32

volume, 264, 503, 644

volume by cylindrical shells, 270
volume by disks, 266, 645
volume by washers, 268, 645
volume of n-Ball, 488

washer method, 272, 645
work, 288, 535, 544

X-mean, 494

Y-mean, 494
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y_sin_x.m, 37 zero, 88, 202, 619
zero finding, 697
y_sin_x.py, 37 zero of the function f, 88, 202, 619
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